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For Daniel



Yet nature is made better by no mean
But nature makes that mean: so, over that art
Which you say adds to nature, is an art
That nature makes.
William Shakespeare, A Winter’s Tale

Omnia disce, videbis postea nihil esse superfluum.
(Learn everything, you will find nothing superfluous.)
Hugh of St Victor
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Preface to the first edition

This book is designed for those students of elementary particle physics who have no
previous knowledge of quantum field theory. It assumes a knowledge of quantum
mechanics and special relativity, and so could be read by beginning graduate students,
and even advanced third year undergraduates in theoretical physics.

I have tried to keep the treatment as simple as the subject allows, showing most
calculations in explicit detail. Reflecting current trends and beliefs, functional
methods are used almost throughout the book (though there is a chapter on canonical
quantisation), and several chapters are devoted to the study of gauge theories, which at
present play such a crucial role in our understanding of elementary particles. While I
felt it important to make contact with particle physics, I have avoided straying into
particle physics proper. The book is pedagogic rather than encyclopaedic, and many
topics are not treated; for example current algebra and PC AC, discrete symmetries,
and supersymmetry. Important as these topics are, I felt their omission to be justifiable
in an introductory text.

I acknowledge my indebtedness to many people. Professors P.W. Higgs, FRS, and
J.C. Taylor, FRS, offered me much valuable advice on early drafts of some chapters,
and I have benefited (though doubtless insufficiently) from their deep understanding
of field theory. I was lucky to have the opportunity of attending Professor J. Wess’s
lectures on field theory in 1974, and I thank him and the Deutscher Akademischer
Austauschdienst for making that visit to Karlsruhe possible. I am also very grateful to
Dr I.T. Drummond, Dr IJ.R. Aitchison, Professor G. Rickayzen and Dr W.A.B. Evans
for reading various sections and making helpful suggestions. I wish to thank Miss
Mary Watts for making a difficult and unattractive manuscript a handsome typescript,
and this with constant good humour and cheerfulness. I also thank Mr Bernard Doolin
for drawing the diagrams with such great care. I am grateful to the late Fr Eric Doyle,
OFM, for unearthing the quotation by Hugh of St Victor. I am grateful to the
organisers of the first and second UK Theory Institutes in High Energy Physics for the
opportunity they provided for stimulating discussions. I wish to record my special
thanks to Dr Simon Mitton of Cambridge University Press for his constant
encouragement and his indulgence over my failure to meet deadlines. Finally, and
most of all, my thanks go to my wife for her unfailing encouragement and support
over a long period.

I am grateful to a number of people, but particularly to Mr M.D. Cahill and Dr
g.R. Huggins, for pointing out many errors and misprints in the first printing of this

ook.

Canterbury, Kent Lewis Ryder
August, 1984



Preface to the second edition

The most important change that has been made for this edition is the addition of a
chapter on supersymmetry. It was approximately twenty years ago that supersymmetry
burst on the scene of high energy physics. Despite the fact that there is still almost no
experimental evidence for this symmetry, its mathematical formulation continues to
have appeal to many theoretical physicists justifying, I think, the inclusion of a chapter
on supersymmetry in an introductory text. Beyond this, I have rewritten a few sections
of the book and incorporated a large number of corrections. I am particularly grateful
to Messrs Chris Chambers, Halvard Fausk, Stephen Lyle, Michael Ody, John Smith
and Gerhard Soff for pointing out errors and misconceptions in the first edition. The
impetus to prepare this second edition owes a lot to the encouragement and friendly
advice of Rufus Neal of Cambridge University Press, to whom I should like to express
my thanks. Finally, I should like to express my gratitude to Mrs Janet Pitcher for so
expertly typing the new material for this edition.

I am most grateful to Bijan Sheikholeslami-Sabzevari, Dan Wilkins and Shang-Yuu
Tsai for pointing out further errors which have been corrected in recent reprintings of
this book.

Canterbury, Kent Lewis Ryder
January, 1996



1
Introduction: synopsis of particle physics

1.1 Quantum field theory

Quantum field theory has traditionally been a pursuit of particle physicists. In recent
years, some condensed matter physicists have also succumbed to its charms, but the
rationale adopted in this book is the traditional one: that the reason for studying field
theory lies in the hope that it will shed light on the fundamental particles of matter and
their interactions. Surely (the argument goes), a structure that incorporates quantum
theory — which was so amazingly successful in resolving the many problems of atomic
physics in the early part of this century — and field theory — the language in which was
cast the equally amazing picture of reality uncovered by Faraday, Maxwell and Hertz
— surely, a structure built on these twin foundations should provide some insight into
the fundamental nature of matter.

And indeed it has done. Quantum electrodynamics, the first child of this marriage,
predicted (to name only one of its successes) the anomalous magnetic moment of the
electron correctly to six decimal places; what more could one want of a physical
theory? Quantum electrodynamics was formulated in about 1950, many years after
quantum mechanics. Planck’s original quantum hypothesis (1901), however, was
indeed that the electromagnetic field be quantised; the quanta we call photons. In the
years leading up to 1925, the quantum idea was applied to the mechanics of atomic
motion, and this resulted in particle~wave duality and the Schrodinger wave equation
for electrons. It was only after this that a proper, systematic treatment of the quantised
electromagnetic field was devised, thus coming, as it were, full circle back to Planck
and completing the quantisation of a major area of classical physics.

Now, in a sense, quantisation blurs the distinction between particles and fields;
‘point’ particles become fuzzy and subject to a wave equation, and the
(electromagnetic) field, classically represented as a continuum, takes on a particlelike
nature (the photon). It may then very well be asked: if we have charged particles
(electrons, say) interacting with each other through the electromagnetic field, then in
view of quantisation, which renders the particle and the field rather similar, is there an
essential distinction between them? The answer to this question takes us into
elementary particle physics. The salient point is that photons are the quanta of the field
which describes the interaction between the particles of matter. The electrons ‘happen
to be there’ and because they interact (if they did not we would not know they were
there!) the electromagnetic field and, therefore, photons become compulsory! But this
is not all. Muons and protons and all sorts of other charged particles also happen to
exist, and to interact in the same way, through the electromagnetic field. The reason
for the existence of all these particles is so far unknown, but we may summarise by
saying that we have a spectrum of particle states (e, i, p, 3, £2, etc.) and a field
through which these particles interact — an interaction, in short. This treatment and
mode of comprehension of electrodynamics provides the paradigm, I believe, for a
complete understanding of particle interactions. The idea is simply to apply the same
methods and concepts to the other interactions known in nature. The only other



interaction known in classical physics is the gravitational one, so let us first consider
that.

1.2 Gravitation

The gravitational field is described by the general theory of relativity. It turns out,
however, that the quantisation of this theory is beset by great problems. First, there are
mathematical ones. Einstein’s field equations are much more complicated than
Maxwell’s equations, and in fact are non-linear, so consistency with the superposition
principle, the mathematical expression of wave—particle duality, which requires the
existence of a linear vector space, would seem to be threatened. Second, there are
conceptual problems. In Einstein’s theory the gravitational field is manifested as a
curvature of space-time. In electrodynamics, the field is, as it were, an actor on the
space—time stage, whereas in gravity the actor becomes the space—time stage itself. In
some sense, then, we are faced with quantisation of space-time; what is the meaning
of this? Finally, there are practical problems. Maxwell’s equations predict
electromagnetic radiation, and this was first observed by Hertz. Quantisation of the
field results in the possibility of observing individual photons; these were first seen in
the photoelectric effect, in Einstein’s classic analysis. Similarly, Einstein’s equations
for the gravitational field predict gravitational radiation, so there should, in principle,
be a possibility of observing individual gravitons, quanta of the field. However,
although some claims have been made that gravitational radiation has been observed,
these are not unanimously accepted, and the observation of individual gravitons, a
much more difficult enterprise, must be a next-generation problem! The basic reason
for this is that gravity is so much weaker than the other forces in nature. In view of
this, the particle physicist is justified in ignoring it; and, because of the difficulties
mentioned above, is happy to! On the other hand, the methods that have been recently
developed for the quantisation of non-Abelian gauge fields, relevant for an
understanding of the strong and weak nuclear forces, do seem to have relevance to
gravity, and these will be briefly described in the book, where appropriate.

1.3 Strong interactions

After electromagnetism and gravity, the remaining interactions in nature are nuclear;
the so-called strong and weak nuclear forces. The question is, can these forces be
described by a field? Yukawa surmised that the strong force between protons and
neutrons in a nucleus could, but that the field quantum had to have (unlike the photon)
a finite mass; this is because the nuclear force has a finite range. Fig. 1.1 shows a
Feynman diagram (explained in Chapter 6) for the exchange of a virtual field quantum
(7" lfietgveen a proton and neutron. The uncertainty principle allows this to happen
provide

AEAt = (m,cH)At ~h

where m, is the mass of the field quantum (pion) and At is the time for which it exists.
If the range of the force is r, then we may put r = c(At), giving, with r = 107> m,

myc = FC < 200 MeV.
r

When the n* was discovered (in 1947) with a mass of 140MeV/c? and possessing



strong nuclear interactions, this was considered a triumph for Yukawa’s theory. The
view that the pion was the quantum of the strong field, however, began to run into
difficulties:

1. At high energies, the proton-neutron force was not well described by pion
exchange.

2. The interaction between pions themselves could not (because of parity) be
described by pion exchange.

3. With the discovery of strange particles (1950s and early 1960s), and the
classification of particles by the group 5(7(3), pions were found to be only
three members of a supermultiplet of eight, the others being K and 7 -
‘ordinary’ elementary particles of ‘matter’. If field quanta are in essence
different from ‘matter’ quanta, they should surely not appear together in the
same supermultiplet.

4. In the quark model (1964), pions are bound states of a quark—antiquark pair,
just like all other mesons — their privileged role disappeared completely! (The
photon, for example, is most definitely not made of quarks!)

Fig. 1.1. Exchange of a quantum of the strong field (pion) between the proton and neutron.

In the sections below we review briefly the elementary particle spectrum and the
quark model. But here we note that the quark model, while providing the death-blow
to the pion as candidate for quantum of the strong field, also gives a clue to its
successor; for the ‘real’ strong interaction is not that between nucleons, but that
between quarks. What provides the interaction between quarks?

There is evidence (see §1.11 below) that the quark possesses a quantum number
rather like electric charge except that (i) it has three degrees of freedom — three ‘types’
of charge, (ii) it is unobservable in the free state — this is to say that individual quarks
are not observed, and the reason may be that systems carrying (non-zero values of)
this quantum number are forbidden in the free state. The quantum number is known as
colour, the degrees of freedom being chosen variously as red, white and blue, red,
green and blue, etc. It is believed that colour, like electric charge, gives rise to a
quantised field, massless and of spin one, like the photon. By means of this field,
quarks interact. The quanta are known as gluons, and the dynamics of the quark—gluon
system, quantum chromodynamics (QCD), to mirror quantum electrodynamics
(QED). QCD is responsible, for example, for the binding of three quarks into protons
and neutrons. No wonder the proton—neutron force is only approximately describable
by pion exchange — it must in reality be a rather complicated force, a sort of ‘residual’
force between the quarks!

1.4 Weak interactions

To complete this preliminary account, we must mention the fourth known interaction
in nature: the weak nuclear interaction, responsible for beta decay. In Fermi’s original
theory, this interaction was a point interaction between the four participating particles



(in neutron decay n — p + e” + ¥,). In other words, there was no need for a field,
because there is no effect to be propagated between one point and another. (It will be
re-called that the notion of ‘field’ in physics was introduced partly to give a more
satisfactory account of ‘action-at-a-distance’; if there is no action at a distance, there is
clearly no need for a field.) Fermi’s theory worked extremely well; in fact, with a
modification for parity violation, there was for several decades no direct evidence that
it was wrong. It was, nevertheless, believed to be wrong, principally because it is non-
renormalisable (see Chapter 9). One of the recent triumphs in particle physics has
been the appearance of a worthy successor to Fermi’s theory, which was worked out
by Glashow, Weinberg and Salam in the 1960s. In this theory, electromagnetism and
the weak force are combined in a non-trivial way. The weak field acquires quanta —
the W and Z bosons — which are more than 80 times as massive as the proton. In
addition, neutral current reactions such as v + p — v + p + (neutral hadrons) are
predicted, as well as a fourth (charmed) species of quark. Observation of all these
things has established the Weinberg—Salam theory as the correct theory of weak
interactions. Not the least important aspect of this theory is the fact that it is a unified
theory — an ‘electroweak’ theory, in the new jargon. Weak and electromagnetic
interactions are now unified. A putative ‘grand unified theory’ (GUT), which unifies
the electro-weak interaction with the strong interaction (QCD) would seem to be the
next obvious thing to look for, but at the time of writing (1995) there is no hard
evidence that the forces of nature are grand unified.

These, then, are the ingredients of contemporary theories of fundamental particles
and interactions. In the next sections of this chapter they will be described in greater
detail, for the benefit of readers to whom the current scene in high energy physics is
not familiar. The aim is to describe, in rather simple terms, the physical considerations
which have led up to, and which follow from, the introduction of the quark model.
This will provide a motivation for the study of quantum fields, as well as a chance to
explain some of the concepts which will be used in the application of field theory to
particle physics. It offers no pretence to completeness, but references to more detailed
literature are given at the end of the chapter. Readers who know about particle physics
are advised to skip to Chapter 2. In the remainder of this chapter I shall use one or two
concepts and techniques without adequate explanation. This applies particularly to
Feynman diagrams. I ask readers’ indulgence to make the best they can of these
sections until they meet the explanations later in the book.

1.5 Leptonic quantum numbers

There is a basic classification of fundamental particles into those which experience the
strong interaction — called hadrons, those which do not, called leptons, and, thirdly,
the quanta of the interaction fields (see above). The hadrons are subdivided into
baryons which have half-odd integral spin, and mesons, with integral spin (in units of
h — spin is a purely quantum phenomenon). Table 1.1 gives a summary. Hundreds of
baryons and mesons have been found. Five leptons have been found, and for aesthetic
reasons it is suspected that the t lepton, like e and 1, is accompanied by a neutrino v..

Baryons and mesons come with all sorts of spins — as high as ; for baryons, and 3 for
mesons, have been measured, but the leptons all have spin % The field quanta all have

spin 1. It is believed that the known hadrons are composite states of six types of quark
(see below) so it would be nice if there were also six leptons.

Table 1.1. Classification of fundamental particles



Baryons p.n, A, 2 Q, A, ...,etc. (hundreds)

Hadrons Mesons n, K,p,9/J,Y,...,etc. (hundreds)
Leptons e Ve, v, T[], ... (six only?)
Field quanta Photon, y

Weak bosons, W*, Z¢

[Gluons]

Particles in square brackets have not yet been discovered.

In order for the division of spin } particles into baryons and leptons to have any

significance, transitions between these different types should not occur. For example,
a proton should not decay into a positron (the antiparticle of the electron):

pHet +y; (1.1)

and indeed this decay has not been observed. What could forbid it? Charge would be
conserved, and so would mass-energy and angular momentum. There must be a
conserved quantum’ number — call it baryon number B — such that baryons have B = 1
and other particles have B = 0. Conservation of baryon number then clearly forbids the
decay (1.1).2 The reader might object that this is not so much an explanation as a
restatement of the fact that the decay does not occur, in different language. That may
well be true, but the language is at least more economical! Alternatively, instead of
inventing baryon number, we could invent lepton number L — leptons have L = 1,
everything else has L = 0, and conservation of L forbids proton decay. There is a
further observation, however. Muons (which are just like electrons, but heavier) do not
decay into electrons

T e +y. (1.2)

Why not? There must be a conserved quantity muon number Ly; pw~ has L, = 1,
everything else has L, = 0, so that (1.2) does not occur — in other words, the muon is

not ‘just like an electron, but heavier’. Alternatively, we could define ‘electron
number’ L,, in an obvious way. Now this has a very interesting consequence. The

charged pion decays into an electron and neutrino, or into a muon and neutrino:

we label the neutrinos (actually, antineutrinos) with subscripts e and p for ease of
reference. If L, is conserved in these decays it follows that ¥, and ¥, are distinct
particles; for smce 7" and e” have L, = 0, so does ¥,, but ¥, must have L,, = 1. (This
means that v, has L, = 1, which is why we call the particles emitted in 7" decay

antineutrinos.)
These simple considerations of stability lead to the conclusion that there are two
distinct neutrinos in nature. It has been verified experimentally that v, and v,, are



distinct. A similar argument may hold for the 7 lepton, discovered in 1976 in e*e”
colliding beam experiments. Events of the type

.

e*e” — u*e® + ‘missing energy
were eventually attributed to the process

ete >ttt

. ‘-,MVI
et v v,

necessitating the introduction of a conserved quantity L, and therefore of a third
distinct neutrino v,.

1.6 Hadronic quantum numbers

So much for the leptons. Now let us turn to the hadrons. Here also we find it
convenient to introduce conserved quantum numbers, but the arguments are a bit more
subtle. The original laboratory production of ‘strange particles’ in 1954 yielded,
amongst other things,

T +p—o>A+K" (1.3)

with such a large cross section that this reaction must be due to the strong interaction.
When the A and K? particles decay, however,

A-sp+n, Koa*+1, (1.4)

the lifetimes are so long (= 10710 s) that the decays must be due to the weak
interaction, even though all the particles involved are hadrons. Why? Hadrons
decaying into hadrons of a lower mass will surely do so by the strong interaction —
unless violation of a conserved quantity is involved. We therefore introduce a
quanturmn number S called ‘strangeness’, assign S=0to z7and p, S=-1to A and S = +]
to K°, and invent the rule, strong interactions conserve S, weak interactions change it.
Then it will be seen that, in reaction (1.3), the algebraic sum of S on both sides of the
reaction is zero, so S is conserved, and it is a strong interaction — as found. In the
decays (1.4), however, S changes from —1 to 0 or +1 to 0, so the decays cannot
proceed by the strong interaction, and so are weak.

A similar pattern occurs at higher energy. It was first observed in 1975 that
neutrinos in a hydrogen bubble chamber reacted to give

v,+pouw +tA+at+at +at +a.



This cannot be a single weak interaction involving leptons, since they are all
observed to obey the rule AS = AQ, where AS and AQ are the changes in strangeness
and charge on the hadrons; the above reaction has AS = — AQ. It was concluded that
what is involved is a series of reactions:

v+ p—ou + 31,
+ 4+ +
ST A + 7,

Al A+ +at +7. (1.5)

The decay of 2;""’ into A;" is a strong one, but the decay of A;" into A and pions is
weak, and necessitates the introduction of a new quantum number ‘charm’ C; A;" has
C=1,5=0, and A has C=0, S = -1, so the decay has AC = AS = -1. 2;""’ also has C
= 1, and strong interactions conserve C.

1.7 Resonances

During the 1950s and 1960s a ‘population explosion’ was observed among strongly
interacting particles. The discovery of strange particles accounted for some of this, but
a more significant contribution came from the discovery of resonances, of which
hundreds are now known. To give only one example, the first one to be discovered (by
Fermi, in 1952) was found as a large peak in the cross section for pion-nucleon
scattering,

m*+poat+p.

A sketch of the cross section is shown in Fig. 1.2. The sharp peak in a is interpreted,
following the usual Breit—~Wigner theory, as a resonance, now called A, so that the
reaction is effectively

t+p-os At ST + p.

The width I'~ 110 MeV may be measured directly from the curve, giving the lifetime
from the uncertainty principle:

T~h/l=~10"3s,

This time is characteristic of strong interactions, by which resonances decay.
Resonances are states with well-defined spin and parity, mass, charge, etc., and are to
be treated on an equal footing with the other elementary particles. The ‘stable’
particles, i.e. those decaying by weak or electromagnetic interactions, are simply the
lightest members of a set of particles with given values of isospin (see below),
strangeness, charm, etc. In order for ‘stable’ particles to decay, these quantum
numbers must change, therefore they decay only through the weak (or
electromagnetic) interaction. Most particles, in fact, are resonances — the reader has no
doubt seen lists of them in books on particle physics.
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Fig. 1.2. Cross section for n’p elastic scattering, plotted against the pion laboratory energy. The
peak, of width T', is interpreted as a resonance A.

1.8 The quark model

To try to make sense of all these particles, perform the following exercise. Select a
particular spin-parity JP, and plot the charge Q and strangeness S of all ?articles (and
resonances) with that value of JP. As an example, the particles with JP = ‘2*, are shown

in Fig. 1.3. There are ten particles, and they form a regular pattern. This happens with
all values of JP (as long as all the particles have been found); there is always a regular
pattern, though it more commonly contains eight particles rather than ten. Why is this?

It is because the particles are composite states of more fundamental entities known
as ‘quarks’. There are at present believed to be six quarks distinguished by Q, S, C and
‘truth’ and ‘beauty’ (or ‘top’ and ‘bottom’). They are denoted u, d, s, c, t, b. The
quantumn numbers of u, d and s are given in Fig. 1.4. According to the quark model,
baryons are bound states of three quarks (qqq), and mesons are quark-antiquark (qf)

states; quarks have spin 1 We can now see how a supermultiplet of ten baryons may

arise. Baryons are made of three identical fermions, so the possible states may be
classified according to their symmetry under interchange of quark labels. Altogether
there are 33 = 27 states. One of these is totally antisymmetric:

uds + dsu + sud — usd — sdu — dus. (1.6)
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Fig. 1.3. Particles with JP = g"’. The right-hand axis figures are the masses in MeV/c?.
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Fig. 1.4. The u, d and s quarks.

(Here of course the letters stand for the wave functions and we have not normalised
the state.) There are ten totally symmetric states, which are



uuu

ddd

58§

uud + udu + duu
uus + usu + suu
udd + ddu + dud 4
uss + ssu + sus
dds + dsd + sdd
dss + ssd + sds

uds + dsu + sud + usd + sdu + dus.

This accounts for 11 of the 27 states. The remaining 16 split into two sets of 8, each
with mixed symmetry properties — for example, symmetric on interchange of the first
two labels, but antisymmetric on interchange of the last two. The 3-quark states will
then manifest themselves as distinct supermultiplets of 10, 8, 8 and 1. The {10}
supermultiplet is identical with that in Fig. 1.3, so we identify A*™* = (uuu), 3° = uds,
appropriately symmetrised, and so on. The proton and neutron (with p = (uud), n =
(udd)), are two states in an {8} supermultiplet — for further details the reader is
referred to_the literature. Similarly, there are 3> = 9 meson states. One of these
(uﬁ + dd + s§) is invariant under quark transformations, and the other eight give

the known pseudoscalar (JP = 07) and vector (J? = 17) mesons, with the quark spins 0
and 1, and no additional orbital angular momentum between the quarks. Addition of
orbital angular momentum yields higher spin states — this is also true for baryons.

All the states predicted by the quark model (at least with the quarks u, d and s)
have been found, and no others. When the fourth quark c is taken into account, many
more states are expected. A good number of these have already been found, but not all
of them, presumably because the ¢ quark is heavier than u, d and s, so the particles are
more difficult to produce.

In summary, there is very good evidence that baryons and mesons are composite
states of quarks. Almost all the known particles can be accounted for by postulating
four quarks, and in recent years firm evidence has been gathered for the fifth and sixth
quark (top and bottom quarks).

d Particle decays are then explicable simply as quark decays. For example, neutron
ecay,

n—p+e +79,
is due to d decay,

dou+e +v, (1.8)



and A (leptonic) decay (A = (uds)),
A-sp+e +7,

is due to s decay,

s—su+e +7,. (1.9)

From this we may deduce that u is the lightest quark but, since A is rather heavier than
n, then presumably s is rather heavier than d. This explains previously observed
selection rules. The rule AS = AQ (Q is the charge on the hadron) explains the decay
and non-decay of 2~ and X*:

S on+e +v, Zthn+e +v,

but these are much more simply explained by noting that X~ = (dds), X* = (uus), so
decay of a single quark explains why X~ decays and X* does not (that is, does not
decay into the particles above). Similarly, = (= (ssd)) does not decay directly into a
neutron:

E hn+e +v,,

and this indeed will not occur if baryon decays are due to single quark decays; the
selection rule |AS| = 1 was previously invoked to explain it.

1.9 SU(2), SU(3), SU(4), ...

The particles A (Fig. 1.3) have the quark content
A = (ddd), A" = (udd), A* = (uud), A** = (uuu)

(we ignore questions of symmetrisation and normalisation — they are not relevant
here). The masses of these particles are very close: m(A*™") — m(A™) = 8 MeV/c; so,
assuming the binding energy of each resonance is the same, we deduce that the u and
d quarks are almost degenerate. There is a corresponding symmetry on mixing the u
and d quarks. Putting

if we let

vy My (1.10)

where M is a 2 x 2 matrix, then in the limit of exact degeneracy this induces a mixing



of the four A particles, which, in the absence of electromagnetism, is unobservable,
and therefore a symmetry of the system. For mathematical simplicity the
transformations (1.10) must form a group. This means that M must be either unitary or
orthogonal (hermitian matrices do not obey the group law). Let us suppose it is
unitary, then the group is U(2), the group of unitary matrices in two (complex)
dimensions. We then expect the hadron spectrum to show a U(2) symmetry. Actually,
it is conventional to consider simply SU(2), which corresponds to M having unit
determinant — this can always be done by taking out a phase factor, which corresponds
Eo baryon number. A 2 x 2 unitary matrix with unit determinant can be written in the
orm

M=exp(i§-a) (1.11)

where '9’ = (6, 6,, 6,) three arbitrary parameters and 3 = (7;, 7, 73) are the traceless
matrices

n=‘:(l) (1)) tz=(? _(i)), r3=(:(1) _?) (1.12)

known as the Pauli matrices. They obey the commutation relations

nHhn T O n .73
—_——-— =, | = 1= 1.13
22 22 [2 2 2 ( )

and cyclic permutations. These are the same as the commutation relations for angular
momentum 'j =7Fx 'p’

[J:. J2] = iJ3 and cyclic perms

(where we have put A = 1) showing that SU(2) symmetry is a rotation symmetry, and
the conserved quantity is a vector quantity like angular momentum - it is, in fact,
isospin. This also shows that the group SU(2) is the same (apart from topological
properties) as the rotation group O(3), the group of orthogonal matrices in three (real)
dimensions. This is a known mathematical equivalence. The angles '9’ in (1.11) are the

angles of rotation in isospin space’.

Quark degeneracy then leads to degenerate multiplets of hadrons, and, from the
above reasoning, it follows that the multiplets act as bases for irreducible
representations of the group SU(2). This group is known to have 1, 2, 3, 4, . . .
dimensional representations, and in fact the particles 2, = ¥ and A in Fig. 1.3 are
bases for these first four representations.

These ideas, can, of course, be generalised to include more quarks. In the
(hypothetical) case in which the s quark is degenerate with the u and d quarks, we
expect invariance under



u
y—= My, y=\|d
S

where M is now a 3 x 3 unitary matrix, and these matrices generate the group SU(3).
The dimensionalities of the irreducible representations of SU(3) are given by

N=Xp+1)(g+1)(p+q+2) (1.14)

where p and q are positive integers or zero; p = 3, g = 0 gives N = 10, which is the
representation of Fig. 1.3; p = g = 1 gives N = 8, the famous ‘octet’ representation,
andp=1,qg=0andp =0, q =1, give the 3-dimensional representation for quarks and
antiquarks respectively. It will be recalled that the irreducible representation of Fig.
1.3 was obtained from considerations of symmetry, and it may be wondered what the
connection is between this and the theory of group representations. The answer is that
representations of SU(n) can be obtained by writing tensors with p upper and q lower
indices, symmetrised or antisymmetrised — there is thus a close connection between
representations of SU(n) and the symmetric group. The device used for realising the
representations in this way is called a Young tableau.

A given representation of SU(3) contains, in general, several representations of
SU(2); in other words, an SU(3) supermultiplet contains several isospin multiplets,
each with differing strangeness 5. This is clear from Figs. 1.3 and 1.4. In Figs. 1.5 and
1.6 (p, @) = (1,1), i.e. 8-dimensional representation of SU(3) is drawn, showing the
pseudoscalar mesons. The axes are hypercharge Y defined by

Y=B+S$ (1.15)
and I, the third component of isospin, related to electric charge Q by

O=15+YP (1.16)

This is called the Gell-Mann—Nishijima relation.

SU(3) symmetry is exact only in the limit in which all the particles in a
supermultiplet are degenerate. From the masses in Figs. 1.3 and 1.5 it is seen that the
symmetry is only very approximate.

Y=S+8B
K K
. B

1+

e 4
—

.7$ -t
*%5




Fig. 1.5. The JP = 0" pseudoscalar octet of SU(3). The masses of the (neutral) particles, in MeV/c?,
are m(n) = 135, m(K) = 498, m(n) = 549.
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Fig. 1.6. The JF = %* octet of baryons. The masses of the neutral particles, in MeV/c?, are m(N) =
939, m(Z) = 1192, m(A) = 1115, m(E) = 1315.

Now let us include the fourth quark, c. With

(1.17)

n v QUK

we are clearly now working with a — very approximate! — SU(4) symmetry. As before,
3-quark and quark-antiquark states fall into specific representations of SU(4), each of
which contains a number of representations of SU(3) with differing charm C. The
Gell-Mann—Nishijima relation now becomes

B+S+C

Q=L+ (1.18)

The 20-dimensional representation of SU(4) appropriate to the spin 1 baryons is
shown in Fig. 1.7. The isosinglet (cud) state is identified with the A: particle
mentioned in (1.5) above. It has charm C = 1, as does the particle %, with isospin 1,
corresponding to the charge states 2'?‘ Z:, }_': *. The other spin ! baryons with C =
1 have not yet been found, and no baryons with C = 2 have been found. A, has a mass

of 2262 MeV/c? and X, a mass of 2428 MeV/c?. These are considerably heavier than

the SU(3) octet with C = 0, indicating that the ¢ quark must be much heavier than u, d
and s. SU(4) symmetry is correspondingly a rather inexact symmetry.



1.10 Dynamical evidence for quarks

From the classification of particle states, there is good evidence for quarks. This is,
however, not the only type of evidence there is. Experiments on deep inelastic
scattering of electrons and protons have revealed evidence that the electrons scatter,
not from the whole proton, but from a pointlike constituent of it, called a parton. The
temptation to identify partons with quarks is one which is not resisted by particle
physicists.

ced ceu

Fig. 1.7. The 1+ baryons in a 20-dimensional representation of SU(4). The particles already found
are indicated on the right. The SU(3) content is a {3}, with C =2, {6} and {3} with C =1, and {8}
with C = 0, the uncharmed octet of Fig. 1.6.

It will be recalled that measurements of structure are made by measuring form
factors. For the scattering of point electrons on protons, by the one-photon-exchange
mechanism of Fig. 1.8, the cross section is

2
G+ LG4

2
do (d_") M 956 uantep (1.19)
dQ \dQ/poim PE 4M?
1+ -2
aM>

where (do/d€2)p,, is given by the Mott formula appropriate for the scattering of
electrons off pointlike protons, Gg(q?) and G,(q?) are the electric and magnetic form

factors, g® is the square of the photon 4-momentum q (defined in Chapter 2), 6 is the
angle through which the electron is scattered in the laboratory frame, and M is the
proton mass. Measurement of do/d¢2 and comparison with (do/d€2),,, at varying 6

allows a determination of the form factors Gg(q?) and Gy,(q%) which turn out to have a
dipole form

2
G(q’) = (—12——,-) (1.20)
1+ q°/M,

with M ‘2' = 0.71 (GeV/c?)%. This is the Fourier transform of



p(r) = j e ™" G(q?) d'q (1.21)

(a non-relativistic formula; q is a 3-momentum), which turns out to be an exponential
charge distribution

p(r) =exp(—M,r). (1.22)

This is, therefore, the structure of the proton revealed in this experiment. The
interesting thing is that it does not become singular as r — 0, indicating that there is
no hard core to the proton. (This is not a trivial result: a simple pole instead of (1.20)
would yield a Yukawa potential p(r) = [exp(—Myr)l/r instead of (1.22), which is
singular at r = 0.) So the proton is not like a plum, with a stone in the middle. It could
be like a jelly, or it could be like a strawberry, with seeds scattered throughout, but no
accumulation of them at the centre. To decide which, we turn to inelastic scattering, in
which the final state is an arbitrary hadronic state:

e” + p — e~ + (hadronic state).

Fig. 1.8. Scattering of electrons on protons by exchange of one photon.

The Feynman diagram for this is shown in Fig. 1.9. M* is the invariant mass of the
final hadronic state (defined in Chapter 2). One can show that

g = M?>— M* +2Mv (1.23)

where q is the photon 4-momentum, v is the energy lost by the electron, v = E; — E,
and M is the proton mass. Also we have

q* = 4EE,sin? (8/2).

In the elastic case, M* = M and q° = 2Mv; ¢° and v are therefore related — in
experimental terms, 8 and the energy loss E, — E are related — and the form factors are
functions of ¢ only. In the inelastic case, since it is only the final electron and not the
final hadronic state which is observed, M* is effectively an independent variable, so ¢
and v are independent, and the form factors F(q?) have to be replaced by so-called
structure factors W(g?, v), functions of both ¢? and v. The differential scattering cross
section is given by



d’o (da) 2 2\ pani2
_cf (L2 W, (v, + 2W, (v, ¢) tan® (6/2)).
10dv _\g iml 2(v. ¢%) v, q7) (6/2))

Measurements of this cross section then enable the structure functions W, to be
found.
It is then possible to plot W; and vW, as functions of the dimensionless variable

2Mv
w= .

q2

What is found, as shown in Fig. 1.10, is that at high v and ¢, but o finite, W, and vW,
turn out to be functions of w only, not of g° and v separately. This phenomenon is
known as Bjorken scaling.

Scaling is interpreted as indicating that the scattering takes place off pointlike
constituents of the proton, called partons. For, if this is the case, the scattering of e~
from an individual parton of mass m must be elastic, and then g° = 2mv from (1.23). It
is then relatively straightforward to show that the structure factors are functions of w

only. Accepting this interpretation, the parton spin may be found, for it may be shown
that

2 -
(Ztg/qz)v:’z W, == 0 if parton spin = 3,
1

— x if parton spin = 0.

Hadsons, invanant
mass M*®

Fig. 1.9. Inelastic electron—proton scattering. The initial and final electron energies are E, and E.
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Fig. 1.10. W, as a function of ¢ at o = 4.



Experimentally, this ratio tends to zero, so the partons have spin 1. and are thus

identified with quarks. These remarkable experiments are dynamical evidence for the
existence of quarks.

1.11 Colour

There is a rather severe problem, which the reader may already have noticed, with
quark statistics. Consider the hadrons belonging to the {10} representation of SU(3),
in Fig. 1.3. It will be recalled that the three quarks are in a symmetric state, under
interchange of the SU(3) labels, Q and S. The complete wave function of one of these
hadrons, say the A*™, is

Ya++ = Yipin¥su3) ¥space s

it is the product of wave functions in the space, spin, and ‘internal’ SU(3) variables.
We have noted that the SU(3) part is symmetric — in this case it is simply uuu. The

three quarks are in an S = ;}, L = 0 state, so the three parallel spins clearly make g,

symmetric and the symmetry of ygp,ce 1S (-1)! which is symmetric when L = 0. The
overall 3-quark wave function is therefore symmetric under exchange of all three
labels; but this is forbidden by Fermi-Dirac statistics. So either quarks do not obey
Fermi statistics, or the above argument is wrong — or, rather, incomplete. This is the
problem of quark statistics.

Greenberg, and Han and Nambu showed how to resolve it by introducing another
degree of freedom for quarks, called colour; each quark carries, besides the ‘labels’ of
spin and Q, S, C, . . ., an additional label with three values R, W, B (red, white and
blue), and the A wave function becomes

¥Ya = Vepin V0.5 Wspace Voolour (1.24)

and we simply stipulate that the first three functions are symmetric, but ygoqr iS

antisymmetric under exchange of colour labels. We may say that the number of quarks
is no longer 4 (or 5, 6, . . .), but this number multiplied by 3. For example, in the 4-
quark model, we now have four flavours (the generic name for Q, S, C, . . .) and three
colours, so the quarks may be written as

Up Uw Up
dg dw dg
SR Sw S
CR Cw Cp

(1.25)

Just as the transformation group for flavours is SU(4)q.veur, We also postulate that the
colour group is SU(3)cgjours SO We have two types of symmetry, acting on the two types
of quark label:



. SU(3)wlour

Ug Uw Ug
dp dw dp
SR Sw Sp
CrR Cw Cp

SU(4)evom

Corresponding to the totally antisymmetric wave function (1.6) in three flavour
variables, we may write the totally antisymmetric colour wave function to go in
(1.24):

Veolour = RWB + WBR + BRW — RBW — BWR — WRB. (1.26)

Since this totally antisymmetric function transforms as a singlet under SU(3)1our W€
have the interesting consequence that whereas quarks carry colour (transform
according to a non-trivial representation of SU(3)y0u) baryons do not transform
under SU(3)cojours SO are colourless — as observed! Similar considerations follow for
mesons, so we conclude that hadrons are colourless. This may have something to do
with quark confinement — it may be that it is colour which is confined, so that particles
with colour do not appear in the free state, but those with no colour do appear.

Actually, the introduction of colour in this way has a historical parallel, which the
student may find reassuring. Consider the Bohr orbits of the two electrons in the
helium atom. They are identical, and we may wonder if the exclusion principle,
according to which the electrons must be in different states (or, equivalently, that the
two-particle wave function must be antisymmetric), is violated. If no other variables
are involved, then it is, but if we introduce electron spin, we save the Pauli principle if
the two electrons are in an antisymmetric spin state, which corresponds to total spin
zerct)). Electron spin in the helium problem plays the role of colour in the quark
problem.

The introduction of colour, therefore, solves the problem of quark statistics. But is
there any independent evidence for colour? In fact there are two pieces of evidence,
which we now consider.

(i) A° = yydecay

Assuming that n° is made of quarks, ©° = (1 /\/ 2)(au — ad), the decay rate of n°
into two photons is exactly calculable. The amplitude for the decay is determined by
the diagram of Fig. 1.11. The amplitude is clearly additive for all the different types of
quark (i.e. colours) which can contribute, and is therefore proportional to N the

number of colours. Calculation gives for the pion width
r@® - yy) = 7.87(N./3)? eV,
to be compared with the experimental value

r=1795*0.05eV.

We deduce that N, = 3.



(ii) e*e annihilation experiments

These spectacular experiments, using colliding beams, have been carried out at
Stanford and elsewhere for a number of years. The electrons and positrons annihilate
into virtual photons, which transform into e*e”, p*p~, t*t~, or into hadrons of all types.
The production of hadrons must be due to

e’e” — gg — hadrons; 1.27)

quarks are produced first, they then find other quarks or antiquarks to combine with,
so that the final products are hadrons. This is represented in Fig. 1.12. Actually, there
is some evidence that the hadrons are produced in this way, for we should expect, on
this mechanism, that they appear in jets in pairs of opposite directions; and there is
substantial evidence for these jets.

gi

Fig. 1.11. Feynman diagram for n° — 2y decay, through quarks.

2 Hadrons

Hadrons

Fig. 1.12. e*e” annihilation into hadrons.

Now if quarks are point particles, just like e~ and p~, then because the process is
electromagnetic, the amplitude only depends on the quark charge, so we expect for the
ratio of cross sections process is electromagnetic, the amplitude only depends on the
quark charge, so we expect for the ratio of cross sections

aglete” - qq) _ 2
= N:.Qy
olete” = utu)

where Q is the quark charge and N, the number of quark colours. Putting N, = 3, the
ratio of the cross section for producing hadrons to that for producing muons is then



R = a(e+e‘-—, hailro_ns) - 32Q3
ag(e’e” - u ")
= 3(3 + 5 + ;';) for 3 flavours
=2, (1.28)

where we have assumed that the experiments are done at an energy low enough that
only the first three flavours, u, d and s, are produced. As the energy increases, R will

increase; when the c and b quarks with charges % and —:-1 are produced, for example, R

will increase to 3§‘

Fig. 1.13 shows a schematic plot of R as a function of centre-of-mass energy of
e*e. It is seen that R increases from about 2, at 2.5 GeV, to something over 4, at 4.7
GeV, the charm threshold. Above 20 GeV, R settles down at about 331, indicating both

the existence of u, d, s, ¢ and b quarks, and colour. The peaks in Fig. 1.13 correspond
to the spin 1 meson states qg.
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Fig. 1.13. A schematic drawing of R against centre-of-mass energy.

1.12 QCD

Finally, it is believed that colour is like electric charge, in that it gives rise to a
dynamic field with a massless quantum analogous to the photon, called the gluon. So
corresponding to electron—electron interaction via photon exchange (Fig. 1.14) we
have quark—quark interaction via gluon exchange. The difference is that photons are
not themselves charged, but, because colour is a ‘3-dimensional’ quantity, and the
interaction is an exchange interaction, the gluons themselves carry colour. There are
eight of them, belonging to the {8} dimensional representation of SU(3)cjour-

Thus colour provides a mechanism for binding quarks together into hadrons, and
the dynamics of this interaction is quantum chromodynamics (QCD). It will be shown
in Chapter 3 that electrodynamics is a gauge theory, therefore so is chromodynamics.
The symmetry group of QED is U(1), an Abelian group, whereas that of QCD is



SU(3), which is non-Abelian. The quantisation of non-Abelian gauge theories will be
treated in Chapter 7.

There is some evidence that gluons exist, for, just as accelerating electric charges
radiate photons as bremsstrahlung, it is expected that quarks may radiate gluons in the
same way, and therefore, at high energies, the quark produced in the e*e~ experiments
might emit gluons, as in Fig. 1.15. These gluons, will, like the quarks, somehow get
converted into a jet of hadrons, so we will expect some 3-jet events, as well as the 2-
jet events discussed previously. Such 3-jet events have been found and are interpreted
as evidence for gluons.

e e 98 qn
Y ErB
e e qx L
Fig. 1.14. Electron—electron interaction due to virtual photon exchange, and quark—quark
interaction due to virtual gluon exchange.

Why do gluons not appear in the free state? For that matter, why do quarks not
appear? This, of course, is the famous and most intractable difficulty with the quark
model, that quarks have never been found, despite intensive and extensive searches. It
is believed there must exist a mechanism which confines quarks into (qqq) or (qf)
combinations — i.e. into hadrons; this is known as quark confinement. As mentioned
above, it may be that what is really confined is colour; this would have the
consequence that gluons, having colour, would also be confined, and so answer the
question why they are not found. However, there is not yet in existence a completely
satisfactory theory of colour confinement.

"‘ﬁ"" %Hﬂlm

Gluon q

Hadrons

Fig. 1.15. Three jets of hadrons produced by quark—-gluon bremsstrahlung in electron—positron
annihilation experiments.
1.13 Weak interactions

This is not the best place to enlarge on weak interactions, which are the subject of
Chapter 8. Suffice it here to mention the Cabibbo hypothesis. As was seen above, both



the s and d quarks decay into the u quark (see (1.8) and (1.9)),
s—su+e +v,;, dou+e +9v,

and this results in the strangeness-changing (with |[AS| = 1, AS = AQ) and strangeness-
conserving (AS = 0) decays of hadrons, for example

at > +et+v,, Ktoa"+e* +v,,

as well as n and A decay mentioned above. However, these decays are not of the same
strength; the coupling constant, G for the |AS| = 1 decays is about 0.1 times that for
the AS = 0 decays, G©). Putting

G(l) = (G'sin 9(:,
G© = G cos O

where 0, the Cabibbo angle, is found to be 0.247 + 0.008, it turns out that G is equal
in magnitude to the coupling constant for muon decay p~ — ¥, + e” + ¥, this is the

non-trivial content of the Cabibbo hypothesis. A neat way of describing the leptonic
decay mode of hadrons is, then, to say that the transition takes place between the u
quark and the ‘Cabibbo-rotated’ d quark, denoted d;

dc = cos O¢cd + sin O¢s. (1.29)

In the Weinberg—Salam theory, to be described in Chapter 8, the particles u and d¢

(actually their left-handed parts) are then assigned to a 2-dimensional representation of
an SU(2) group

n=(i), @

which generates so-called ‘weak isospin’. It turns out that there are very interesting
connections between this type of structure and the existence of the fourth, charmed,
quark c. These matters will be dealt with in the proper place.

This concludes the introductory survey of particle physics. Its purpose was to
introduce some of the more important concepts, to provide a motivation for the study
of quantum fields. We begin this study, in the next chapter, with an examination of the

wave equations for particles with spin 0 (the simplest case, though unphysical), %
(quarks and leptons) and 1 (photon, gluons and intermediate vector bosons).

Guide to further reading

An interesting, though simple, account of the role of fields in physics is given in
Einstein & Infeld (1971). More details of contemporary particle physics may be found
in Burcham & Jobes (1995), Cahn & Goldhaber (1989), Das & Ferbel (1994),



Griffiths (1987), Kenyon (1987), Martin & Shaw (1992) and Williams (1991).

! It is common practice to call conserved quantities ‘quantum numbers’, but it is not at all obvious
that baryon number has anything to do with the quantum theory. If it had, matter would become
unstable by (1.1) as h — 0.

21t is characteristic of grand unified theories that baryon number is not absolutely conserved.
They therefore predict proton instability. Observation of proton decay would count as important
evidence that a grand unification theory (GUT) may be correct.



2
Single-particle relativistic wave equations

2.1 Relativistic notation

Any theory of the fundamental nature of matter must, of course, be consistent with relativity, as well
as with quantum theory. We therefore begin by establishing a notation for relativistic theories. We
assume that the reader is familiar with special relativity.

Consider two events in space-time, (X, y, z, t) and (x + dx, y + dy, z + dz, t + dt). We may
generalise the notion of the distance between two points in space to the interval’ between two points
in space—time; call it ds. In order that ds be the same for all (inertial) observers, it must be invariant
under Lorentz transformations and rotations, and so is given by

ds? = c*de? - (dx? + dy? + dz?). (2.1

Of course, we could have defined ds®> = dx*> + dy* + dz? — c*d’; we choose (2.1) for later
convenience. With this definition, events which are separated by a timelike interval have ds? > 0;
those separated by a spacelike interval ds? < 0; and those separated by a null or lightlike interval ds?
=0

In 3-dimensional space (x, y, z) are regarded as the components of a 3-vector, and dr? = dx? + dy?
+ dz? is invariant under rotations. This quadratic form is the sum of squares, and so positive definite.
To generalise to 4-dimensional space—time, we have the problem that the invariant interval is no
longer positive definite. We therefore define

1

x#=(x%xL x3L ) = (e, x, ¥, 2)

x, = (%0, X1, X2, x3) = (ct, —x, -y, —2) (2.2)

and make the rule that the invariant is got by summing over one upper and one lower index:
3
2 -~ dqy2 2 2 2
ds® = zodx“dx,,—c de® - dx? - dy* - dz°. (2.3)
“:

A 4-vector like x*, with an upper index, is called a contravariant vector and one like Xys with a lower

index, is called a covariant vector. The inner product of a contravariant and a covariant vector is an
invariant (scalar). To simplify the notation, we adopt the summation convention: an index appearing
once in an upper and once in a lower position is automatically summed from 0 to 3:

3
2 ViV, = VIV, (2.4)
u=0

The relation between x* and x, (or between any contravariant vector and its covariant



counterpart) may be given by introducing a metric tensor g,,,:

—_— v
Xu = BuvX

= gﬂox(' + gmxl + g,ax2 + gmx3, (2.5)

where the summation convention has been used. By inspection of (2.2), we have x, = X0, x; = —x1,
etc., so from (2.5) it is clear that g,, may be written as a diagonal matrix

1 0 0 0
0 -1 0 0

guv = 0 0 —l 0 ) (2.6)
0 0 0 -1

where rows and columns correspond to the 0, 1, 2 and 3 components. Since g,, has a non-zero
determinant, its inverse exists, and is written

g = ; 2.7)

oo -
[T i ]
|
o= OO
L= ==

in fact, it has the same values as g,, in Minkowski space (in Cartesian co-ordinates), but this
equality does not hold in general.
It is clear that g,, contains all the information about the geometry of the space — in this case,

Minkowski space—time. In special relativity, however, the metric tensor only plays a passive role,
and in fact need never be introduced. But in general relativity, it plays an active role since the
geometry of the space is not fixed in advance, but depends on what matter is in it. The Einstein field
equations, for example, are differential equations for g,,,.

It is common in particle physics to work in units where ¢ = 1, so (2.3) becomes
ds? = dx*dx, = di? — (dx? + dy? + dz?). (2.8)

Turning to differential operators, we define

3 13 3 3 a)
a=_=avavava_ =\ — —
Pooxm (30 91, 32, 93) (cat dx QJdy 9z

= (_l__a_' V)
c ot

H# = g“"av = (li’ —V)‘ (2,9)
c3at

giving the Lorentz invariant second-order differential operator



0O=2a“3, = -V2,  (2.10)

132_(32 Ca a2)=1a2

+ +
23 ax?  3y? 3z2 c? ar?

called the d’Alembertian operator.
The energy—-momentum 4-vector of a particle is

p“=(§' p). p..=(§,— ) (2.11)

giving the invariant

E2
P’ = p'pu= = -p'p=mc (2.12)
C
or, whenc=1,
p’=E*-p*=m’ (2.13)
We shall also use the notation p - x for p,x*:
px=px'=E—-p-r. (2.14)

2.2 Klein—Gordon equation

We are now in a position to write down a wave equation for a particle with no spin — a scalar
particle. Since it has no spin it has only one component, which we denote by @. The wave equation
is obtained from equation (2.12) by substituting differential operators for E and p, in the fashion
standard in quantum theory

E— ih.ai, p — —iAV. (2.15)
!

Equation (2.12) then gives

(L_az_ - v2)¢ + _'12.i¢ = 0'
hZ

c?ar?

which becomes, in units 4= c =1 and using (2.10),
[ ] @O+ me=0. (2.16)

This is known as the Klein—Gordon equation (Jj is used to indicate important results). Note that

substituting (2.15) into the non-relativistic approximation to (2.12), E = p%2m (here E is the kinetic
energy only) yields the free-particle Schrodinger equation



- ., 3¢
—Vp = —ih—. 2.17
2m ¢ a¢ )

It then follows that the Schrodinger equation is the non-relativistic approximation to the Klein—
Gordon equation.
The probability density for the Schrodinger equation is

p=9*¢ (2.18)

and the probability current is
h . *
5 ('V0 -~ oVo"). (2.19)

They obey a continuity equation

% 4v.j= §(¢*¢) ~ (V2P — ¢V20Y)

ot
3: m

=0,

where the Schrodinger equation and its complex conjugate have been used. What are the
corresponding expressions for the Klein—-Gordon equation? To be properly relativistic, p should not,
as in (2.18), transform as a scalar, but as the time component of a 4-vector, whose space component
is j, given by (2.19). Then p is given by

- @
and with
=00 = 2473, Trg= "o .21)
where
A BE Y458 - (3"A)B), (2.22)

and we have used (2.9), we have the continuity equation
wo e " =
8" = —m(¢ O¢ - ¢0¢%) =0, (2.23)

since @* also obeys the Klein—-Gordon equation. Then p and j are the probability density and
current we want. But this immediately presents a problem, because p, given by equation (2.20),



unlike expression (2.18) for the Schrodinger equation, is not positive definite. Since the Klein—
Gordon equation is second order, ¢ and 0 @/0t can be fixed arbitrarily at a given time, so p may
take on negative values, and its interpretation as a probability density has to be abandoned. The
interpretation of the Klein—-Gordon equation as a single-particle equation, with wave-function 0,
therefore also has to be abandoned. In Chapter 4 we shall re-intrepret it as a field equation, and shall
see that, on quantisation, we arrive, after all, at a successful particle interpretation.

It is worth remarking here that @ has been assumed to be complex. If @ is taken as real, then p
in (2.20) vanishes, and so does j. It will be shown in the next chapter that the correct interpretation
of complex @ is for the description of charged particles. Real @ corresponds to electrically neutral
particles, and p and j are then the charge and current densities, rather than the probability and
probability current densities.

There is another problem with the Klein—-Gordon equation, and that is that the solution to (2.12),
regarded as an equation for E, is

E = 2(m*c* + p2c®)\?, (2.24)

so solutions to the Klein—Gordon equation contain negative energy terms as well as positive energy
ones. For a free particle, whose energy is thereby constant, this difficulty may be avoided, for we
may choose the particle to have positive energy, and the negative energy states may be ignored. But
an interacting particle may exchange energy with its environment, and there would then be nothing
to stop it cascading down to infinite negative energy states, emitting an infinite amount of energy in
the process. This, of course, does not happen, and so poses a problem for the single-particle Klein—
Gordon equation. We shall see later that the interpretation of ¢ as a quantum field clears up this
problem, as well as the previous one.

We now pass from scalar particles to particles with spin, starting with spin % particles, which are
described by the Dirac equation.

2.3 Dirac equation

The Dirac equation, unlike the Klein—-Gordon equation, is of first order, and holds only for spin %

particles; since the Klein—-Gordon equation expresses nothing more than the relativistic relation
between energy, momentum, and mass, it must hold for particles of any spin. The Dirac equation,
however (and the Maxwell and Proca equations, to be derived below), has an entirely different
origin, and may be derived from the transformation properties of spinors under the Lorentz group.
To avoid a straight plunge into this topic, we shall first briefly review the connection between the
rotation group and SU(2), and introduce the idea of spinors. This will then be extended to the
Lorentz group.

SU (2) and the rotation group

A general spatial rotation is of the form

X X
y|=(R)|y| orr' =Rr (2.25)
7’ z

R is the rotation matrix. Since rotations preserve distance from the origin, x? + y2 + z% = x> + y? +
22, or r’V = rr (T = transpose), so

rTRTRr = 1"r

R™R =1, (2.26)



and R is an orthogonal 3 x 3 matrix. These matrices form a group: if Ri and R, are orthogonal, so is
R;R,:

(R\R))"R\R; = RIR{R\R; = 1

This group is denoted O(3); for matrices in n dimensions it is O(n). Unitary matrices also form a
group, denoted U(n), but Hermitian matrices do not, unless they commute.

As an example of a rotation, consider a rotation of a vector V about the z axis as shown in Fig.
2.1. This rotation, considered as an active rotation (i.e. a rotation of the vector, leaving the co-
ordinate axes fixed), is left-handed; considered as a passive rotation (i.e. rotating the axes, leaving
the vector fixed) it is right-handed. We have

vV, cosf® sin@ 0\ [V,
V,|=[-sne cos6 o}[v,] (2.27)
v 0 o 1/\v,

so may denote the rotation matrix by

cos 8 sin@ 0
R.(0) = -sinf® cos@ O0]. (2.28)
0 0 1

Fig. 2.1.

Similar matrices for rotations about the x and y axes are

1 0 0
R(9)=|0 cos¢p sing |,
0 -—sing cos¢

cosy 0 —siny
R(y)=| 0 1 0 . (2.29)
siny 0 cosy

Note that these matrices do not commute

R(9)R.(6) # R.(O)R(9); (2.30)



the rotation group, O(3), is non-Abelian. It is a Lie group; that is, a continuous group, with an
infinite number of elements, since the parameters of rotation, which are angles, take on a continuum
of values. It is easy to see that a general rotation has three parameters; R has nine elements, and
equation (2.26) gives six conditions on them. These parameters may, for example, be chosen to be
the three Euler angles. Corresponding to three parameters are three generators defined by

0 -i 0
6
5 =19RO 1 o o),
1 de =0 0 0 0
0 0 0
Jx = lM =10 O -},
1 d¢ ¢=0 0 i 0
0 0 i
5, =1RW 5 o o) 2.31)
idy w0 A 0 o

These generators are Hermitian, and infinitesimal rotations are given by, for example,

R,(66) = 1 +iJ,60, R.(6¢) =1 +iJ,5¢. (2.32)

The commutator Rz(ao) R,(6¢) R;I(GO) R, 1(6¢) of these two rotations (compare (2.30) may
now be calculated using the easily verified commutation relations

JJy = NJ, = i, Jy] = iJ, and cyclic permutations. (2.33)

To second order, it is found to be a rotation about the y axis. The relations (2.33), having a factor A,
will be recognised as the commutation relations for the components of angular momentum. So
angular momentum operators are the generators of rotations.

It is now straightforward to write down the rotation matrix for finite rotations. The matrix
corresponding to a rotation about the z axis through an angle § = N66 (N — o) is clearly

R.(6) = [R,(80)|"
= (1 +iJ,60)¥

N
- (1 + ijzﬂ)
N
= e, (2.34)

We may check that this yields the required matrix (2.28). Defining the exponential by its power
series expansion, we have



3
€0 = 1 +iJ,6 - J’éi— VLA

3!
1 0 0 0 1 0\ /-1 0 0
=lo 1 o|l+6/-1 0 o)|]+Z| 0 -1 o
0 0 1 0o o0 o/ 2\ o o0 o0
0 -1 0
3
+0—1 0O O)+---
3% o0 o

cos 8 sin8 0
-sin@ cos® O
0 0 1

which is (2.28). A finite rotation about an axis n through an angle 6 is denoted
R,(6) = ¥ = ¢Un® (2.35)

where 8= né.
So much for the rotation group. Now consider the group SU(2), consisting of 2 x 2 unitary
matrices with unit determinant

UU'=1,detU = 1. (2.36)
Putting
a b
U= (C d), (2.37)

the unitarity condition reads U = U™., which, since det U = 1, becomes

a* *\_[(d -b
b* a* -c a

and hence a* = d, b* = —c. Then det U = |a|?> + |bJ%, so we have
—b*

,
u=( a a,,), laf? + B = 1. (2.38)

This is regarded as the transformation matrix in a 2-dimensional complex space with basic spinor
g - (SI )
’
&

E->Ug §-&EU". (2.39)



It is clear that

Ee =& + &P

is invariant under (2.39). On the other hand, the outer product

(8 EEN e
5 ‘(szsr |§2|2) veu. (2.40)

Observe that £E! is a Hermitian matrix.
We see from (2.39) that £ and &' transform in different ways, but we may use the unitarity of U

& &

to show that (61 ) and (-53) transform in the same way under SU(2). We have, comparing (2.38)

and (2.39),

ki = aky + bk, }

(2.41)
§ = —b*E, + a*,
and hence
—-&% = a(—-£&%) + bEY,
EY' = a(-Ef) + bE] I -
EY' = —b*(-&%) + a*&t.
Now
SR
72)-0 o)) @4
where
_ {0 -1
e= (0 7o) (244
so we have shown that £ and {&* transform in the same way under SU(2); in symbols
&~ o& (2.45)
‘~’ means ‘transforms like’). Hence
'~ (5T = (-8, &), (2.46)

and



v (B, _[-&& &
£ (52)( ez,sl)—(_§§ 5152). (2.47)

Calling this matrix — H, we see from (2.40) that under an SU(2) transformation
H — UHU'; (2.48)

in addition, H is a traceless matrix.
We may now construct, from the position vector r, a traceless 2 x 2 matrix transforming under
SU(2) like H. It is

S 4 x —iy
h=o-r (x+iy —z ) (2.49)

where the matrices o are the well-known Pauli matrices

0 1 0 i 1 0
o,—-(l 0)’ 0-"—(i O)’ 0‘_(0 _1), (2.50)

h is Hermitian, and the transformation
h— UnhU' = h' (2.51)

preserves the Hermiticity and tracelessness of h if U is unitary. In addition, if U belongs to SU(2),
and so has determinant 1, then det h" = det h, or

the unitary transformation (2.51) on h induces a rotation of the position vector r. Identifying H and
h, we conclude finally that

\ X
| An SU(2) transformation on (?) = O(3) transformationon | y
2

z

with
x=XE-8), y-= %(si + &), z=§&b. 2.53)

The parameters of an SU(2) transformation are a, b, both complex, with one condition: |a]*> + |b]> = 1.
There are thus three real parameters, just like there are for a rotation. We shall now find an explicit
relation between the two sets of parameters. Taking the square and the product of the two relations
(2.41), and using the expressions for x, y and z given above (equation (2.53)), we have, under SU(2),



x' = Ha® +a*? - b? - b*Y)x - %(“2 - a*? + b’ - b*?)y - (a*b* + ab)z,

y' = é(a2 —a*? — b2 + b*)x + 3(a* + a*? + b* + b*?)y — i(ab — a*b*)z,

z’ = (ab* + ba*)x + (ba* — ab*)iy + (|al* — |b)?)z.

Now we put a = /2, b = 0 (which obeys |a|? + |b|*> = 1). Equation (2.54) gives
x'=xcosa + ysina,
y'= —xsina + ycosa,

=,

(2.54)

which, is a rotation about the z axis through an angle a (cf. (2.27). Hence the correspondence

between the SU(2) matrix (2.38) and the O(3) matrix (2.28) is

cosa sina O

eia/Z 0
U=( 0 _Wz)HR= -sina cosa O
¢ 0 0 1

In terms of the generators J, (equation (2.31)) and o, (equation (2.50)) we may write

U= eia:aﬁ R = ei.lxar

where, as usual, the exponential expression for U is defined by its power series expansion.

In a similar way, putting a = cosf¥/2, b = sin /2, we have the correspondence

_(cosﬁ/z sinB2\ | o _ °°3ﬁ (1) -s(i]nﬁ

—sin /2 cospf2 sinf 0 cos B
which may be written
U —3 eiavﬂlz’ R -— e'JVﬁ;

and, lastly, putting a = cos y/2, b =i sin /2, gives

. e l O 0
= (cos v/2 1sin }’/2) oeR=10 cosy siny
isiny/2  cosy/2 0 -—siny cosy

with

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)



U=e»? R=e’ (2.60)

In general, then, the correspondence between an SU(2) transformation in the spinor space (gl )
2

X
and an O(3) transformation in the space | y |is
Z
U=¢e""2=cos0/2 +io-nsin6/2 < R =e¥°. (2.61)

This correspondence between SU(2) and O(3) implies that the groups must have a similar
structure, and therefore that their generators obey the same commutation relations. In fact, it may
easily be checked that the Pauli matrices obey

o, o,] .o, :
—X, 2| =i— and cyclic perms. 2.62)
[5 %] -5 e ‘

These are the same relations as (2.33) for J, and we also see that the factors % in (2.62) are the ones

in (2.61), showing that the spinor rotates through half the angle that the vector rotates through. This
is responsible for a global topological distinction between SU(2) and O(3), for, as may be seen from
equations (2.55)—(2.61), increasing the angle a (say) by 2z gives U — — U, R — R; so the elements
U and -U in SU(2) both correspond to the rotation R in O(3): there is a two-to-one mapping of the
elements of SU(2) onto those of O(3). In particular

TN

1 0 O
0O 1 0
0 0 1

o

\0 1.

SUQ2) 0(@3)

SL(2, C) and the Lorentz group

Analogous to the correspondence between SU(2) and the rotation group, there is a correspondence
between SL(2, C) and the Lorentz group, which we now explore. We shall then employ this
correspondence to derive the Dirac equation.

Pure ‘boost’ Lorentz transformations are those connecting two inertial frames, moving with
relative speed v. If the relative motion is along the common x axis, the equations are

1+ ox/ct

N .
(1 = v?¥/c)V?

X —_—
(1 = v/

y=y 2'=z '=

Putting ¥ = (1 — v*/c?)™2, B = v/c, x° = ct, x! = x etc., these are expressed as



x% = y(x®+ Bx"), xV = y(Bx® +x"), x¥ =x% x¥V =2
Observing that y? — %y = 1, we may put

y = cosh¢, yB =sinh¢, (2.63)

thus parametrising the transformation in terms of the variable @, with tanh @ = v/c, and we have

x? cosh¢ sinh¢ 0 0\ /x°
xl sinh cosh 0 o x!
2151 o ¢ 0 ¢ 1 o)l (2.64)
x3 0 0 0 1 x3

Let us call the above matrix the boost matrix B. The generator K, of this boost transformation along
the x axis is defined by analogy with (2.31):

0O 1 0 O
13B 1 0 0 O .
K, =-— = —i 2.65
3¢ om0 0 0 0 0 (2.65)
0 0 0 O
Similarly, the other boost generators are
0 0 1 0O 0 0 0 1
0 0 0 O JOoO 0 0 0
K==y o 0 o) =710 0 0 o (2.66)
0 0 0 O 1 0 0 O

0 0 0 O 0 0 0 O
o0 0 o0} __fo 0o 0 -
=Moo 0o o0 1 =Moo o0 o of

0 0 -1 0 0 1 0 0

0 0 0 0

1o 1 0
==ty _; o ol (2.67)

0 0 0 0

The most general Lorentz transformation is composed of boosts in three directions, and rotations
about three axes, and the six generators are those above. Their commutation relations may be
calculated explicitly, and we find



[K.. K,] = —iJ; and cyclic perms,
[J., K,] = 0etc., (2.68)
(/:, K] = iK, and cyclic perms,

together with (2.33), involving Js only. An interesting consequence of these relations is that pure

Lorentz tranformations do not form a group, since the generators K do not form a closed algebra
under commutation. So the commutator of two infinitesimal boosts in different directions

¢HKioP i Ov e Kibo eIty = | — (K, K,|8¢0y + KZ(89) K (Oy)* + -+

contains, by virtue of the first of equations (2.68), a rotation about the z axis. This is the origin of
Thomas precession (Sex] & Urbantke 1976).

How do Pauli spinors transform under Lorentz transformations? We may make a guess, because
the above commutation relations are satisfied by

K= #i

(A

: (2.69)

so there should be two types of spinor, corresponding to the two possible signs of K. This may be
made clearer by elucidating the nature of the Lorentz group, with the six generators J and K. Let us
define the generators

A =1(J +iK),

2.70
B = ;(J - iK). (270

The commutation relations (2.68) and (2.33) then become

[A,, A,] = iA, and cyclic perms,
[By, B,] = iB, and cyclic perms, (2.71)
[A. B]=0(i,j=x.y,2).

This shows that A and B each generate a group SU(2), and the two groups commute. The Lorentz
group is then essentially SU(2) @ SU(2), and states transforming in a well-defined way will be

labelled by two angular momenta (j, j), the first one corresponding to A, and the second to B. As
special cases, one or the other will correspond to spin zero:

(j, 0) = JV = iK’ (B = 0),

_ A (2.72)
©, j)— JUW = iK"Y (A =0),

and this in fact corresponds to the two possibilities in (2.69). We may now define two types of
spinor:

TypeI: (3, 0): JUP =g/2, KU = —jgp2.



We denote the spinor & If (6 @) are the parameters of a rotation and pure Lorentz transformation, &
transforms as

- iZ2.0+9. )
& eXP(-2 +2 ¢)5

= exp [u% (0 - i¢)]§ = MEL. (2.73)
Type Il: (0,3): J? = g2, K\ =igf2.
This spinor is denoted 7 and transforms like

‘2’-(0+i¢)

n= Nn. (2.74)

n — exp [i

It is important to note that these are inequivalent representations of the Lorentz group, i.e. there is no
matrix S such that N = SMS~. They are in fact related by

N =(tM*™' with i = —io,, (2.75)

as defined in (2.44) above. This follows by observing that
*y — 2 _
02070y = —020 = —0,

for then

IM*) = azexp[-%o* (0 + i¢)]az

a% exp [%a- (6 + i¢)]
= N.

We note that det M = det N = 1, so M and N are complex 2 x 2 matrices with unit determinant. Such
matrices form a group, SL(2, C). It clearly has six parameters, for the matrices are of the form

'a b
M-—(c d), ad — be = 1:

they consist of four complex numbers, with two conditions. These six parameters are related to the
three angles and three velocities of the general Lorentz transformations. Let us pause to summarise
what we have found. Besides 3-vectors, there are 2-component Pauli spinors, which have a well-
defined transformation (2.61) under rotations. Under general Lorentz transformations, however,
there are two different types of 2-component spinor, transforming respectively by (2.73) and (2.74).
In the older literature, these are known as ‘dotted’ and ‘undotted’ spinors (van der Waerden 1974;
Landau & Lifshitz 1977; Misner, Thome & Wheeler 1973; Sexl & Urbantke 1976). They correspond

to the representations (%, 0) and (0, %) of the Lorentz group. In essence, the Dirac equation is a
relation between these spinors.

Let us introduce the parity operation, under which the velocity in the Lorentz boost changes
sign: v— —v. Hence the generators K change sign, K— -K, like the components of a vector,



whereas J does not change sign, J— +J, behaving like an axial vector or pseudovector, which
indeed is how angular momentum transforms under parity. It follows that the (j, 0) and (O, j)
representations become interchanged,

(j, 0) & (0. j), wunder parity (2.76)

and hence
Eon.

If we consider parity, then, it is no longer sufficient to consider the 2-spinors & and 7 separately, but
the 4-spinor

y= (f}) .77

Under Lorentz transformations y transforms as follows:

& e V207(0-19) 0 /&
(,,) - ( 0 e'20-(0+14) ) ('I)
’ \jE
-(° b)) @78
with
D(A) = ED*(A)E!, (2.79)
and A denotes the Lorentz transformation (2.64), which we may write as
x'"" = Alx". (2.80)

Under parity, y transforms as

(fi) - ((1) (l)) (,E,) (2.81)

’

The 4-spinor y is an irreducible representation of the Lorentz group extended by parity. Note,
however, that the representation (2.78) is not unitary, this is because the matrix exp(o - @) is not
unitary. In general, in quantum mechanics, one is only interested in unitary representations of a
symmetry group (Wightman in DeWitt & Omnes 1960), since it is only these that preserve the
transition probability between two states, as measured in different frames of reference. From a
fundamental point of view, then, there is something less than satisfactory about our present pursuit.
It is related to the fact that the Lorentz group, unlike the rotation group, is non-compact. This
corresponds roughly to the observation that velocities, which are the parameters of Lorentz boosts,
take on values along an open line, from v/c = 0 to v/c — 1, whereas angles of rotation extend from 6
= 0 to 6 = 2=, and these points are identified, so the line becomes closed into a circle. The group
space of the rotation group is finite, but that of the Lorentz group is infinite, so the Lorentz group is
non-compact. There is, moreover, a theorem that unitary representations of non-compact groups are
infinite-dimensional. What we have above is a negative illustration of this — a finite-dimensional and



non-unitary representation of the Lorentz group. Actually, it was realised by Wigner many years ago
that the fundamental group for particle physics is not the (homogeneous) Lorentz group considered
above, but the inhomogeneous Lorentz group, commonly called the Poincare group, consisting of
Lorentz boosts and rotations, and also translations in space and time. An analysis of this group gives
a true understanding of, and some surprising insights into, the nature of spin. Some more will be said
about the Poincaré group below.

Now let us specialise the transformations (2.78) to the case of a Lorentz boost (@ = 0), and at the
same time relabel the 2-spinors & and 7:

§—=¢r. N— oL (2.82)

R and L standing for right and left. We have

¢R — eI‘Q’.’q)R
= (cosh (9/2) + o nsinh(¢/2)]dr (2.83)

where n is a unit vector in the direction of the Lorentz boost. Suppose that the original spinor refers
to a particle at rest, @y(0), and the transformed one to a particle with momentum p, @g(p). From

(2.63) we have cosh (@/2) = [(y + 1)/2]"2, sinh ( @/2) = [(y — 1)/2]*%, so (2.83) becomes
o =[(12) " v oo(2) w0 s

Since, for a particle with (total) energy E, mass m and momentum p, y = E/m (c = 1), (2.84) then
becomes

E+m+o-p
= (0). 2.85
o) = ma O (2.85)

In a similar way, we find

E+m-o-'p
(2m(E + m))'?

o.(p) = ¢.(0). (2.86)

Now, when a particle is at rest, one cannot define its spin as either left- or right-handed, so @(0) =
@1(0). It then follows, with a bit of algebra, from (2.85) and (2.86) that

or(P) = E—%’—’—Emp) 2.87)
and hence
E-0-p
op) = —- - Pr(P)- (2.88)

We may rewrite these equations as



—mor(p) + (py + - P)PL(p) =0

) (2.89)
(po— o p)pr(p) — mér(p) =0
or, in matrix form,
-m Potop ‘PR(P)
\Po— O"P ) ‘¢L(P) (2.50)
Defining the 4-spinor
wp) = (‘Mp) (2.91)

PL(P).

and the 4 x 4 matrices
0 1 . {0 -o
equation (2.90) becomes
(¥po + Y'pi — myy(p) = 0 (2.93)

(note that p,, = (E, —p) (see (2.11)), s0 ¥'py + ¥'pi = ¥'po — ¥ -p) or

. (¥*pu — my(p) = 0. (2.94)

This is the Dirac equation for massive spin 1 particles. In the case of massless particles, it is clear,

for example from (2.89), that the equation decouples into two equations, each for a 2-component
spinor

(po+ a-p)o(p) =0

(2.95)
(po — o-p)er(p) =0

These are known as the Weyl equations, and @ and @y are Weyl spinors. Since, for a massless
particle, p, = |p|, these equations read

o bpL=—¢., 0'PPr = ¢r.

The operator @ + p measures the component of the spin in the direction of momentum, and this
quantity is called helicity. Thus Weyl spinors are eigen-states of helicity, the left-handed (right-
handed) spinor having negative (positive) helicity.

Traditionally it has been supposed that neutrinos are massless particles, and therefore are
described by (one of) the Weyl equations, but there is recent speculation that neutrinos may have a
mass (seeél for example, Boehm & Vogel 1992; Mohapatra & Pal 1991). The question is at present
unresolved.



The derivation of the Dirac equation given above differs from Dirac’s original one.? Dirac’s aim
was to find an equation which did not share the problems of the Klein—-Gordon equation, discussed
above. We now consider these problems.

2.4 Prediction of antiparticles

We saw above that the Klein—Gordon equation suffers from two defects: the probability density is
not positive definite, and negative energy states occur. For these reasons the Klein—-Gordon equation
was discarded and Dirac looked for an equation to replace it, which was, unlike the Klein—-Gordon
equation, a first order equation — in those days that was regarded as a desirable asset. He then
discovered equation (2.94), and deduced that the y* matrices must be 4 x 4 matrices. It is instructive
to reproduce this reasoning. First let us write the Dirac equation in co-ordinate space. Substituting
i0, for p,, in (2.94) gives

» (iy*3, — m)y = 0. (2.96)

This is a first order differential equation. Applying the operator iy*J), again to this equation:

[=(¥"3)(y"0)) — i(¥*3,)m]y = 0,
(Y“Yvauav + mz)w = 0.

Now g,3,= g,0,, so 'y’ may be replaced by the symmetric combination

Ay + 7' = Hr' ) (2.97)
to give

H*, v*)3,8,9 + m*y =0.

On the other hand, relativity requires that the energy-momentum-mass relation be satisfied, and
therefore that each component of y satisfies the Klein—~Gordon equation

(O + m)y(x) = 0. (2.98)
It therefore follows that the coefficient of g4, is g"*, so

{r', v"} = 2¢"". (2.99)

This is the general relation which the coefficients y, must satisfy. Taking inturn p = v=0, p =v =i
and p # v, we have

(PP =1, (¥=-1 vy =-yv (v#£npn). (2.100)

It is an easy matter to check that the matrices (2.92) do satisfy these relations. (As an exercise,
students may also convince themselves that it is impossible to satisfy (2.100) with 2 x 2 matrices.) It
is also clear that if four y¥s satisfy (2.99), so will



y'* = Sy*s! (2.101)
where S is a unitary 4 x 4 matrix, and the Dirac equation will then be satisfied by

Y = Sy. (2.102)

Let us now construct a probability current j#, analogous to (2.21) for the Klein—Gordon equation,
and check to see whether the density is positive. We write the Dirac equation in the form (2.96)

(iy#3, — m)y =0, (2.96)

where 43 u= y‘"ao + y‘ai . Now take the Hermitian conjugate of this equation, noting from
(2.92) or (2.100) that 0" = 40 4" = — 4/ This gives

¥ (=iy%3, + iy'd; — m) = 0.

(Here ' is a row vector, and 50 and §i operate on it to the left.) This does not look very appealing,
so we multiply on the right by 7°, and use, from (2.100), yfy? = —y0y/to give

Piy*S, + m) =0 (2.103)

where

v=y'y (2.104)

is called the adjoint spinor to y. Equations (2.96) and (2.103) may now be used to show that the
current

=yt (2.105)

is conserved:

3, = By + WP(3,y)

AR (2.106)
= (imy)y + y(—-imy) = 0.

The density j¢ is therefore
P=vtw=vy=lnl+ lwl + sl + el

and is positive; j° is therefore fit to serve as the probability density for the particle in question, and
the Dirac equation is seen to have cleared this hurdle, which the Klein—-Gordon equation failed to
clear.

We now come to the other difficulty faced by the Klein—Gordon equation, that of negative
energy states. Here, we appear to be not so lucky. In fact, it is easy to see from (2.94) that a Dirac
particle at rest obeys



Y’ roy = my,

(2.107)
poy = my"y.

The eigenvalues of y° are clearly +1 (twice) and —1 (twice), so there are two positive energy
solutions (+m) and two negative energy solutions (-m). In fact, it is straightforward to show, by
writing out all four components of (2.94), that the eigenvalues of E are

E = +(m? + p})'?2 twice,

E = —(m* + p?)'? twice.

For each value of p, there are two positive energy solutions, corresponding to the states of a spin %

particle, and two additional negative energy solutions. This potential catastrophe was turned by
Dirac into a triumph.

The energy spectrum of solutions is shown in Fig. 2.2, and the problem it poses is the same as
that met in the Klein—-Gordon equation. An electron in a positive energy state may> jump to a
negative energy state, and then cascade down to E = —o, emitting in the process an infinite amount
of energy (say, electromagnetic radiation). Dirac’s solution to this problem relies on the fact that

electrons have spin % and therefore obey Pauli’s exclusion principle, Dirac supposed that the

negative energy states are already completely filled, and the exclusion principle prevents any more
electrons being able to enter the ‘sea’ of negative energy states.
This ‘Dirac sea’ is the vacuum; so, on Dirac’s theory, the vacuum is not ‘nothing’, but an infinite

sea of negative energy electrons, protons, neutrinos, neutrons and all other spin % particles!

Now this ingenious theory makes an important prediction, for suppose there occurs one vacancy
in the electron sea: a ‘hole’ with energy — |E|. An electron with energy E may fill this hole, emitting
energy 2E, and leaving the vacuum:

e+ hole — energy. (2.108)

so the ‘hole’ effectively has charge +e and positive energy, and is called a positron, the antiparticle
of the electron. This theory of Dirac’s predicted the existence of antiparticles for all spin % particles,

and in time the e*, B, A, ¥ etc. were all found. It turns out that bosons also have antiparticles, but
to see this requires treating 0, the Klein—Gordon ‘wave function’, as a quantised field, which we
shall do in Chapter 4.

The prediction and discovery of antiparticles is one of the outstanding episodes in the history of
particle physics, and inspires considerable confidence in the Dirac equation. In fact the Dirac
equation has been outstandingly successful in its predictions and applications (see Bjorken & Drell
1964; Itzykson & Zuber 1980) but in this book we shall content ourselves with studying, firstly, the
rather formal construction and properties of Dirac spinors, and, secondly, the successful prediction

of the electron magnetic moment.

me*

cemcccc-Y¥mm=-----E=0

Fig. 2.2. The energy spectrum of solutions to the Dirac equation.

We conclude this account of antiparticles by noting that, despite the successful resolution of the
problem of negative energies, the Dirac equation is no longer a single-particle equation, since it
describes both particles and antiparticles. The only consistent philosophy is to regard the spinor y as
a field, such that |y? gives a measure of the number of particles at a particular point. This field is
naturally a quantum field; we shall see in Chapter 4 how this reproduces the particle and antiparticle



interpretation, as well as the proper connection between spin and statistics.

2.5 Construction of Dirac spinors: algebra of y matrices

First, it will be useful to know the Lorentz-transformation properties of bilinear expressions like
W wyﬂqp etc. We begin by showing that V’V’ is a scalar quantity. We work in the basis (2.91)

-(3)

and we know that under a Lorentz transformation (including rotation) (6, ¢) we have, from (2.78),
Pr — €Xp [%a (0 — iq))]qm, dL — exp [%a (0 + iq))]cp,,. (2.110)
hence
ok — ok exp[-Tla'(O + i¢)l. o — ﬁexp[%’o'w - i¢)], (2.111)
and it is immediately evident that
V'Y= okor + oLOL (2.112)
is not invariant. However, the adjoint spinor ip defined in (2.104) has components
> + + ot 0 1 t ot
p=v'P = kD[] )= (isb. 2.113)
so it is easy to see that

- + J
Yy = PLPr + PrOL (2.114)
is invariant (i.e. a scalar) under Lorentz transformations. Moreover, under parity

e (2.115)

SO Yy — 17;1/;, and is a true scalar, i.e. does not change sign under space reflection.
Now define the 4 x 4 matrix

y = ((') _Ol). (2.116)

(Remember that each entry here is a 2 x 2 matrix.) This defines y° in the basis (2.109). In an



arbitrary basis it is defined by

P =YY = v @.117)

We then see that
=5 _ ot il 0\ [or
= LPR — PROL- (2.118)

It is clear from (2.110), (2.111) and (2.115) that this is invariant under Lorentz transformations, but
changes sign under parity. For this reason, it is called a pseudoscalar quantity.
Now consider the quantity yyHy, which we suspect of transforming like a 4-vector under

Lorentz transformations. Its time and space components are

¥Y'¥Y = $ror + SLOL, (2.119)
- _ + O -0 ¢R
yry = (¢{.¢R)(a 0 ) (‘Pl)
= —plop + PhoPr. (2.120)

Under spatial rotations (8 #0, @ = 0) we have

=0 = 0

'y — Py (2.121)
and, if 0 is infinitesimal,

'I’Y‘I’ —_ = ¢'l" e -(iﬂ)ﬂ”o e(i/2)0~0¢L + ¢}l e -(iﬁ)ﬂ"c e(iﬂ)c'.%

—¢'L(1 - %a- o)a(1 + %a- o)¢L + ¢;(1 - -;-a- o)a(l + %a- 0)%
=—-¢l(0 - 0 X o) + k(o — 0 X 0)PR
vyy - 0 x (yyy). (2.122)

(The reader may find it a useful exercise to check this, using the commutation relations (2.62),
expressed in the form

[ai, 0] = 2igy 04, (2.123)

where



+ 1if (ijk) is an even permutation of (123),
€ = 1 —1if (k) is an odd permutation of (123), (2.124)
0 otherwise,

and putting o - @ = ¢;6; (summation convention implied!).) Equation (2.122) describes the behaviour
of a vector under rotations: for infinitesimal 6, equation (2.27) reads
Vi=V,+8V,, V, =V, -8V, V; =V, which s the z-component of

'=V-6xV.

In addition, the time component, by (2.121), is invariant under rotations, so @y“'p indeed behaves

like a 4-vector under rotations. The student is invited to check that it also behaves like one under
Lorentz boost transformations, i.e. like x* in (2.64) for boosts along the x axis. Moreover, under
parity it is easy to see that

vy vy, yry— -y (2.125)

like a polar vector does. This is summarised by saying that @y“'p transforms as a vector. In like
manner, it may be shown that 37;74‘75 y behaves like an axial vector (or pseudovector) — it behaves

like a 4-vector under Lorentz transformations, including rotations, but has the opposite behaviour to
(2.125) under parity, so that the ‘space’ part transforms like an antisymmetric rank 2 tensor — the
corresponding symmetric tensor is, by virtue of (2.99), invariant. This completes all the possibilities
for, in four dimensions, a rank 3 tensor transforms like a pseudovector, and a rank 4 tensor like a
pseudoscalar; in three dimensions, this reduction happens sooner — a rank 2 tensor, like r X p (orr A
p), an axial vector, and a rank 3 tensor like the volume element dx dy dz (properly written dx A dy A

dz) is a pseudoscalar.*
These results are summarised thus:

1y scalar,

¥ysy pseudoscalar,
¥vY*y vector, (2.126)

YY*y’ v axial vector,
v(y*y" - y'y*)y antisymmetric tensor.

Let us now construct spinors corresponding to an arbitrary state of motion of a Dirac particle.
We do this by a method essentially the same as that used to obtain (2.85), (2.86) and (2.91), except
that we want explicit expressions for the spinors, and shall not work in the representation (2.91),
which we may call the chiral representation (since @y and @, are eigenstates of chirality, whose
operator is %°) but in the so-called standard representation, in which #° is diagonal. From (2.107),
this is clearly the representation appropriate for describing particles at rest. The plane wave solutions
of the Dirac equation for a particle at rest are clearly

y{x) = u(0)e™'™ positive energy,
, (2.127)
Wx) = v(0)e'™ negative energy,

with the two positive and two negative energy spinors



1 0 0 0
u(0) = g uD(0) = (1) . oh(0) = (1’ o) = g . (2.128)
0 0 0 1
Here 7 is, in the standard representation,
1 0 0 0
Y = 3 (l, _Ol g (2.129)
0o 0 0 -1
which we write as usual in the condensed form:
Y = ((1, _01). (2.130)
This is obtained from the chiral representation
YR = SYCRS !,
S = Vli(: —11) (2.131)
so that, in the standard representation,
w=s(3’:) =é(g’_‘2) (2.132)

For a Lorentz boost to a moving frame, we have, from (2.78) with 0 = 0,

(3:) . (‘ii) ) (elf;.-. e"'%"’) (m _ M(m’ (2.133)

so in the standard representation the boost matrix is

_ —1 _ [ cosh(¢/2) o - nsinh (¢/2)
Msp = SMceS™" = (c-nsinh (¢/2) cosh (¢/2) ) (2.134)

and since



R _ 2
cosh(«»/z)=(‘5’“’")l : sinh(¢/2)=(5 ’")l .

2m 2m
tanh (¢/2) = p
E+m
with p = (E2 — m»)'2, we obtain
1 0 P: Dx — 1Dy
E+m EFE+m
0 1 pX + ip)' -pz
172
MSR=(E+m) E+m E+m
2m p: Px —ip, 1 0
E+m E+m
Px t ipy —P: 0 1
E+m E+m
(2.135)

and the corresponding plane wave spinors are

V@(x) = u?(p)e'** positive energy, 2.136)
Y(x) = v'(p)e'?*  negative energy, '

where a = 1, 2, and u?(p) and *9(p) are obtained by multiplying Mgy by the rest spinors (2.128),
giving

1 0
0 1
o =(Exm m)"’ &) o (_Em_)"z X
2m E+m 2m E+m
P+ —P;
E+m E+m
(2.137)
P: P-
E+m E+m
o) = (M)m p+ = (_E‘*_’")m ~P:
2m E+m 2m E+m

—
o

0

b

(2.138)



where p+ = p, + ip,. The normalisation of the u spinors is z(1),,(1) =

1 0
2m E+m E+m -1

and similarly for u‘® The final results are

a(a)(P)“(a')(p) = Oaa
5(0)(,,)0(01’)(,,) = -8,
' (p)'*)(p) =0

ul@* (p)u'*(p) = v @* (p)o'*)(p) = P
m

In addition, from (2.96) and (2.136), u and v satisfy

(y-p — mu(p) = O,l
(y:p + mo(p) =0,

and it follows that the adjoint spinors obey

a(p)y-p—m)= 0,}
o(p)(y-p + m)=0.

The operator

P, = Zu(p)a(p)

is important in many applications. It is a projection operator, since, in view of (2.139),

(2.139)

(2.140)

(2.141)

(2.142)

PL = Su@(p)a(p)uP(p)a® = Su(p)a®(p) = P,. (2.143)

ap a

It clearly projects out positive energy states. We shall now find an expression for P,. Because of

(2.140),
(y‘p_m)P'*:O)

therefore



Y'PP+
m

= P,. (2.144)

Now we assume that P, is of the form a + by - p. Inserting (2.144) into this gives a = mb. Then
using P2+ = P, gives b = 1/2m, so finally we have

P, = Su@(p)a®(p) = yptm (2.145)
a 2m

Similarly the projection operator for negative energy states is

P. = -So@(p)sp) = L 2T M (2.146)
> 2m

As expected, P, + P—=1.
It is appropriate here to note some trace formulae which will be useful later. They all involve the
" matrices. Since these are 4 x 4 matrices, we have

Trl1 =4

and because of the cyclicity of the trace, we have

Tr(y:a)(y:b) =Tr(y - b)(y*a)
1Tra,b{y", v")

a-bTrl =4a-b. (2.147)

Next, we prove that the trace of an odd number of y matrices is zero. To do this, we use the fact that
>, defined by (2.117), has the properties

(¥ =1 {y.r}=0. (2.148)
Let us, for convenience, also adopt the ‘slash’ notation
ay =a-y=d. (2.149)

Then we have

Trey ...y =Trdy .. daysys
=Tryd, ... days,

using the cyclicity condition. We now move the y5 on the left past each # in turn, with a consequent
change of sign each time, obtaining eventually

Trdy .. .y =(=1)"Trdy ... doysys



so that

Trdy...d, =0, nodd. (2.150)

Finally, substituting
Py =P+ 29"
into the first two factors of Tr (¥ - a)(y - b)(y - c)(y - d), we obtain

Tr(y-a)(y-b)(y:c)(y-d)=—Tr(y -b)y-a)(y:c)y:d)
+2a-bTr(y-c)y-d). (2.151)

These formulae will be referred to when we come to calculate scattering cross sections.

2.6 Non-relativistic limit and the electron magnetic moment

Particles with spin also possess an ‘intrinsic’ magnetic moment. Now a charge e circulating in a
closed orbit of angular momentum ! interacts with a magnetic field and so possesses an effective
magnetic moment

p= S0t (2.152)

2m

If nature were simple, the proportionality constant between the electron spin S = 1po and its

magnetic moment would be the same, e/2m, so the intrinsic magnetic moment would be (e/2m)|S| =
el/4m. The consequent shift in the frequencies of spectral lines would then be those of the ‘normal’
Zeeman effect. Experiments revealed, however, an ‘anomalous’ Zeeman effect, explicable if the
proportionality constant for spin is twice that for orbital motion so the electron magnetic moment is
— 4 where

s=g. (2.153)

(The charge on the electron is here taken as —e.) The factor of 2 is sometimes called the Landé g
factor, g = 2. One of the successes of Dirac’s theory of the electron is that it gives the correct value

of g,. To derive this we must consider the equation, not for a free electron, but for an electron in the

presence of an electromagnetic field. There is a prescription for doing this, known as the ‘minimal’
prescription, which we shall consider more properly in the next chapter. It consists in replacing the
momentum p* by

p* — p* — eA* (2.154)

or, with p# = (E, p), A* = (@, A),

E—SE—ep. pop-eA. (2.155)

The Dirac equation (2.94) then becomes



YNE - ed)y — v -(p — eA)y = my. (2.156)

In the standard representation of the y matrices (see (2.130) and (2.131)

Py el o)

[ v
\

this becomes

(E - e¢)(_‘l‘,\) - - eA)'(_g 3) (z) - "’(ﬁ)

which we write explicitly as two equations

(E—edp)u —a-(p — eA)p = mu, (2.158)

—(E —e@)v+ 0 -(p — eA)u = mo. (2.159)

The second equation gives
v=(E+m-ep)lo (p-—eAu.
Note that the order of these factors is important, since p and @(r) do not commute, p being

proportional to the gradient operator. In the non-relativistic and weak field limit
E+m—ep=2m, p=mp,so

v~ g-(p—eA)u= o(i)u (2.160)
2m C

and we see that the bottom two components of y are much smaller than the top two. Inserting
(2.160) into (2.158) gives

o-no-mw
Eu=—u+ mu+edu
2m

where 7=p — €A, and, with E = m + W, we have
|
Wu=|—i(o-7)(o-7)+ edlu. (2.161)
2m
Now using oj0; = §; + ig0y it follows that

(6-A)o-B)=A-B +io-(A X B) (2.162)

SO



(o7 =m-m+io- (7 %7

=(p—eA) +io-(p — eA) X (p — eA). (2.163)
The only non-zero part of the cross product in the last term is
PXA+AXDp. (2.164)

Using the operator equation
[pi- Aj] = —ih3; A,
we have, taking the difference with the same equation with i < j,
(piA; — pjA) + (Ap; — Ajp)) = —ih(3,A; — 3;A)).
Multiplying both sides by &, and summing over i and j gives the k component of
pPXA+AXp=-ihV XA = —ihB,
so we have a value for (2.164). Substituting finally in (2.161) gives Wu = Hu where

H=L(p-cA)+ep- 0.8 (2.165)
2m 2m

The first two terms give the classical Hamiltonian, and the last term is the interaction energy of a
magnetic moment (2.153) in a magnetic field. Hence the Dirac equation predicts the correct electron
magnetic moment, with g; = 2. The other terms, which we neglected (see the remark above (2.160),

give a spin—orbit interaction with the correct Thomas precession factor of 2.

2.7 The relevance of the Poincare group: spin operators and the zero mass limit

We have stated repeatedly that the Dirac equation holds for particles with spin %; and the way we

derived it would seem to guarantee this, for we started off with spinor representations of SU(2). But
to complete the picture we need to find a spin operator S; (i = 1, 2, 3) with the right commutation

relations

(S, §;] =16 Sk (2.166)
and its square must be an invariant of the group, i.e. it must commute with all the generators:
S-S=8"=s(s+1) (2.167)

where s is the spin of the particle. In addition, the fact that there are two solutions to the equations y -
pu = mu means that S must commute with y - p

[S,7-pl=0. (2.168)



The search for S turns out to be a particularly difficult one, and we shall not pursue it to the end
but we shall find out enough to provide some valuable insights into the nature of spin.
As a first guess we may try

_iy_ 1 g 0 .
S—zf—z(o a). (2.169)

This clearly has the right eigenvalues +1 for both positive and negative energy solutions, and obeys
the commutation relations (2.166), but it does not obey (2.168) because

[Z, v"]1# 0.

This may be seen directly by working out one or two commutators, or by observing that, if we
define

oM = %[y“_, 1, (2.170)

then, in the standard representation (2.157),

. A
ol = 8.;;&(00 O.Ok) = ez, 2.171)

and it then follows that

[(Zis vl = €5 i 8k = V5 &ae)-

The relativistic spin operator, then, is not 1y, (For a particle at rest, however, y - p = E7°, and then 1

Y is a good spin operator.) X is, of course, the matrix representative of J, so we conclude that the
relativistic spin operator is not 1J. This is confirmed by the fact that J - J = J2 (cf. (2.167) does not

commute with all the generators of the Lorentz group. For example,
(2 K\l = U3, Ky) + 03, Ka) + (93, K4

and it is easy to see that (see (2.68)

(/1. K1) =0,

[73. K1) = =i(J2K3 + K3J2),

V3 Kl =iU:K2 + KaJy),
so that

[, K] #0.

and hence



(2, K] #0. (2.172)

Spin is a ‘kinematic’ property of elementary particles. The other obvious kinematic property
they possess is mass. Both of these should be describable by quantities invariant under relativistic
transformation. Now mass M is given by

M?=p,P* (2.173)

and P,, the momentum operator, does not appear in the analysis of the (homogeneous) Lorentz
group, outlined above. This is because, as we shall show, P, is the generator of space-time
translations

xh— x=xt + d, (2.174)

which we never considered. What we must do is to adjoin these translations to those of the Lorentz
group. This gives the inhomogeneous Lorentz group, commonly called the Poincaré group. It was
Wigner who performed the first analysis of this group, in a paper (Wigner 1939) which has become
a classic. What he found was that mass and spin are indeed the two properties which characterise
systems invariant under the Poincaré group, and that spin also corresponds to a rotation group
symmetry SU(2), but only if M? > 0, i.e. if the momentum is ‘timelike’. In the case M? = 0, spin is no
longer described by SU(2), and this, in fact, is why the polarisation states of a massless particle with
spin J are J, = +J only; for example, physical photons do not exist in a J, = 0 state, whereas massive

spin 1 particles do. In the case of spacelike momenta, M? < 0, ‘spin’ is different again, and may
indeed correspond to a continuous parameter.

It is not my intention to explain this theory in any detail, but merely to give the reader enough of
an idea of it to see how the notion of spin emerges. Let us start by finding the structure of the
Poincaré group. If we perform a translation through a distance a*, e/’ then a boost to a frame
moving with velocity v = tanh ¢, €X' ¢, then translate back through —a¥, and finally boost back by
applying a velocity —v, then what is the final result? The extent to which it differs from the starting
point is, of course, the measure of the structure of the group. The standard practice is to consider
infinitesimal transformations (from which finite ones may be generated) and so

e Kog-iPaciKeeifa 4 (| —iK-9)1 -iP-a)(1 +iK-9)(1 +iP-a)
=1+ [P,, P,Ja"a" + 2(P,, K]]a*¢; + (K, K))¢i9;.

Hence the structure of the group is known when the commutation relations between the generators
are known. The inhomogeneous Lorentz group has ten generators: three Js for rotations, three Ks for
boosts and four Ps for translations. The commutation relations between the Js and Ks have already
been found (equation (2.68)), but they were derived using matrix forms for the Js and Ks. It will be
instructive now to derive expressions for J and K as differential operators rather than matrices.
They will, of course, obey the same commutation relations (2.68). It will then be straightforward to
derive an expression for P,, and hence to calculate the complete set of commutation relations among
the generators of the Poincaré group. (The commutation relations of the generators of a group are
called the Lie algebra of the group — hence (2.68) is the Lie algebra of the Lorentz group.)
Let us begin by deriving an expression for J,. It generates rotations about the z axis:

x’=xcos 0 +ysin0,
y’=—xsin 6 +y cos 6,
z’=1z.

The generator J,, is defined through its operation on a function f(x, y, z) as



Jf(x,y,2)
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Similarly

and we can easily prove that

Expressions (2.176) and (2.177) are, of course, the quantum mechanical expressions for angular
momentum operators (having the factor h), hence the observation that angular momentum operators
generate rotations. The formula (2.175) may be rewritten according to the following definition. The
generator corresponding to a parameter a? is defined to be

This refers to an r-parameter group of transformations. The reader may check that, with a® = §, this
definition gives J,. Now we apply the formula (2.179) to pure Lorentz transformations:

X'=yx+u),y'=y,z' =z, t'=yt+vx),y = (1-v)12

We find that the generator K, is given by

and similarly

This gives

exactly as in (2.68). We see again that pure boosts do not form a subgroup of the Lorentz group, but
rotations do. Relations (2.178) and (2.182) form the Lie algebra of the Lorentz group, which may be
written in a unified way by defining



We then have

To get the Lie algebra of the Poincare group we have to adjoin the generators of translations

which are, by (2.179),

or

thus justifying the symbol P, — up to a factor A, the generators of translations are the energy—
momentum operators. It is now straightforward to prove the commutation relations

Relation (2.186) shows that translations in different directions commute (which is intuitively
obvious), and (2.186) and (2.187) show that both J and P commute with the Hamiltonian P,= H, but

K does not, so does not give a conserved quantity. Relations (2.184), (2.186) and (2.187) show that
the Lie algebra involving the ten generators is indeed closed — the operators on the right-hand sides
are contained within the set — and hence that the transformations do generate a group. This is,
indeed, easy to verify directly, and for completeness we note the transformation laws. A general
inhomogeneous Lorentz transformation (that is, including boosts, rotations and translations) is

The matrix A (a generalisation of (2.64) to include rotations) must preserve the ‘length’ of ,
hence

or

so the inverse of A is

Now we perform a second transformation on x' " above

This is of the form (2.188), and we may express the group law as



The unit element is of course {1,0}.

We come now to the Wigner method. It relies on the fact that, for a state with momentum p¥#, the
effect of a Lorentz transformation is to change p¥, but to leave p*p,, unchanged. Indeed, a state |p)
with

is converted, by a transformation (A, a), into

with

but because of (2.190)

Hence, a Lorentz transformation leaves P“P,,, invariant. Actually, this is because P"P”, commutes
with all the generators of the group (as the reader should check, following the method used in

(2.172), so is an invariant, called the first Casimir invariant C;,

As a consequence, all the states obtained by Lorentz transformations from an initial state have
the same value of p?. Moreover, since the sign of p® is unchanged by a Lorentz transformation, the
complete catalogue of states forming bases for representations of the group falls into six distinct
classes:

The first and third classes correspond to physical massive and massless particles, the fifth class is the
vacuum, and the sixth should correspond to virtual particles (which often have spacelike
momentum). The other classes are probably unphysical.

Having chosen a particular p,, belonging to a particular class {p,}, an important observation,

which we shall prove below, is that the subgroup of the Poincaré group that leaves p, invariant —
which is called the little group of p, has the same structure for all momenta in {p,}. Now consider
class (i), p? = m?. A particular py is the particle rest-frame — let us denote it k*:

What is its little group? It is clearly the rotation group, since this will have no effect on k*:

Hence, for a timelike momentum, to know the effect of an arbitrary Lorentz transformation requires
only a knowledge of representations of the rotation group. This is the conclusion of Wigner’s work,
and to understand it more properly we shall take a closer look.

Consider an arbitrary timelike p,,. There clearly exists a Lorentz transformation which transforms

k* (the rest-frame momentum above) into p,. Call it L(p):



(In general, L will be a product R™! BR where R is a rotation which carries into the z axis and
B is a boost of the form (2.64).) We denote the states in Hilbert space |p, o) and |k, o): ¢ is a ‘spin’
index. Corresponding to (2.202) in space—time, we have the Hilbert space relation

Here U(L(p)) is a unitary operator (matrix) which represents L(p). Now consider an arbitrary Lorentz
transformation A,

and the corresponding unitary transformation

We need to find U(A)|p, o), and proceed as follows. First we use (2.203):

then multiply by what is clearly the identity

then use the group law U(4) = UA™)

and the group law again in the form U(A)U(B)U(C) = U(ABC)

Now LI(Ap)AL(p) is a matrix which, when operating on k¥, gives k! again, since L(p) changes k
into p (equation (2.202)), A changes p into Ap, and L™!(Ap) changes Ap back into k. L'(Ap)AL(p)
is therefore a rotation (see (2.201). We then have

and hence

using (2.203) in the last line. We conclude that, to know the representations of the Lorentz group for
a timelike state, we need only know the representations of the rotation group! Hence spin, defined as
whatever other label states may carry and which is affected by Lorentz transformations, is given by
the rotation group, and we have proved that (2.201) applies to all timelike momenta. The reader
should appreciate what an amazing result this is. Ever since we were undergraduates we have
assumed that spin was a sort of angular momentum and therefore (though we might not have thought
in this language!) given by a representation of the rotation group, but it is only as a result of this
work of Wigner that we understand why this is true! On the other hand, when we come to treat class
(iii), states with lightlike momenta, we find that it is not true; spin is no longer given by the rotation
group.

We have still to ask: if mass corresponds to the Casimir operator (2.198), what invariant operator



corresponds to spin? We saw in (2.172) that it is not J° First we define the Pauli-
Lubanskipseudovector W),:

Here ¢,

Lvpo 1 the totally antisymmetric symbol in four dimensions. It is clear that W), is orthogonal to
PH:

so that in the particle rest-frame W is spacelike, W, = (0, W) with

showing that W, reduces essentially to %; in the rest-frame. It may be shown that the second Casimir
invariant is

where s is the spin of the particle. The Poincare group is of rank 2, so there are only two Casimir
invariants, and we have now found them. What we still have not found, however, is the spin
operators themselves. They cannot be Wi(i = 1,2,3) because these are only three components of a 4-
vector, and, in any case, W; do not have the required SU(2) commutation relations (2.166). The
correct spin operators are rather complicated in form, and the interested reader is referred to the
literature (Gtirsey in De Witt & Jacob 1965).

Let us briefly, and finally, consider the case of lightlike particles, p? = 0. Let us choose,
corresponding to the rest frame in the timelike case,

which describes a massless particle moving along the z axis. We rely on Wigner’s little group
method again, so need to know what is the most general Lorentz transformation which leaves k*
invariant. It turns out that it is a particular combination of boosts (with parameters u and v) and
rotations (parameters 6 and (believe it or not!) u, v), and, in place of U(L"!(Ap)AL(p)) in (2.206) we
get

The generators L,, L, and J; form a Lie algebra which is easily seen to be

This is clearly not the Lie algebra of the rotation group SU(2), because of the zero in the first
relation. In fact it corresponds to the group of rotations (generated by J;) and translations (generated

by L; L,) in the plane — the so-called Euclidean group E(2). The physical significance of this is
obscure, but we can see that ‘spin’ for massless particles is not what it is for massive ones. We can
in fact learn something about it by noting that, since m?> = 0, and from (2.210), we have

and from (2.209)



so WH and P* are orthogonal and both lightlike. This means they must be proportional,

and we have the result that the state of a massless particle is characterised by one number A, which is
the ratio of W* and P* and so has the dimensions of angular momentum. It is called helicity. If parity
is included, the helicity takes on two values, A and —A. What seems (at least to me) to be a mystery is
why A is integral or half-integral.

This reproduces what we know about the neutrino and the photon (assuming the neutrino, or one

of them, is massless). A left-handed massless neutrino obeys the Weyl equation and has A = —1.

Photons come in both right- and left-circularly polarised states, with A = +1 — but not A = 0, which
would appear if the photon were massive.

2.8 Maxwell and Proca equations

We turn now to particles of spin 1. Photons have no mass and are described by Maxwell’s equations,
and massive spin 1 particles (for example, the intermediate bosons W* of weak interactions) are
described by the Proca equation.

Maxwell’s equations are, of course, well known. Our only concern here is to show how they are
cast in a manifestly Lorentz covariant form. It is clear that they are, in fact, Lorentz covariant: it was
Einstein’s observation that Maxwell’s equations were Lorentz covariant that gave birth to the theory
of relativity. We seek only a notation which expresses the covariance as neatly as possible.

Maxwell’s equations (in Heaviside—Lorentz rationalised units, so that e%/4ahc = a = 1/137) are

(a) tells us there are no magnetic charges, (b) is Faraday’s law; a changing magnetic field produces
an electric field, (c) is Gauss’s law; the total charge inside a closed surface may be obtained by
integrating the normal component of E over the surface, (d) is Ampere’s law, curl B=j, with
Maxwell’s additional term OE/0t, stating that changing electric fields produce magnetic fields. The
equations (a) and (b) are known as the homogeneous equations, (c) and (d) as the inhomogeneous
ones.

Introducing the 4-vector potential

with

equations (a) and (b) are automatically satisfied, since divcurl = 0 and curlgrad = 0. Now observe
that the right-hand sides of equations (2.218) are the components of a 4-dimensional curl, defined by

It has components (recall that o' = —0;)

and

where &% = g, is the totally antisymmetric Levi-Civita symbol (2.124). Equations (2.219) and
(2.220) may be displayed in matrix form, with the rows and columns corresponding to the numbers



0,1,2,3:

FH? is called the electromagnetic field tensor. It transforms, under Lorentz transformations, like an
antisymmetric second rank tensor.

To summarise so far: if we write the electric and magnetic fields in terms of the tensor F*?, then the
statement that F*’ is a 4-dimensional curl means that the first two (homogeneous) Maxwell
equations are automatically satisfied.

Now consider the inhomogeneous equations. It is straightforward to verify that they are both
contained in the covariant equation

with

For putting v = 0 gives

which is (c), and putting v = 1 gives

which is the ‘1’ component of (d).

It is perhaps useful here to insert a remark about gauge transformations. Although (2.217)
specifies the electric and magnetic fields in terms of A and ¢, it does not do so uniquely, for under a
gauge transformation

which has the covariant form

where y is an arbitrary scalar function, E and B remain unchanged; equivalently F*" is unchanged:

Substituting (2.219) into (2.223) we see that A" satisfies

We may now make use of the freedom (2.226) and choose a particular y so that the transformed A¥
satisfies the Lorentz gauge condition:



In this ‘choice of gauge’ (2.228) becomes

which of course stands for the well-known equations

whose solutions give the Liénard—Wiechert potentials. In vacuo, equation (2.230) becomes

which means that the electromagnetic field, when its quantum nature is fully exploited, will be seen
to correspond to massless particles (which therefore travel at the speed of light; hence relativity,
which was where we came in).

We have now cast Maxwell’s equations into a manifestly covariant form. The homogeneous
equations (a) and (b) are summarised in equation (2.219). The inhomogeneous equations (c) and (d)
are summarised in (2.223). We shall now show that there is a neat way of combining equations
(2.218) and (2.219), so that no explicit reference to the vector potential A'! need be made. From
(2.219) it follows that

as may trivially be checked. Now we define the dual tensor by

where &7 is the Levi—Civita symbol in four dimensions (with £123 = 1). Its elements are easily
seen to be

Because of the antisymmetry of &7, it follows that the equation

yields (2.233); alternatively, by looking at (2.235) the reader will soon satisfy himself that it gives
Maxwell’s equations (a) and (b). In conclusion, then, Maxwell’s equations may be written in the
compact form

Massive spin 1 particles obey equations which generalise Maxwell’s equations. They are known
as the Proca equations:

Taking the divergence of this we have

and since m? # 0, we find 8,4" = 0; the Lorentz condition, as it were, always holds, and we have lost

the freedom of gauge transformations which Maxwell’s equations had. In fact, since F*V is gauge
invariant, it follows directly from (2.238) that the equations for massive spin 1 particles are not



gauge invariant. Substituting (2.239) into (2.238) gives

as well as

Equation (2.240) shows, as expected, that we have particles of mass m. Equation (2.241) is one
condition imposed on the four components of A*, so there are only three independent components.
This is indeed appropriate for a massive spin 1 particle.

Let us conclude this section with a general remark on wave equations, which, for convenience,
are reproduced together.

In the case of spin % and spin 1 fields, there are first order wave equations, but there is no first

order wave equation solely for scalar fields®. On the other hand, every component of the spin { and

spin 1 field satisfies a Klein—-Gordon equation (with m = 0 for the photon), which is, after all, only a
requirement of relativity (E2 — p? = m?) and quantum theory (E — i(0/0t), p— —i V). Thus the Dirac,
Maxwell and Proca equations are of a different type from the Klein—-Gordon equation. We saw
above that the Dirac equation could be derived by considering the transformation of spinors under
the Lorentz group, and it may be shown (see Weinberg 1964; Johnson et al. 1965), though we did
not do so here, that the Maxwell and Proca equations can be obtained in the same way. So these
equations, for fields with non-zero spin, are simply a relation between the spin components; in
Weinberg’s words, they are a confession that we have too many spin components. The Klein—
Gordon equation is not of this nature, since we only have one component.

One final observation: in our derivation of the Dirac equation we relied crucially on the

assumption that the components of the spin % field form a linear vector space, suitable as a basis for

constructing a representation of the Lorentz group. This assumption, while it may look
mathematically innocuous, is physically highly non-trivial, for it corresponds to a principle of
superposition and therefore to wave—particle duality and the quantum theory. In other words, the
fields we have found are already quantum fields. The statement, often found in the literature, that we
must now subject these fields to ‘second quantisation’ is, in this light, misleading. It is better to say
that we shall explore further the implication that these fields are quantum fields, by (for example)
writing down the commutation relations which must hold between them; this we do in Chapter 4.

2.9 Maxwell’s equations and differential geometry

Maxwell’s equations (2.237) relate antisymmetric tensors and vectors, but, as indicated by the
indices, do so component by component. Compared with equations such as V-B= 0, this may be
considered a retrograde step; V - B is a more economical notation than VB; to which it is
equivalent. So, we are led to ask, is there a way of writing Maxwell’s equations in terms of the
tensor F and current j, without making explicit reference to the components? Because of the
development of differential geometry, there is indeed a way to do this, and Maxwell’s equations take
on the elegant form dF = 0, d*F = J; the antisymmetry of the field tensor F is automatically
included! In this section we shall explain this notation. A common reaction of physicists to this type
of mathematical development is one of impatience. After all, they point out, the equation d*F = J
has to be translated into the form ¢&,F*" = j* before it can be dealt with in a particular co-ordinate
system. This may be true, but in the opinion of a growing number of physicists the development of
notation actually corresponds to a deepening in our understanding. The point is that, like many
developments in contemporary mathematics, this one has evolved by introducing new concepts, and
making distinctions that have not in the past been made. In the case of Maxwell’s equations, light is
shed on their geometrical interpretation. As will be discussed in the next chapter, electromagnetism
is a gauge theory, having a U(1) invariance group. Gauge theories with non-Abelian invariance
groups (SU(2) x U(1), SU(3)) play a central role in contemporary particle physics, and the
geometrical interpretation of them, along the lines mentioned, may indeed play no minor part in the
understanding of their ultimate significance.



To begin, consider the meaning of ordinary line and surface integrals:

I, and I, are numbers. I, is the integral of something over a line C, and I, the integral of
something else over a surface S. In some sense, then, the ‘something’ is dual to the ‘line’, since
when they are ‘combined’ (by the integral) the result is a pure number. Similarly, for I,, the
‘something else’ is dual to the ‘surface’. We systematise this by coining new words; the line and the
surface are called ‘chains’, and the objects integrated over the chains are called ‘differential forms’
or simply ‘forms’. Thus forms are dual to chains.

We shall call a line a 1-chain, since it has one dimension, a surface a 2-chain, etc., and denote
the generic chain C,, with n dimensions. So we have

Now the boundary of an n-chain is an (n — 1)-chain. The boundary of an area is a line, and that of a
line two points. We define a boundary operator 6 which maps C, into C,,_;

Some chains have no boundaries: the surface of a sphere is a 2-chain (area) with no boundary, and a
closed line like a circle is a 1-chain with no boundary. Such closed chains are called cycles and
denoted Z,. Since they have no boundary, it is clear that

(Z,, is actually the kernel of the mapping (2.244).) On the other hand, there are some chains which
themselves are boundaries of higher dimensional chains, and these are denoted B,

(B,..; is actually the image of the map (2.244).) For example, a closed surface B, is the boundary of a
volume, and a closed line B is the boundary of an area. It is clear that the B,s themselves have no
boundary (are closed):

Combining these last two equations gives

In words, ‘the boundary of a boundary is zero’, or a chain which is a boundary is also closed. An
interesting consideration is whether the converse holds: is a closed chain necessarily the boundary of
another chain? In Euclidean spaces the answer is yes, so that Z, = B,. In general, however, there are
closed chains which are not boundaries, so Z, O B,. For example, on a torus, a closed curve like Ci
in Fig. 2.3 is not the boundary of any part of the surface of the torus, whereas C, obviously is.

Similarly, on the space of a circle S!, the circle itself is not the boundary of any part of the space; it
may not be thought of as the boundary of the area enclosed, because the area, which is 2-
dimensional, is not part of S!, which is 1-dimensional. This completes what we need to say about
chains.

We now turn to forms. As mentioned above, the integral of a form over a chain is a number. We
write



The wedge product, A, appears above because the orientation of a curve or surface, etc., is
important. The existence of integrals implies a duality between forms and chains, which we shall see
manifested. A 1-form @, is something to be integrated over a line (1-chain), so in 3-dimensional

space is of the form A Ax + B dy + C dz. Other forms follow the same pattern, so we have (in 3-
dimensional space)

where

Because of (2.251), it is clear that in an n-dimensional space there are n-forms, but not (n + 1)- or
higher degree forms. Clearly, if we differentiate an n-form we will get something like an (n + 1)-
form: we shall get precisely an (n + 1)-form if we build into the differentiation the
antisymmetrisation above. Hence we define a so-called exterior derivative operator d:

Fig. 2.3. Closed curves on a torus; C; is not the boundary of a surface belonging to the torus, but C, is.

Its action on a 1-form (in 3-space) is

By studying this example, readers should learn how d operates on any form, and so convince
themselves that the 2-form

has exterior derivative

In the first example, (2.253), the quantities

are the three components of curl F where F = iA + jB + kC. In the second example, putting (g, h, f) =
W, a vector, the quantity is div W.
Now note that, in view of (2.254), if we calculate the exterior derivative of (2.253), we get
identically zero; in other words
dl[dAdx+Bdy+Cdz)]=d*(Adx+Bdy+Cdz)=0

or, in general,

In component language, this reads

divcurl = 0;



d is sometimes called the coboundary operator, to emphasise the fact that d? = 0 is the dual of & =
0, equation (2.248); d? = 0 is known as the Poincare lemma.

An n-form w, is called closed if dw, = 0.

An n-form , is called exact if it is the derivative of an (n — 1)-form, w, = dw,;.

The Poincaré lemma tells us that all exact forms are closed, since d(dw,_;) = d’w,_; = 0, but it is
not in general true that all closed forms are exact, though this is true in Euclidean spaces. Again, this
is because of the duality between chains and forms: in Euclidean spaces, all closed chains are
boundaries.

Well-known results follow from Stokes’ formula, which states that if o is a p-form, and c a(p +
1)-chain, then

As an example, put p = 2. Let @ then be the 2-form (in 3-dimensional space),

and let C3 be a domain V, with boundary 6V. Then Stokes’ formula gives

where we have used (2.254); and this is

which is the divergence theorem (or Gauss’ theorem). As an exercise, the reader may show that with
p =1 we recover Stokes’ theorem

We have now seen the relation between the exterior derivative operator d and the usual
differential operators of grad, div and curl. However, as seen in the derivation of (2.257) above, if
the components of A are the coefficients of a 2-form, div A is the coefficient of the 3-form obtained
by operating d on the 2-form. In the ordinary language of vectors, the operator V changes a scalar
into a vector, and a vector either into a scalar (div) or into an axial vector (curl). There is, however,
an operator which does not change the vectorial character; this is the Laplacian V? (the
d’ Alembertian in four dimensions). V ¢ is a scalar, V2A is a vector, etc. How is this
represented in the language of forms? d changes a p-form into a (p + 1)-form, so we need to
combine it with another operator (8) which changes a p-form into a (p — 1)-form. We shall now
show how this is done.

For definiteness, let us work in 3-dimensional space. The space of 1-forms is obviously 3-
dimensional, with basis dx, dy and dz. The space of 2-forms is also 3-dimensional; in fact the bases
may be written as follows:

Obviously, there are no 4-forms in 3-dimensional space. It is clear that the dimensionality of the
space of p-forms is the same as that of the space of (n — p)-forms, so we may define an operator
which converts one into the other. It is known as the Hodge* (Hodge star) operator or duality
transformation. In a Euclidean (flat) space it is defined by

Thus in the case n = 3 we have the following basis for *a:



Repeating the operator * on a p-form ), gives

(To convince oneself that sign changes occur, simply consider the case of p = 1, n = 2.) It is clear
that whereas d(@, ~ @)+, d(®p) ~ *@),.;, S0 we define the operator 5:

where p is the degree of the form w, on which & is applied and n is the dimension of the space; § is

called the adjoint exterior derivative operator, and it should be clear that dw is of degree (p — 1).
As an example, let us show that 6 changes the 1-form v - ds into a 0-form:

It is easy to see that, like d, & has a square of zero:

88 = (_l)np+n+1(_1)+n+1*d**d*
= (-1)"™ d2*,

and in view of (2.255) we have

Finally, the Laplacian A changes p-forms into p-forms and is defined by

After this long preamble, it is now an easy matter to show how Maxwell’s equations may be put
into a geometric (or ‘intrinsic’) form. The space we work in is of course 4-dimensional Minkowski
space—time. Lowering the indices on the field tensor F*¥ in (2.222) gives (E, = E; etc.)

We then define the Faraday 2-form F by

The dual form (also a 2-form) *F is (see (2.260)

It is seen that the components of *F in the basis dx* A dx" are as shown in (2.235)

Finally, we define the current density 3-form J:

A simple exercise shows that Maxwell’s equations are



This may be seen by putting and then observing that dF = 0 implies equation (2.233), which
is equivalent to the two homogeneous Maxwell’s equations. Alternatively, using equation (2.268),
we find explicitly

dF = 0 then implies the two equations

which are the homogeneous Maxwell equations. Similar manipulations show that d*F = J yields the
inhomogeneous equations.

In Euclidean space (which, for our purposes, may be extended to Minkowski space), the
converse of the Poincaré lemma holds: all closed forms are exact, so if dF = 0, then there is a 1-form
A such that

The 1-form A will be, in a co-ordinate basis,

and it follows immediately that equation (2.274) is equivalent to F,, = 9,A, — 0,4, as in (2.219).
The 1-form A has a further geometric significance; it is the connection form which is used to define
covariant derivatives — this is treated in the next chapter. If, however, we start from the point of view
that the presence of electromagnetism gives a covariant derivative, and therefore a connection 1-
form A, then F = dA is known as the ‘curvature’ 2-form, and the identity dF = 0 is known as the
Bianchi identity.

Summary?!

2Scalar particles are described by the Klein-Gordon equation, but the difficulties of interpretation
are that the probability density is not positive definite, and negative energy states exist. It is
concluded that the Klein—~Gordon equation is not suitable as a single-particle equation. 3The Dirac

equation describes spin % particles, and may be derived from the group SL(2, C) which is shown to

embody Lorentz transformations, extended by parity. The Dirac equation is found to have positive
probability density, but has negative, as well as positive energy states. Massless spin % particles are

shown to obey the Weyl equation. “The hypothesis that the negative energy states are filled leads to
the successful prediction of antiparticles. °It is shown how to construct spinors which satisfy the
Dirac equation, and the transformation properties of bilinear forms are studied, as well as
various algebraic identities involving spinors and y-matrices. °The Dirac equation gives the correct
gyromagnetic ratio for the electron. “It is observed that the ‘Casimir’ invariant operator for spin, s(s
+ 1), is not constructed from generators of the Lorentz group, but from those of the inhomogeneous
Lorentz (= Poincaré) group, whose other Casimir invariant is (mass)?. Particles with m?> > 0 have a
‘little group’ SU(2), which is interpreted as spin, whereas those with m?> = 0 and m? < 0 have non-
compact little groups, so their spin is not described by a rotation group. ®Maxwell’s equations are
exhibited in manifestly covariant form, and the Proca equations, for massive spin 1 particles, are
written down. ®Chains and differential forms are explained, and Maxwell’s equations exhibited in
terms of differential forms.

Guide to further reading

Good accounts of spinors and the relation between 0(3) and SU(2) are to be found in van der



Waerden (1974), Landau & Lifshitz (1977), Misner, Thorne & Wheeler (1973), Sexl & Urbantke
(1976), and Normand (1980). The topological distinction between SU(2) and (9(3) is explained in
Sexl & Urbantke (1976, §7.6), D. Speiser, in Giirsey (1964), and F. Giirsey, in DeWitt & DeWitt
(1964). An excellent account (in French) of the Lorentz group and the connection with 5L(2, C)
appears in A.S. Wightman, in DeWitt & Omnes (1960). See also R. Omnes & M. Froissart in
DeWitt & Jacob (1965), and Berestetskii, Lifshitz & Pitaevskii (1971). For full accounts of the Dirac
equation, see, for example, Bjorken & Drell (1964), Itzykson & Zuber (1980). Wigner’s analysis of
the Poincare group appears in Wigner (1939); see also International Atomic Agency (1963). The
relativistic treatment of spin is considered in DeWitt & Omnes (1960) and DeWitt & Jacob (1965).
An early, and rather brief, account is given by Pauli (1965). The connection between the Poincare
group and wave equations goes back to Bargmann & Wigner (1948), and is explored further by
Weinberg (1964) and Johnson et al. (1965). Introductions to differential forms, suitable for the
physicist, are Flanders (1963), Choquet-Bruhat, Morette-DeWitt & Bleik-Dillard (1977), Choquet-
Bruhat (1968), Schutz (1980), Eguchi, Gilkey & Hanson (1980), von Westen-holz (1978). Less
complete, but very readable, accounts appear in Misner, Thorne & Wheeler (1973, chs. 3, 4, 8, 9)
and Misner & Wheeler (1957).

! For some instructive comments on the derivation above, see Gaioli & Garcia Alvarez (1995).

2 If the electron s in interaction with another particle or field — say, the electromagnetic field. The Dirac equation
above holds only for free electrons, but the problem of negative energy states remains after interactions have
been included.

3 For a nice account of these matters, see, for example, Hestenes (1966).

4 This formula is correct in the SI system of units. It also holds in the c.g.s. system if ¢ = 1.

5 The Duffin-Kemmer equations (Duffin (1938), Kemmer (1939)) are first order equations which describe spin 0
and spin 1 fields. I thank Dr David Owen for bringing this to my attention.

6 Superscripts refer to section numbers.



3

Lagrangian formulation, symmetries and gauge
fields

We have, up until now in this book, considered only the fields of the free spin % particle, like the

electron, and the spin 1 particle, like the photon. It is almost tautological, however, to state that it
is only by virtue of the fact that particles interact that we may observe them. It is, therefore, of
great importance to enquire how we may describe particle interactions in field theory. In the old
days — the 1950s and 1960s — there was a degree of arbitrariness in the choice of interaction. For
example, the pion—nucleon interaction could be represented as yysyNn@y OF as

‘;’NY#}’SV’NG u®P X Present day theories, however, allow no such freedom. They state that

interactions between fundamental fields (like electrons, quarks, weak vector bosons, and so on)
are dictated by a gauge principle. This principle arises from the requirement that quantities which
are conserved are conserved locally and not merely globally. Globally, conservation of electric
charge would be satisfied if 10 C of charge suddenly disappeared from the Earth, and
simultaneously appeared on Mars. But by ‘conservation of charge’ we usually mean something
more than this; in fact this process would not be allowed, since ordinary notions of continuity
demand that the disappearance of charge at one point be accompanied by a current, which makes
possible its appearance at another point.

These matters are the concern of Noether’s theorem, which connects symmetries and
conservation laws, using a Lagrangian formulation of field theory. At the same time it emerges
that, in order to have a local symmetry, we need a spin 1 massless gauge field, whose interaction
with the ‘matter’ fields is dictated uniquely. This gives us the electromagnetic, weak and strong
interactions, the respective gauge fields being the photon, the weak boson and the gluons.

We begin, then, with a discussion of the Lagrangian formulation of field theory, which plays
such a central role in the contemporary understanding of interactions and symmetries. In the
context of classical physics, by ‘Lagrangian formulation’ we mean ‘the principle of least action’.
This gives us a dynamical principle on which we base our formulation of the problem. When, in
later chapters, we come to consider the quantum theory of fields, we shall also employ a
Lagrangian formulation, in the shape of Feynman’s path integral formalism, which is closely
related to the least action formulation of classical field theory.

The simplest classical field to consider is the scalar field but, in order to familiarise ourselves
with Lagrangian methods, let us first consider the classical mechanics of point particles, and
derive Newton’s law of motion from the principle of least action.

3.1 Lagrangian formulation of particle mechanics

In classical mechanics, a particle is idealised as a point of mass m, say. Let its position at time
t be x(t). If it moves in a region where the potential energy is V(x), then Newton’s second law tells
us that

2
. A 14 3.1)

de? dx

where F is the force acting on the particle. The principle of least action is a way of deriving this.
The Lagrangian & is defined by



2
L=T-V-= im(;ﬁ) ~ V(x) (3.2)
!

where T and V are the kinetic and potential energy; and the action S by
S= jL dr (3.3)

where the integral is taken over an entire path, from ¢, to t,, as in Fig. 3.1;

n
S=|L(x,x)dr. (3.4)

"

Here, and in what follows, we put dx/dt = x, d%x /d 12 = #. As the particle moves from x(t;)
to x(t,), there is an infinite number of possible paths it may take, some of which are shown in Fig.

3.2. Which one does the particle actually take? The answer is provided by the principle of least
action, which states that the actual motion is the one for which S is a minimum. Let us now show
that this yields Newton’s Law.

Consider a variation in the path

x(t) — xt) = x() + a(t), a « x.

The particle is constrained to be at x(t;) at time t; and at x(t,) at time t,, so the end-points of the
motion are fixed, and consequently

a(t)) = a(t;) = 0. 3.5)

{

Fig. 3.1. A path in space—time.

h

!

Fig. 3.2. Some of the infinite number of paths between two points.



On the substitution x — x’, the action S becomes

2
S—»S':J' [%(f+d)2—V(x+a) dt
n

I
= | 3mi? + mia = [V(x) + aV'(x)]} dt + O(a?)
n
[§
=85+ | [mia—aV'(x)]ds
n
=85+ 45

where
[$]
58 = f [mxa — aV'(x)]dt (3.6)

and V{x) = dV(x)/dx. If S is a minimum under the variation in x, 6S = 0. The first term in S may
be integrated by parts, giving
[

n t
Ih‘zdl=fa|,’f—[ ax dt = -j ax dt
1 ] n

where the last step follows from (3.5). We then have
n
08 = —| [max + aV'(x)]dt = 0;

t

and this is fulfilled if
mi =—V'(x) 3.7
which is Newton’s law, (3.1).

3.2 The real scalar field: variational principle and Noether’s theorem

The passage from a point particle at posiion x(t) to a field @x") = @(x, y, z, t) may be visualised
as the ‘replacement’ of x by @, and of t by x*. The scalar field @ obeys the Klein—-Gordon
equation (2.16)

(Q+ md)e =0, (3.8)

but it should be clear that in this treatment ¢ is interpreted merely as a scalar field, not as a
single-particle wave function, as in Chapter 2. In this case, it may well be asked, what is m? The
answer to this is only forthcoming in Chapter 4, when we see that on quantisation of the classical
scalar field, we arrive at a particle interpretation, and the particles have mass m.

We now show how to derive (3.8) from a variational principle applied to an action



S = [#(9. 3,0)d"x (3.9)

where au‘P = 8¢/ax", Equation (3.9) is to be compared with equations (3.3) and (3.4). The

function & is properly called the Lagrangian density of the theory, since j = I PPy is

evidently the Lagrangian. We shall, however, simply refer to & as the Lagrangian. It is usual to
assume that & depends only on ¢ and its first derivatives; this is not necessary, in the sense that
the deductions to be made below also follow if ¥ depends on second and higher derivatives of @;
but we assume it for simplicity. We shall see that the Klein—-Gordon equation can be derived from
the Lagrangian

2
£ = ¥3,0)(3"¢) - "’74?
= H(3o9)? - (V9)? —m?¢?). (3.10)

The field @ traces out a 4-dimensional region R in the 5-dimensional space which contains its
graph in space—time, as sketched in Fig. 3.3. The initial and final spacelike hypersurfaces may be
taken to be the time-slices t = t;, and ¢ = t,, which form part of the boundary OR of the region R.

We now subject both the field variable @ and the co-ordinates x to a variation, which vanishes on
the boundary JR:

xB— x'M=x" + Ox¥,

(3.11)
d(x) = ¢'(x) = P(x) + d¢(x).

Imitial spacelike

hypersurface (1 = 1,)

— Region of
space —time R
with boundary 7R

Final spacelike hypersurface
(t=1,)

Fig. 3.3. A field @ traces out a region R of space-time.



It is convenient to consider the case where & depends explicitly on x*
£ = £(9, 3,9, x"); (3.12)

this happens if @ interacts with an external source, and so does not describe a closed system.

It is important to note that d ¢ as defined in (3.11) is merely the functional variation in @; @’
is compared with @ at the same point in space—time x*. We may in addition define the total
variation in @, A @, by

¢'(x") = ¢(x) + Ag(x) (3.13)

and it then follows, to first order in dx, that

Ap=¢'(x") — ¢(x’) + ¢(x") — Hx)
= 8¢ + (3,9)6x". (3.14)

The variation in the action is

58 = jfe(w.a,,cp'.x'")d‘ = f.‘f(cﬂ. 3,4, x")d'x,

where d¥x' = J(x'/x) dx, J(x'/x) being the Jacobian of the transformation x— x’. From
(3.11),

g
CLEMP VRPN "
ax*
SO
' 7]
J(x—) = det(aJr ) =1+ 3,(dx");
X ax*
and hence
88 = f (8 + £3,6x*)d'x (3.15)
where
< C
62 =2Ls0+ 2L _53,0) + 2L oxr. (3.16)
¢ 3(3,9) AxH

From (3.11) we see that &(3,¢) = 9,09, so (3.15) and (3.16) give



58 = f [—6¢ + 3,(5¢) + a,,(srox")] dx (3.17)

3(3.,4’)

where, as indicated, the integral is taken over the region R of space—time. The third term in this
equation is a total divergence. The second term may be rewritten so as to introduce a total

divergence:
oY ¥
oion = 2535500 -3
3@ 0 56,0

3(3y¢)]6¢

and the resulting integrals of total divergences over R may be written as surface integrals over JR,
using a 4-dimensional generalisation of Gauss’ theorem (2.257). This gives

- (13 _g4 d'x €6 “]d . (3.18
% jg{a¢ [a(am }6"’ L:«[a(apqr»‘s"’+ ol

Now we have already agreed that the variation in @ and x* on the boundary of R vanishes:
6p=0, ox*=0 onodR,

so the second term in equation (3.18) vanishes, and the condition for a stationary action is that the
first term also vanishes over all of R, regardless of R

3 3 [ 3
3¢ ox*

3(3,9)

This is known as the Euler-Lagrange equation for ¢. It is the equation of motion for the field @,
analogous to Newton’s equation of motion for point masses. As we know already, the required
equation of motion is the Klein—Gordon equation, and it is now an easy matter to confirm, as
promised, that the Lagrangian given by (3.10), when substituted into the Euler—Lagrange equation
(3.19), yields the Klein—Gordon equation. In fact, writing (3.10) as

2
£ = 18" (3. 0)(3:9) - ’"7«»2

(remembering that k and A are dummy suffixes) gives

ﬁ = -mzd). of
3¢ 3(3,9)

so the Euler—Lagrange equation gives

= £"(3,9) = 3¢,

3,3"¢ + m*p=D0¢ + m*¢p=0,

which is the Klein—Gordon equation. In case it is suspected that there is anything miraculous

< |=o0. (3.19)



going on, let me say there is not: the Lagrangian is written as in (3.10) deliberately so as to give
the Klein—-Gordon equation.

We now explore another consequence of the use of a variational principle. It is that if the
action is unchanged by a re-parameterisation of x* and @, i.e. is invariant under some group of
transformations on x* and ¢, then there exist one or more conserved quantities, i.e. combinations
of fields and their derivatives which are invariant under the transformations. This crucial result is
known as Noether’s theorem and it plays an important role in field theory and particle physics. It
accounts for conservation of energy, momentum, angular momentum, and any other ‘quantum’?
numbers which particles happen to carry, like charge, isospin, colour, etc. (There is, however,
another type of conserved quantity which is ‘topological’ in nature, and whose conservation has
nothing to do with Noether’s theorem. These matters will be considered in Chapter 10.) We shall
first give a rather general account of Noether’s theorem and then apply it to conservation of
energy, momentum and angular momentum.

To start, let us return to (3.18) for the variation in the action. We now take R to be an arbitrary
region and no longer require 6 @ = 0, x* = 0 outside R. We rewrite the surface term as follows

3L 3¢
58 = [ {S= —5,| 2=|}b6¢d*
fn{a “[a(a,,cp) } oo

_ &M v .
+f {a(a“ 00+ (0w 657 - [(an 500 6vse]ax}do,..

we have simply added and subtracted a term. The first square bracket in the surface integral is the
‘total’ variation A ¢ defined in (3.14). The second square bracket defines the energy—-momentum
tensor 6

oX
6= ——3,9 — 8% (3.20)
3(3,9)

this name will be justified below. We have, then,

Y " hs v
os < [ [3% _ — 6%x*|do,. (3.21
s fk{w [ a(a,,¢l}6¢ Ln[a(a,,.p) x"|do,. (3.21)

Now let us suppose that the action S is invariant under a group of transformations on x* and @
which, for infinitesimal transformations, take the form

Axt = X'b0", A= D", (3.22)

characterised by the infinitesimal parameter §¢,". Here X% is a matrix and @, is a set of numbers.

If v is a single index, then this is a 4-parameter group of transformations, but we are not restricted
to this case; v could be a double index, as it needs to be to generate Lorentz transformations, so the
number of parameters is not necessarily four, despite the form of (3.22). In addition, we may want
to consider the more general case in which we have a multiplet of scalar fields ;. In that case the

transformation would change @; by



where @ is a matrix. Taking the form of (3.22) at face value, however, then if we assume that the
transformed @ obeys (3.19), the requirement that 6S = 0 gives, from (3.21) and (3.22),

j [ - o’;x:]ow'da,, =0
3R 8(8,,4))

or, since §¢yY is arbitrary,

J"do, =0 (3.24)
3R
where
=3¢ o _gux=. (3.25)
3(3,9)

It follows from Gauss’ theorem that j RO “J"‘, d*x = 0, and thence, since R is arbitrary, that
3,04 = 0. (3.26)

We therefore have a conserved (divergenceless) current J“f whose existence follows from the

invariance of the action under the transformations (3.22). This gives rise to a conserved (time
independent) charge Q, defined by

= u
= f J%do,
(4
where the integral is taken over a spacelike hypersurface o,,. If this is chosen to be ¢ = const, then

= f P dx (3.27)
v

where the integral is taken over the 3-volume V. Conservation of Q, follows by integrating (3.26)
over V:

j 30/ d%x + j 3,J d*x = 0.
|4 v

The second term is transformed into a surface integral by (the 3-dimensional) Gauss’ theorem, and
vanishes, as may be seen by taking the surface far enough away, leaving

d 0 43 dQv
—|J,d'x = — =0. (3.28
dJ dt )



This is Noether’s theorem. Let us apply it to the case where the transformation (3.22) is simply a
translation of the origin of space and time. In that case

Axt=¢b, Ap=0 (3.29)
or

X'=¢", &,=0. (3.30)

This requirement is very fundamental: it is the condition that (for a closed system) the laws of
physics are translationally invariant, i.e. the same in London, New York and Andromeda, and also
invariant under time displacement, i.e. the same yesterday, today and tomorrow. If it were not for
these conditions, it is obvious that science itself would be impossible. From equations (3.30) and
(3.25) we see that the conserved current in this case is

Ji=—g" (3.31)

and the corresponding conservation law is

df,
—|6,d’x =0. 3.32)
dJ (

It will now be shown that p_ = f gtv’ d3x is the 4-momentum, or energy—momentum, of the field
@; this justifies calling Oﬁ the energy—momentum tensor. Referring to (3.20), we have

043 _ ¥ _ 3
fBodx f{a(aw)ao«p .SB}dx

_([32, _ o\
_I{aé)cp EB}dx (3.33)

where ¢ = a¢/dt. We recall that, in point particle mechanics, the relation between the
Hamiltonian and Lagrangian functions is (see, for example, Goldstein 1950, ch. 7)

H=3pq4gi-L
:
where the momentum p; is defined as
p, = oL
[ ]
34i

On transcribing these relations for the case of fields we see that the right-hand side of (3.33) is the
energy of the field. The proof that I 9‘,.’ d3x is the momentum follows immediately on the



observation that 8¢/3x“ is a 4-vector under Lorentz transformations, just as energy—momentum

is.

Conservation of energy and momentum, then, holds for any system whose Lagrangian (and
therefore action) does not depend on x¥. This is in line with the observation above, following
(3.12), that such a system will not be able to exchange energy or momemtum with the outside.
Substituting the Lagrangian (3.10) into the energy—momentum tensor & (3.20) gives

6 = (3"9)(3"9) — g""¥%. (3.34)

This is clearly symmetric in p and v. Hence, for a scalar field, the energy—momentum tensor is
symmetric. This is not always true, howevers; it is clear from the definition (3.20) that 6" is not, in
general, symmetric. On the other hand, neither is it unique, for we may add a term 3, f’*‘v where

f"#“’ = —f““‘, so that
3 dfM =0. (3.35)

Hence, if we define the quantity

TH = 0¥ + 3,f™ (3.36)
which we call the canonical energy—momentum tensor, we have

3,TH = 3,6" = 0; (3.37)

and f*¥ may be so chosen as to make T+ symmetric. The total 4-momentum of the system is the
same, since (i = 1,2,3)

fa,\f“”d% = ja,f""d-‘x

- Ifi()vdai
=0

where Gauss’ theorem has been used. The last equality follows since the surface o is at infinity,
where no fields are present. Hence, although the energy—momentum tensor is not unique, the
energy and momentum in the field are.

There are two reasons for wanting the canonical energy—-momentum tensor to be symmetric.
One is that, according to the theory of general relativity, it is this tensor which determines the
curvature of space, according to Einstein’s field equations

va - %g“vR = —%
C

T (3.38)

The Ricci tensor R, and the metric tensor are both symmetric, so T, must be also.
The second reason for wanting a symmetric T,, becomes apparent when we consider angular



momentum. We demand that the action be invariant under spatial rotations

oxi = gixi, &i=—¢f (i,j=1,2,3), (3.39)
Ag¢ = 0. (3.40)

Since the rotation group is a subgroup of the Lorentz group, we may generalise (3.39) to
Sx* = g'x¥, &= —g". (3.41)
This may be written
1
oxt = X462, Xh, =}(8x, — Oix,) (3.42)

to bring it into the same form as (3.22); the index v in that equation has now become a double
index. The conserved Noether current is, from (3.25) (with @ = 0, and substituting T*" for &),

JHupo

—ThX*P
= —}(T"x° — THxP). (3.43)

It is simple to verify that this current is conserved, by virtue of the fact that T*V is conserved and
symmetric

3,J"° = —3[(3,T*)x® + T* 5] — (3,T*)xP — T 8f)

= —’HTOp - Tpa] =0. (344)

The p = 0 component of J*° is (apart from a numerical factor) the angular momentum density of
the field. The angular momentum is given by

M = j (T%x" — T™x#) dx (3.45)
or

M* = f MO @y (3.46)

where

MO = TOyv — TOVx#, (3.47)



MM is a conserved quantity:

A =o,
de
and the tensor MP*" is divergenceless:
3, M = 0. (3.48)

Substituting ¢4{P#¥ = TP¥x" — TP¥x* in this equation, and noting that 3, 77* = 0 (equation
(3.37))andJ,x* = g gives

T =T", (3.49)

so conservation of angular momentum requires the energy—momentum tensor to be symmetric.
This is our second reason for requiring a symmetric T"".

To be precise we should remark that the three components of the angular momentum of the
system are the three space—space components of M*' in (3.45); M!2, M23, M3L. The three time—
space components M, M%, and M® are related to the centre of mass of the system and are
conserved by virtue of invariance under pure Lorentz (‘boost’) transformations — cf. equation
(3.41).

This completes our account of the origin of the conservation laws for energy, momentum and
angular momentum; they all follow from space—time symmetries via Noether’s theorem, and so
involve, in the machinations above, a non-zero X, in (3.25).

Let us now turn our attention to electric charge, which we also know to be conserved. If this is
due to a symmetry of the action, what is the symmetry? It clearly may not involve an X : in
(3.25), since these symmetries are completely accounted for. The maximum symmetry we may
have in Minkowski space is symmetry under translations, time displacements, rotations and
Lorentz transformations; and we have considered all of these already. Any additional symmetry
must therefore involve ®@,; in other words, the scalar field must have more than one component.
(We dismiss the case of a spinor or vector field; in these cases the different components are related
by space-time transformations, with the consequence that the conserved angular momentum
tensor contains additional terms, interpretation as the intrinsic spin, which is nothing to do with
charge! The Dirac field will be considered below in this context.) The simplest possibility is for ¢
to have two components; and a field with two real components is mathematically equivalent to a
complex field. We now consider this.

3.3 Complex scalar fields and the electromagnetic field

If the scalar field now has two real components ¢ ; and @, we may put

¢ = (o +i)/V2, (3.50)
¢* = (o1 — i2)/V2, (3.51)

and since the action is real, we put

£ = (3,9)(3"9*) — m*¢*¢. (3.52)



If we regard @ and @* as independent fields, the Euler-Lagrange equations (3.19) give the two
Klein—Gordon equations

@+ md)e=0, (3.53)
(O + m?)¢* = 0. (3.54)

The Lagrangian is clearly invariant under the transformation
O—e NP, ¢* — e (3.55)

where A is a real constant. This is known as a gauge transformation of the first kind. Its
infinitesimal form is

op = —iNgp, O¢* = iAQ* (3.56)

and so

83,9) = —iA3,$, 83,9") = iA3,P". (3.57)

Since the transformation (3.55) does not involve space-time (it is purely ‘internal’), in the notation
of (3.22) we have

®=-ip, P*=ip*, X =0. (3.58)

Noether’s theorem then gives a conserved current, which is, from equation (3.25),

v —

* 3.59
a(a,,¢)( i) + a(a¢*)(¢) (3.59)

(Here, the C‘internal indices’ of ¢ have effectively been summed over, giving separate
contributions from @ and @*.) Substituting (3.52) into (3.59) then gives

J = i(@*d e — ¢3He*). (3.60)

It follows immediately from (3.53) and (3.54) that this current has a vanishing 4-divergence, as of
course it should have:

3,J* =0, (3.61)

and the corresponding conserved quantity is, from (3.27),



Q=f1°dv

=1 "a_¢ - a¢*)dv
i f (¢ -~ S : (3.62)

This (real) quantity we should like to identify with electric charge. Let us therefore note the
following things:

(1) It is a conserved quantity: dQ/dt = 0.
(2) It contains no mention of e, the charge on the proton.
(3) It is a classical quantity, not a quantum one; it contains no h.

(4) It is not ‘integral’, or ‘quantised’. In other words, it does not account for the fact that real
electric charges all seem to be multiples of a basic quantity.

(5) When @ isreal, @ = @*, Q =0, and there is no conserved quantity. This is the situation we
dealt with above.

We may express the gauge transformation (3.55) in a geometric form. To do this, first we
substitute equations (3.50) and (3.51) into (3.52), to give

& = (3,01)(3"P1) + (3,02)(3"¢s) — m*(9 + ¢3) (3.63)
and then write

¢ =i +j¢, (3.64)

as a vector in a 2-dimensional space with orthonormal basis vectors i and j. The Lagrangian is
now

£ = (3,9) (3"9) — m’9- . (3.65)

The gauge transformation (3.55) may be written
¢i +igy = e (¢ + i),
¢ — is = (@1 — ign),

which is equivalent to

$1 = P1COSA + ¢Psin A,
¢ = —¢,5in A + ¢Pycos A.

(3.66)

This is clearly a rotation in the (1,2) plane of the vector @ through an angle A, as shown in Fig.
3.4. Rotations in two dimensions form the group SO(2). On the other hand, since the
transformation was equivalently represented as e'*, which is a unitary ‘matrix’ in one dimension



eM(CM)* =1,

the group concerned is also U(1), We are thus concerned with gauge transformations which
generate the group SO(2) = U(1). (It is easy to see that these groups are the same: each element of
SO(2) is given uniquely by an angle ¢, the angle of rotation in the plane. The group space is then
the space of the values of @. We must identify @ with @ + 27z, @ + 4z, etc., for these
correspond to the same rotation. The group space is then a circle (see Fig. 3.5). The group U(1),
on the other hand, is the group of all numbers of the form e!* = cos a + i sin @, and since cos? a +
sin? @ = 1, the space of these is also a circle.)

24

-

Fig. 3.4. A rotation of the field @ in the internal space.

Returning to the main theme, we have identified a conserved quantity Q, as a result of
invariance of the action under the gauge transformation (3.55), or (3.66). Since A is a constant,
however, this gauge transformation must be the same at all points in space—time; it is a ‘global’
gauge transformation. So when we perform a rotation in the internal space of ¢ at one point,
through an angle A, we must perform the same rotation at all other points at the same time. If we
take this physical interpretation seriously, we see that it is impossible to fulfil, since it contradicts
the letter and spirit of relativity, according to which there must be a minimum time delay equal to
the time of light travel. To get round this problem we simply abandon the requirement that A is a
constant, and write it as an arbitrary function of space—time, A(x"). This is called a ‘local’ gauge
transformation, since it clearly differs from point to point. It is also called a gauge transformation
of the second kind.

We now see that, for A << 1,

PP iND
therefore
8¢ = —iAg, (3.67)
3.9 — 3,9 — i(3,A)9 — iA(3,9)
therefore

&(3,9) = —iA(3,¢) — i(3,A)9 (3.68)

and, similarly,
5¢* = iNg*, (3.69)
&3,9*) = iA(3,0%) + i(3,A)9". (3.70)

Comparing these equations with (3.56) and (3.57), we note the extra term in (0,A) occurring in the



transformation of the derivatives of the fields. Because of this extra term, for example comparing
(3.67) and (3.68), we say that 9, does not transform covariantly, i.e. not the same way as ¢

itself. Moreover, we shall now see that these extra terms cause the action itself to be no longer
invariant. In fact, the change in the Lagrangian is

6L = 8[(3,9)(3"¢*)] — m*&(¢*¢) (3.71)
= [8(3,9)13"¢* + (3,9)[8(3“¢*)] — m*-0
= [-iA(3,9) — i(3,A)]3*¢* + (3,)[IA(3*¢*) + i(3“A)¢*]
= (3,)[—iga"¢* + ig*a 9]
= (3, A)* 3.72)

Fig. 3.5. The group space of SO(2) is a circle.

where J# is given by equation (3.60). To restore invariance under gauge transformations of the
second kind, we introduce a new 4-vector A, which couples directly to the current J¥ giving an
extra term in :

¥,

—el*A,
—ie(p**p — PHP")A,. (3.73)

The coupling constant e is a number such that eA, has the same units as 06/0x*. We also demand

that, under gauge transformations of the second kind,

A,— A, + 13,4, (3.74)
e

so that

&

—e(8J")A, — eJ*(8A,)
= —e(8J")A, — J*d,A. (3.75)

The last term above cancels 6% in equation (3.72), but we now need to cancel the first term! We
have



SJ* = i(p*3*p — P *)
= 2¢*p3"A

so that

5L + 6L, = —2eA (3P A)¢*$.

We therefore add another term to :
= p2
.sz =e A‘,A"¢*¢.
By virtue of (3.74), we have

8%, = 2e*A 0A%P*
= 2eA,(3"A)¢p*¢

and hence

oL + 6%, + 6%, = 0.

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

The total Lagrangian § + ¥, + &, is now invariant, by virtue of our having introduced a field A,
which couples to the current J,, of the complex ¢ field. The field A, however, must presumably
contribute by itself to the Lagrangian. Since § + §; + &, is invariant, we need an &5 which is

also gauge invariant, and to construct it we define the 4-dimensional curl of Ay

Fp=03,A, - 3,A,.

(3.81)

It is clear that, under the gauge transformation (3.74), F,, is itself invariant. The scalar Lagrangian

s is then
1
.583 = -3F“va"

Collecting the formulae together, we have

(3.82)



Lo =L+ + L+ 2
= (3,9)(3"9*) — ie(¢*3"¢ — @3 9%)A,
+ A A P* P — mPp*¢ — }FWF,,,
= Lot = (3,9 + ieA,0)(3¢* — ieA*P*) — m*¢*¢ — {F™F,,. (3.83)

It will be recognised that F, defined in (3.81) is the electromagnetic field tensor (2.219), whose

six components are three electric and three magnetic field components. What we have done,
therefore, is to show how the electromagnetic field arises naturally by demanding invariance of
the action under gauge transformation of the second kind, i.e. under local (x-dependent) rotations
in the internal space of the complex ¢ field. The gauge potential A, couples to the current J, with

coupling strength e, which is the charge of the field @. To spell these conclusions out in some
more detail, it is convenient to divide our observations into four points:

1. Comparing the Lagrangian (3.83) with (3.52), we note that 9, ¢ is replaced by ( 3, +ieA )¢
This is known as the ‘covariant derivative’ D,yp:

. D,p = (3, +ieA,)¢ (3.84)

since, unlike 0, @, it transforms covariantly under gauge transformation, i.e. like @ itself. Indeed,
from equations (3.67), (3.68) and (3.74) it follows immediately that

& D,9) = &3,9) + ie(5A,)$ + ieA 00
—iA@Q,¢ + ieA,0)

—iA(D,¢), (3.85)

which is the rule for covariant transformation. The rule that 6, becomes replaced by 0, + ieA, in

an electromagnetic field is equivalent to a result already familiar from classical physics. Since,
withc =1,

ap = (80' V). A[l = (¢v -A)v
then the ‘space’ part of the substitution rule is
V-V —ieA.

Then putting p = —ih V gives, with h = 1,
P—Pp - €A. (3.86)

In the presence of electromagnetism, if the generalised momentum P is defined as 0L/0v, where L
is the Lagrangian, then for a particle with charge e it is given by



P=p+eA=ymv+eA (3.87)

and it can be shown that the Hamiltonian for a particle with charge e interacting with an
electromagnetic field is

H=-"1(P-cA) +eo.
2m

This corresponds to the substitution (3.86). (For further details see Landau & Lifshitz 1971,
section 16, and Feynman, Leighton & Sands 1964, volume 3, sections 21-3.)

It is now clear that @ describes a field with charge e, and that @*, whose covariant derivative
is

. D,¢* = (3, — ieA,)¢", (3.88)

describes a field with charge —e. The fields @; and @, in (3.50) and (3.51) are therefore not
eigenstates of charge. D, @* is a covariant derivative of @*, not because we have conjugated
D, @, but because it transforms in the same way that @* does under gauge transformations, as
the reader may verify, following steps analogous to those leading to (3.85).

2. Because of the identity of equations (3.81) and (2.219), we are assured that the
compensating vector potential introduced in (3.73) is actually the electromagnetic vector potential,
and therefore that the homogeneous Maxwell equations hold for F,,. In addition, the gauge
transformation (3.74) where A = ey, is identical with (2.226). So we arrive at a new interpretation
of the electrical field: it is the gauge field which has to be introduced to guarantee invariance
under local U(1) gauge transformations.

It is worth noting that the inhomogeneous Maxwell equations are obtained from (3.83) by
varying A,. The Euler-Lagrange equation

3L [ ]
aA,, 3(3,A,)

gives
3,F™ = —ie(¢*3"¢ — ¢3*¢*) + 22 A¥|9?
= —ie(¢*D"¢ — ¢D"¢*)
= —eJ¥ (3.89)
where
3" = i(¢*D"¢p — ¢D"¢*) (3.90)

is the covariant version of J* in (3.60). Because of the antisymmetry of F*Y, (3.89) implies
immediately that

3,9 =0, (3.91)

it is the ‘covariant’ current $# which is conserved when the electromagnetic field is present, not



the current J¥.

3. From the work in the last chapter, we know already that the electromagnetic field is
massless, but it is worth re-emphasising this point. A mass term in the Lagrangian would be of the
form

Ly = M2A,AY (3.92)

and it is clear that this term is not invariant under the gauge transformation (3.74). Hence gauge
invariance requires that the gauge field is massless. In the usual approach to the electromagnetic
ﬁfeld, it is relativity which requires that the field is massless, and therefore travels with the speed
of light.

4. The charge e appears as a coupling constant, via the covariant derivatives (3.84) and (3.88).
Indeed, from the Lagrangian (3.83), we see that the @ field couples to the electromagnetic field
with strength e. This brings to light the dual role of electric charge’, it is both a conserved
quantitz, as we originally stated (in equation (3.62), which now must be modified by replacing J*
with ¢9 see above), and it also measures the strength with which a particle interacts with electric

and magnetic fields. This dynamical aspect of charge is a conse quence of the ‘gauge principle’,
and it is this which has come to play such an important role in contemporary particle physics.
When, for example, we discover conserved quantities (like isospin, strangeness, etc.) we may ask
if they also have associated massless gauge fields which couple to the particles carrying those
quantum numbers with a fixed strength. We shall consider this question, in §3.5, in which the
present considerations will be generalised to the cases where the Lagrangian is invariant under the
group SU(2) rather than U(1). Before doing that, however, it will be instructive to discuss a very
interesting and beautiful consequence of the gauge invariance of electrodynam ics, namely the
Bohm-Aharonov effect.

3.4 Topology and the vacuum: the Bohm—Aharonov effect

In classical physics, the force on a particle with charge e in an electromagnetic field is given by
the Lorentz formula

F =¢E + ev X B. (3.93)

E and B are the electric field and magnetic induction, related to the vector potential A and scalar
potential @ by (2.218),

E=-22_vs B=culA. (2.218)

ot

As we saw in the last chapter, A and ¢ are not unique; they may be changed by the gauge
transformation (2.225) (equivalently (3.74)) under which E and B are invariant. In this context, it
is usual to make the assertion that the only physical effect of an electromagnetic field on a charge
is the Lorentz force, (3.93), and this only exists in regions where E and/or B are non-zero. The
Bohm-Aharonov effect demonstrates that this is not so in quantum mechanics; physical effects
occur in regions where E and B are both zero, but A, is not. Hence A, has more physical
significance than was formerly thought!

The effect concerns the prototype quantum mechanical experiment, the 2-slit experiment with
electrons, shown in Fig. 3.6. Because of the wave nature of the electrons, as long as it is not
detected which slit they pass through, they produce a characteristic interference pattern. If the
electron wavelength is A, the phase difference between waves from the two slits is

6=2n2 =9
A 7.4

If x << &, then a = (x/L)d, so



6=

xd - L (3.94)
L d

Maxima occur at § = 2nz and minima at 2n + )z, so this formula tells us the interference pattern.

Trajectory |

LY
1
\
\
1
A}
\
Al
| -9 \
3
|~
\ |
1
'
|
1]
N '
\ ]
\ '
AN
AR
5
e ¢t >

Trajectory 2

—J, —»

Fig. 3.6. The 2-slit interference experiment with electrons.
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Fig. 3.7. The Bohm—Aharonov effect; a solenoid is placed between the slits.

Fig. 3.8. The forms of A and B in a solenoid.

The idea of Aharonov & Bohm (1959) was to introduce a small solenoid behind the wall
between the slits, as shown in Fig. 3.7. There are lines of magnetic induction B inside the
solenoid, but not outside, so, as long as the solenoid is small enough, the electrons always move in
a field-free region. It is an easy matter to write down the form of A which gives a solenoidal
magnetic field. It is shown schematically in Fig. 3.8. In cylindrical polar co-ordinates, A has only
a @ component, given by



Inside A,= A, = 0.W
(3.95)
A¢ = i,
2
Outside A,= A, =0,
2t (3.96)
A¢ = ﬂ'
2r
where R is the radius of the solenoid. Since B = V x A, we have, in cylindrical polars,
1[80ﬂ¢) aA,]
B, =~ -
r ar 3¢
and similar formulae for B, and B ,, giving
Inside B,= B, =0,
(3.97)
B, = B,
Outside B =0, (3.98)

as required.
So much for the field of a solenoid. We now ask: how does this field affect an electron? The
wave function of the electron in free space is

v = |ylexp (%P'l') = |ylexp (ia) (3.99)

and the effect of an electromagnetic field is to change p, as in (3.86):
P—Pp—e€A

where e is the (negative) charge on the electron. The phase o of the wave function then changes
according to

e
a—-a——A-r (3.100)
h
and the change in phase over an entire trajectory is

trajectory

Aa = —if A-dr. (3.101)

Over trajectories 1 and 2 (see Figs. 3.6 and 3.7), then, we have



Aal=—ifA-dr, Aafz=-ifA°dr
h ) hJ2

and the change in the phase difference § is then

Ad = Aal - Aarz

=24 A-dr
hJ2-

=£ curlA - dS
hJ2

=-:-fn-ds

e
fo 3.102)
. (

where @ is the flux through the solenoid. The interference pattern therefore moves upwards by an
amount

Ax==2ps="2%0. (3.103)

The net effect, then, is that the presence of the solenoid causes a shift in the interference pattern,
even though the electrons only ever move through regions of no magnetic field.

The experiment is not an easy one to perform, because the solenoid has to be so small. A
single magnetised iron whisker was used in the original experiment by Chambers (1960) in which
the effect was observed, and found to be in agreement with the theoretical prediction. Since then
(1960), it has been confirmed in several other experiments.

The significance of this effect is that, in quantum theory, an electron is influenced by the
vector potential A, even though it travels entirely in regions where B = 0. On the other hand, from
(3.103) and (3.102), the physical effects depend only on curl A, so we deduce that an electron is
influenced by fields which are only non-zero in regions inaccessible to it. More formally, this

amounts to a non-locality in the integral fA .dr.

We shall now show that the Bohm—Aharonov effect owes its existence to the non-trivial
topology of the vacuum, and the fact that electrodynamics is a gauge theory. In fact, it has recently
been realised that the vacuum, in gauge theories, has a rich mathematical structure, with associated
physical consequences, which will be discussed more fully in later chapters. The Bohm—Aharonov
effect is the simplest illustration of the importance of topology in this branch of physics.

Outside the solenoid, E = 0 and B = 0 so the energy density of the electromagnetic field U = 0
and we have a vacuum. On the other hand, A # 0 so the vacuum has a ‘structure’.

Since curl A = 0, we may write A = Vy for some function y which may be found by noting
that, from (3.95),

giving



= 3.104
X 2¢ ( )

where we have ignored an arbitrary constant of integration. Now y is not a single-valued function,
since it increases by zR°B when ¢ — ¢ + 2x. Indeed, from (3.102),

Ab = Aa=%jA-dr

e

—|Vyx-dr

hj x

= LA

= £ 7R’B
h

fo (3.105)

h

Regular non-single-valued functions, however, may only exist in non-simply connected spaces. A
simply connected space is one in which all closed curves may be shrunk continuously to a point. A
non-simply connected space is one in which not all curves may be continuously shrunk to a point.
The relevant space in this problem is the space of the vacuum, i.e. the space outside the solenoid,
and that is not simply connected. This is clear from Fig. 3.9. The curve c; can be shrunk to a point,
but c, cannot; moreover, a curve going round the solenoid n times cannot be shrunk to one going
round m(# n) times.

The group function y then, is a many-valued function, and this is possible because it is defined
in a space which is not simply connected. Equivalently and conversely, we may say that if x were
single-valued, then B = curl A = curl grad y = 0 everywhere, so there could be no magnetic flux at
all.

It is thus an essential condition for the Bohm—Aharonov effect to occur that the configuration
space of the vacuum is not simply connected. In (3.104) the function ¥ is a function in the group
space of the gauge group C/(1):

A“ = aMX' (3.1%)

Ay, in fact, is a gauge transform of the ‘true’ vacuum A, = 0. The corresponding transformation on

a charged particle is e, which is an element of U(1). As mentioned above (see the discussion
below (3.66)) the group space of U(1) is the circle, which we denote by S'. This group space is not
simply connected, because a path which goes twice round a circle cannot be continuously
deformed (while staying only on the circle) into one which goes round once. In fact, there is an
ifnfinite number of inequivalent paths in the group space. We now define this notion more
ormally.




Fig. 3.9. The field-free space in the Bohm—Aharonov effect is not simply connected.

A path a in a space X is defined as a continuous function a(s) of a real parameter s, so that each
value of s in the interval 0 << s << 1 corresponds to a point a(s) in the space X. If a path a connects
the points P and Q we have a(0) = P, a(1) = Q. If a(0) = a(1) = P we have a closed path (or loop)
at P. Consider two paths a(s) and b(s) both starting at P and finishing at < 2 (with P # Q possible)
and suppose there is a continuous function L(t, s) such that L(0, s) = a(s), L(1, s) = b(s). Then a
and b are homotopic, and we write a ~ b. The inverse of a path a is written a! and defined by

a’l(s) = a(l - ) (3.107)

so that it corresponds to the same path traversed in the opposite direciton.
Consider now paths a and b with the end-point of a coinciding with the starting point of fc, so
that a(1) = b(0). We may define the product path c = ab by

c(s) = a(2s) forO0=s= %

| (3.108)
c(s)=b(2s—-1) forisssl.

Note that if a ~ b then ab™! is always defined as a product path (whereas ab is not necessarily) and
ab™ is homotopic to the null path.?

We may now construct a group by introducing the class of paths homotopic to a, denoted by
[a]. They must, of course, have the same end-points. These homotopy classes may be multiplied,
by defining the multiplication law

[a][b] = [ab]. (3.109)

It is easy to see that this multiplication law defines a group, called the fundamental group or first
homotopy group of the space X, and denoted 7;(X). It was introduced by Poincaré in 1895, and is
called the first homotopy group of X in anticipation of the fact that there are higher homotopy
grou%)sdof X, introduced by Hurewicz in 1935. We need only check that the group laws are
satisfied:

1. Closure: if [a] € 7y(X) and [b] € 7;(X), then in view of (3.109) [a][b] € 7y (X).
2. Associativity: since (ab)c ~ a(bc) we have ([a][b])[c] = [al([bD)[c]).

3. Identity element: this is the class of the null path [1], since [a][l] = [a].

4. Inverse: [a1][a] = [1], so [a]™! = [a”!].

It now follows that the first homotopy group of U(1) is isomorphic to the group of integers
under addition (the integer n corresponding to a closed path that goes n times round the circle S! in
group space). This group is denoted Z. It is an infinite Abelian group. We have

ﬂl(UI) =7, (3.110)

in other words, it is because the gauge group of electromagnetism, U;, is not simply connected
that the Bohm—Aharonov effect is possible. (A simply connected space X is one in which every
closed path is homotopic to the null path, so 7;(X) = 1.)

The configuration space of the Bohm-Aharonov experiment is the plane [§? (symbolising the
set of pairs of real numbers) with a hole in, and this is, topologically, the direct product of the line
R! and the circle S': jg! x S'. The line, for example, may be parameterised by r, and the circle by
¢ . The gauge function y is a mapping from the group space G onto configuration space X:



xG-X. (3.111)

In our case, G is S* and X is S! x [§; however, functions mapping S! onto [§ are all deformable to a
constant, so the non-trivial part of y is given by

x S'—> S (3.112)

(Actually, in our problem, this is the full form of y, since it has no r dependence.) This, however,
is the way to define the homotopy groups. To be exact, let [X, Y] be the set of all homotopy classes
of continuous maps from X onto Y. They generally form a group. Then

[S', Y] = m(Y) (3.113)
is the first homotopy group of Y, Poincaré’s ‘fundamental group’. Similarly

(8", Y] = m,(Y) (3.114)

is the nth homotopy group of Y, which is an Abelian group for n = 2. (The first homotopy group
is not always Abelian but, in all cases of interest to physics, it is Abelian.) It follows then from
(3.112) that the gauge functions y are divided into disjoint classes, generating the group

[S!, §') = m(S!) = Z. (3.115)

After this long mathematical digression, we may summarise. In the Bohm-Aharonov
experiment, electrons are diffracted either side of an infinite solenoid, through a null field. There
is, nevertheless, a positive effect on the interference fringes. The mathematical reason for this is
that the configuration space of the null field (vacuum) is the plane with a hole in; which is S* x .
The vector potential A, is derived from a gauge function y which maps the gauge space onto the
configuration space. These mappings fall into disjoint classes, and since

[Sh. U\ =m(U)) =Z

they are not all deformable to a constant gauge function y= const (which, of course, would give A,

= 0, and no Bohm—Aharonov effect). It follows that if the gauge group is a simply connected
group like SU(2),

m(SUQ)) = 1, (3.116)

then all mappings are deformable to the constant map, and no Bohm—Aharonov effect exists.

3.5 The Yang-Mills field

We now wish to generalise the results of §3.3 to the case where the Lagrangian has a higher
symmetry than SO(2) or U(1). The simplest generalisation is to SU(2). This group, as well as the
more complicated ones which are considered in physics, is non-Abelian, so what we are studying
is the subject of non-Abelian gauge fields.

In §3.3 the scalar field we considered had two components which were related by rotations in
the plane. An obvious way to generalise this is to consider the case where @ has three
components, @ = (@, ¢,, @3),in an ‘internal’ space and the gauge transformations (of the first

kind) are rotations in this space. This will give a ‘vector’ quantity which is conserved, instead of



charge. It will be like isospin.

The hypothesis that isospin symmetry is a local symmetry was first advanced by Yang & Mills
(1954). For many years their work was regarded as a blind alley — though an interesting one —
since, as discussed below, there is no evidence that isospin is associated with a gauge symmetry.
In recent years, however, the idea of Yang and Mills has been resurrected to apply to the strong
interactions between quarks (colour gauge symmetry) and the unified weak and electromagnetic
interactions (weak isospin and hypercharge gauge symmetry). In what follows we shall
nevertheless refer to the conserved vector quantity as isospin, and the internal symmetry space as
isospin space or isospace. The reader will remember that these words are intended to be
understood generically.

Fig. 3.10. Rotation about the 3 axis in the internal symmetry space.

Referring for a minute to Fig. 3.4, let us regard rotations in the (1-2) plane as rotations about
the 3 axis, in other words, rotations through an angle A, as shown in Fig. 3.10. We have, then,

from (3.66),

¢1 = cos A3y + sin Az ¢y,

¢ = —sin A3¢; + cos A3, (3.117)
;= ¢.
If A3 is infinitesimal, then
¢ = ¢+ Ay,
¢ = —Ash + ¢, (3.118)
¢ = ¢

which is the ‘3’ component of the equation
-9 =0¢-AX9, (3.119)

which therefore corresponds to a general rotation through an angle A. The meaning of this is that
|4 is the angle of rotation, and A/|A| is the axis of rotation. We have, then,

5¢=—-AX¢. (3.120)

This is a gauge transformation of the first kind, and is to be compared with the two equations
(3.67) and (3.69); (3.120) is, of course, effectively three equations.
Our strategy now is to proceed as far as possible in analogy with the case of electromagnetism.



We shall find that the present case is more complicated, however, and this is directly traceable to
the fact that in the present case the rotations form the group SO(3) which is non-Abelian. Its non-
Abelian nature is responsible for that fact that a x b = -b x a: the vector product is not
commutative. It will be seen below how this complicates matters. These complications have direct
physical consequences.

First note that (3.120) is an instruction to perform a rotation in the internal space of @ through
the same angle A at all points in space-time. We modify this to the more reasonable demand that
A depends on x". We then have

0,0—0,0'=3,0-0,AXP—-AXJ3,¢
or

53,8) = —A X 3,6 — 9,A X &. (3.121)

Expressed in words, au(o does not transform covariantly, like @ does. We must construct a

‘covariant derivative’, analogous to that of (3.84). This will involve introducing a gauge potential
analogous to A,,. We then write the covariant derivative as

[ ] D, =23, +gW,x ¢ (3.122)

W, is the gauge potential analogous to A,; note that it is a vector in the internal space, whereas A,

only had one component; g is a coupling constant, analogous to electric charge e. By comparison
with (3.120) we then require that

& D,9) = —A X (D,9). (3.123)

How should W), transform to satisfy this requirement? We may make a guess: first, W), is an
(internal) vector, so, as in (3.120), there will be a term A x W;; secondly, since A, picks up a term
in (Ve)d, A (see (3.74)), we might expect W, to pick up (/g)g,A. So we write

W, W, - AxW,+ 13,4
g
or
SW, = —AX W, + ~3,A. (3.124)
g

This would give, using (3.122), (3.121) and (3.120),

& D,¢) = 53,¢) + g(6W,) X ¢ + gW, X (6¢)
-AX3,9-0,AXP—g(AXW, )X @+3,AX¢
- gWux (A X ¢) (3.125)

-AXx3,0-8[(AXW,)X¢+W,X(AX9¢).



Now the vector identity

(AXBIXC+BXCIXA+(CXAYXB=0

gives, on rearrangement,
(AXB)xXC+BX(AXxC)=AXx(BxC). (3.126)
Using this to rewrite the terms in the square brackets in (3.125), we have

AD,@p)=-AX 0,0+ gW, X 9)=-AXD,¢ (3.127)

as required — this is the rule for covariant transformation. Our guess was right; by introducing a
gauge potential W, which transforms as in (3.124), the covariant derivative of the vector ¢ is
given by (3.122).

W,, is the analogue of A,; what is the analogue of the field strength F,, = 3,4, — 3,A4,7 Let

us call it W,,. Unlike F,,, which is a scalar under SO(2), W,,, will be a vector under SO(3), and so

will transform like ¢ itself:

HW,) = —A X W,,,. (3.128)

W, = 3,W, - 3,W

# will not do, because

83,W, — 3,W,) = a,,(—A X W, + la,A) - 8,,(—/1 x W, + la,,A)
g g
= —A X (3,W, - 3,W,) — (3,A X W, — 3,A X W,).

(3.129)

The last term is unwanted, and so must be cancelled. We now observe that

HgW, X W,) = g(—A x W, + la,,A) X W, + gW,, X (—A x W, + lavA).

g g

The first and third terms may be combined according to (3.126), giving
gW, X W)= —gA X (W, x Ww,) + (a,,A X W, -3,A4X W"). (3-130)
The last term in the above equation is the same as in (3.129), so if we define

W, =3,W, —3,W, + gW, x W, (3.131)

then W, transforms in the required way, by (3.128). The field strength W, is a vector, so Wy,
W, is a scalar and will appear in the Lagrangian, which is, therefore,



2
. £ = UD,#)-(D"9) ~ -9 9 — W, W, (3.132)

The equations of motion are obtained by functional variation of this Lagrangian in the usual way,
so that the Euler-Lagrange equation

3 _; [__3-!_]
(WL 3B W)

where i is an internal index, gives, after some algebra,

W, + gW" X W, = g[(3,4) X ¢ + g(W, X ¢) X ¢]  (3.133)

or, by virtue of (3.122),
D'W,, = g(D,9) X ¢ = gl,. (3.134)

This equation is analogous to Maxwell’s equation (3.89), so that W ,, is the ‘isospin’ gauge field,
J,, is the source or ‘matter’ term, and instead of ordinary derivatives there are covariant ones. The
statement that DVWW, is the covariant derivative of W, means, to repeat what was said above,
that DVWW, behaves as a vector under rotations in ‘isospin’ space, just as W, itself does (and, of
course, W, does). The equation (3.134) thus relates the covariant divergence of the gauge field to
the ‘matter” current. Whereas Maxwell’s equations are linear in A, however, this equation is non-
linear in W,. The consequence of this is that, whereas in the absence of matter (¢ — 0)
Maxwell’s equation (3.89) becomes

3"F,, =0V E =0, aa—E-—curIB=0. (3.135)
t

indicating that there is no source term for the electromagnetic field, the non-Abelian gauge-field
equation (3.133) becomes, in the absence of matter,

D'W,, =0—3"W,, = —gW*' x W,,, (3.136)

indicating that the field Wy, acts as a source for itself. This corresponds to the fact that the
electromagnetic field F, carries no charge, and is therefore not its own source, but the ‘isospin’
field W, carries ‘isospin’ (it has I = 1) so does act as a source for itself, since it is the field which
is generated by the existence of any particle with ‘isospin’. It will be recalled that this is a direct
consequence of the fact that the symmetry group SO(3) is non-Abelian. We shall find in Chapter
7, however, that there are also consequences in the quantum theory of gauge fields. In fact,
substituting D, , from (3.122) and W, from (3.131) into the Lagrangian (3.132) we find that
there are several terms of order 3 and 4 in the fields ¢ and W,,. For example, looking at terms of

order 3, whereas the Lagrangian of electrodynamics (3.83) contains a (@ @ * A) coupling which
gives rise to the present Lagrangian contains ( ¢ ¢ W) and (WWW) terms giving the vertices.
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Of course, this is no more than what we expect from the field equations; as discussed above, in
electrodynamics, only charged fields, like @, may emit photons, but in non-Abelian gauge
theories, the field W itself, as well as the field @, may emit gauge particles. The detailed
consequences of this are left until Chapter 7. It is, however, worth remarking here that a similar
situation holds in general relativity. There the gravitational field itself carries energy, which is
equivalent to mass, and therefore is a source of gravitation. In terms of the field equation (3.38)

871G

= 1 —
Guv = va - ’.‘gpvR = -_2 uvs
C

both sides of this equation are tensors whose covariant divergence vanishes. The covariant
derivative concerned is analogous to the one considered here, but has a strictly geometric origin,
related to the fact that space—time itself is no longer Euclidean in the presence of gravitating
objects. Therefore, even in the absence of matter (T, = 0), the ‘real’ divergence of the Einstein

tensor G, is not zero, and this is the mathematical expression of the fact that the gravitational

field couples to itself. It is clear that the non-Abelian nature of the gauge group is responsible for a
much richer structure than exists in electrodynamics, and to illustrate this once more, consider the
equations analogous to the homogeneous Maxwell equations (2.233):

8,11",,, + a“FvA + BVFA,, =0. (2233)

These equations imply, as we saw in Chapter 2, that

divB=0 B 4 cunE=0,

ot

the first of which says there are no magnetic charges as sources of magnetic field. The non-
Abelian generalisation of (2.233) is, as will be proved in the next section,

Dlwuv + Duwwl + Dvw).u =0 (3.137)
and, because it is the covariant and not the ordinary derivative that appears, it follows that
4
divB # 0 (3.138)

where ﬁ is the ‘magnetic induction isovector’ — it is a vector in ‘isospace’ as well as in ordinary

space. For these next few lines — indicates a vector in configuration space, and bold type a vector
in isospin space. Since this isovector magnetic field has non-zero divergence, there exist isospin 1
magnetic monopoles. Or, to press the point home, if we introduce a scalar isovector field ¢, and



define
Bup=¢-B (3.139)
to be the ‘ordinary’ magnetic field, then
div Byp # 0 (3.140)

and this theory has ordinary (isoscalar) magnetic monopoles. The subscript HP here stands for ‘t
Hooft and Polyakov, who were first to realise that non-Abelian gauge fields offer the possibility of
magnetic monopoles. Their theory will be explained in more detail in Chapter 10.

Not everything is different when we go to the non-Abelian case, however. One thing that is the
same is that the ‘isospin’ field W, must be massless, just like the electromagnetic field. The

reason is the same: to account for a field with mass m, an extra term
Ly = m*W, - WH (3.141)

must be added to the Lagrangian — this is analogous to (3.92). The equation of motion (3.134) is
then changed to

D'W,, = gl, + m*W,. (3.142)

The term (3.141), however, is clearly not gauge invariant, so, as before, we see that gauge
invariance implies zero mass for the gauge field.

It is appropriate now to ask the question: is isospin described by a gauge-field theory ? The
concept of isospin was outlined in Chapter 1, where it was seen to be a conserved ‘vector’
quantum number. It is therefore analogous to electric charge? If it is, its conservation follows from
a local symmetry and there must exist a massless isospin 1, spin 1 gauge field. What is more, our
field ¢ above describes an arbitrary isovector field. Its covariant derivative D, ,, equation
(3.122), contains a coupling constant g, which, through the Lagrangian (3.132) describes the
strength of the coupling of @ to the gauge field. This same g, however, occurs in the definition of
the gauge field W, itself, equation (3.131), and so is not to be tampered with! It follows that all
isovector fields couple with the same strength to the gauge field. This universality of coupling is
yet another consequence of the non-Abeli an symmetry. It is not true in electromagnetism, where
particles may have an arbitrary charge; here, all particles have the same ‘charge’. This,
incidentally, is one reason for believing that non-Abelian gauge theories may be relevant for
physics — they would explain charge quantisation. So we return to the question: is isospin
described by a gauge theory?

The answer is no. In the 1960s, however, when a lot of work was done on the newly
discovered vector (spin 1) mesons, a number of people, particularly Sakurai (1960), believed that
the p meson was the isospin gauge field, and, further, that the co or 0 meson (or some
combination) was a gauge field for baryon number conservation, and that the K(890) meson was
the gauge field coupled to strangeness. An exposition of these ideas would be totally out of place
in this book, but suffice it to say that the type of theory advocated, known as ‘vector meson
dominance’, did receive a fair amount of experimental support. Nowadays, however, we believe
that the p meson cannot be the isospin gauge field because it is massive, and this destroys gauge
invariance. Actually, this problem can be overcome by ‘spontaneous symmetry breakdown’ (see
Chapter 8), and this is believed to explain the fact that the W-bosons are massive. A more telling
observation is that, according to the quark model, p is simply

p.p.p)= (uc?. i‘%‘g dﬁ):



it is made of quarks, just like all other hadrons. If it were a gauge field, it would not be made of
quarks. Similar remarks apply to », ¢ and K(890) as candidates for gauge fields.

A summary of this position is given in Table 3.1. Conservation of charge is described by local
symmetry, and has a dynamical manifestation, the electromagnetic field, whose quanta are
photons. Conservation of isospin, strangeness, baryon number and lepton number are all described
by global symmetries, and have no dynamical manifestations, that is, no corresponding fields. We
might be tempted, then, to abandon the idea that gauge theories (save for electromagnetism) have
anything to do with particle physics. But, in fact, they are now seen as the central feature of it. We
will discuss the reasons for this as they arise out of our theoretical discussion of the gauge idea.

In this section, we introduced the idea of a non-Abelian gauge symmetry by treating the case
of an isovector field @, transforming under the symmetry group SO(3), or SU(2). The calculations
involved were rather cumbersome. What we need to do is to tidy up our whole approach to the
subject by making it more abstract and general. We will then be able to see, for example, how to
write the co variant derivative of an isospinor field, and how to generalise to groups other than
SO(3). The way to achieve this is to adopt a geometrical point of view which is reminiscent of
general relativity (but requires no knowledge of it!).

3.6 The geometry of gauge fields

The gauge transformations that we have been considering have deliberately been chosen to be
different at different points in space, so it is natural that we should try to cast our work into an
explicitly geometrical language, which we shall do in this section.

To begin with, let us rewrite the formula for rotation of an iso vector through an angle A in
isospace:

09 =¢—AX9. (3.119)

Table 3.1. A comparison of various conservation laws

Conserved quantity fAs(::iociated dynamical (gauge) Conservation law
iel

Charge, Q e.m. y Local

Isospin, I - Global

Strangeness, S - Global

Baryon number, B - Global

Lepton number, L Global

This is the infinitesimal form of
¢o— ¢ =exp(il-A)¢ (3.143)

where the matrix generators I are given by

0 0 0 0 0 i 0 -i 0
L=[o o -i|]. L=[{0o 0 o). L=[i 0 o0 (3144
0 i 0 - 0 0 0O 0 0
and, as may easily be seen, have the matrix elements
(I)mn = —1€Eimn (3.145)

where g, is the usual Levi-Civita symbol. Expanding equation (3.143) to order A, gives (with
summation over repeated indices)



¢m = (1 + 1A mn®n
= (Omn + EimnAi)Pn
= Om — EminAiPn
=(@—AX @)m.

which is (3.119). Now let A depend on x*, and write (3.143) as
¢ — ¢ =explil- A(x)]¢ = S(x)¢. (3.146)
The matrices I are representations of the generators of SO(3) (or SU/(2)), and hence obey

(L, 1) = i li = Cijxly. (3.147)

This equation identifies igy, as the structure constants Cy of the group SU(2). Since the generators
M; of any group obey the Jacobi identity

((Mi. M), Mi] + (M), Mi], Mi] + [[My, M), Mj] =0,
the structure constants Cy,, which are totally antisymmetric i, j, k, obey the condition

CiimCmix + CijmConki + CtkmComij = 0. (3.148)

Returning to SU(2), the explicit representation (3.144) with matrix elements
(l i )mn = Cimn

is called the adjoint representation of the group. From our treatment of spin, in the previous
chapter, we know that an isospinor y transforms like

Y-y =exp [ét A(x)]w = S(x)y (3.149)

where S(x) is, here, a 2 x 2 matrix, and the Pauli matrices z; or, more precisely, 7/2 obey the

relations (3.147), as required for a representation of the group. Let us now write the general, n-
dimensional, case as

Wx) = y'(x) = exp[iM°A(x)]y(x) = S(x)y(x) (3.150)

where the index a is summed from 1 to 3, y is an n-component vector and M? are three n x n
matrices representing the generators, and having the commutation relation (3.147). It is clear that
Opy does not transform covariantly:

¥ = S@,uy) + (3,9 (3.151)



wix + dx) = yix) + dw(x)

x+dx

x
vix)

Fig. 3.11. dy carries information about the variation in y, as well as the change in co-ordinate axes between x
and x + dx.

dx v+dx

wix)+ dy(x)
X
wix)

Fig. 3.12. Sy is defined by parallel transport — see text.

The problem is that we are performing a different ‘isorotation’ at each point in space, which we
may express by saying that the ‘axes’ in isospace are oriented differently at each point. The reason
Ow/xkM is not co variant is that y(x) and y(x + dx) = y(x) + dy are measured in different co-
ordinate systems. This is sketched in Fig. 3.11; y is a field, and so has different values at different
points, but y(x) and y(x + dx) = y(x) + dy are measured with respect to different axes. The
quantity dip, then, carries information about the variation of the field y itself with distance, but
also about the rotation of the axes in isospace on moving from x to x + dx. To form a properly
covariant derivative, we should compare y(x + dx) not with y(x) but with the value y(x) would
have if it were ‘carried’ from x to x + dx keeping the axes in isospace fixed — this we may call
parallel transport in isospace, and it is illustrated in Fig. 3.12. The resulting vector is denoted y +
oy. Note that dip is not zero, because y + dy is the vector which, when measured in the local
isoco-ordinate system at x + dx, is equal (‘parallel’) to the vector y, measured in the local isoco-
ordinate system at x. These co-ordinate systems are not the same, so neither are the vectors. What
is oy? It is sensible to assume that it is proportional to v itself, and also to dx¥, the distance over
which the vector is carried, so we put

oy = igM* A dx"y (3.152)

where g is a number put in to get the dimension right and A: is an additional field or potential —

Feynman calls it a ‘universal influence’ — which tells us to what extent the axes in isospace differ
from point to point.

We now have two vectors at the point x + dx; v + dy and y + Sy. The ‘true’ derivative of v is
given by taking the difference between these vectors:

Dy=(y+dy) - (v + by)
= dy - by
= dy — igM° A% dx*y,

. Dy

" D,y =23,y - igM Ay. (3.153)

The above equation defines the covariant derivative of an arbitrary field y transforming under an



arbitrary group whose generators are represented by the matrices M? appropriate to the
representation of y. Let us check that it gives the same covariant derivatives as those we have
already found. To begin with, we consider the group U(1). Comparing (3.55) and (3.150), we see
that we require M — —1. In addition, substituting g — e gives

U(l): D, =9, +ieA,

in agreement with (3.84). Next, for the group SU(2), in the vector representation we have, from
(3.145),

(M) = —i€amn (3.154)

where the indices take on the values 1, 2, 3 (for internal indices we make no distinction between
upper and lower position). So taking the m component of (3.153) gives

Dy‘pm = au¢m - ig(Ma)mnA:d’n
= au‘Pm geamnA;‘Pn
= (ay¢ + gAu X @)m

or

in agreement with (3.122) (where, of course, we denoted the potential by W, not A). Finally, the
spinor covariant derivative may be written down by putting M® = 7%/2, hence

The ‘derivation’ of covariant derivatives for an internal gauge group given above is modelled
on the derivation of the covariant derivative of a vector in general relativity, where in the case of a
curved space-time, it is the space—time axes themselves which vary from point to point. In the
case of a (contravariant) vector V**, its covariant derivative is

The quantities , called the ‘connection coefficients’, clearly play a similar role to the vector
potentials . They are called connection coefficients because they connect the components of
a vector at one point with its components at a nearby point, the vector being transported between
the points by ‘parallel transport’, as explained above. Because of this similarity, some physicists
refer to as the connection.

Now we know how the generic vector y transforms when we do a rotation in isospace; y —
Sy. Since D,y is the covariant derivative of y; it transforms in the same way, so we have

For simplicity, let us define the matrix

so that (3.153) reads



Transforming to a new isoframe gives, in view of (3.158),

Putting ¥’ = S y in this equation then gives

This is the rule for the gauge transformation of the potential. Note the characteristic
inhomogeneous term on the right. For the group U(1), S = e7!4, , and (3.162) gives (with g
—eand M = -1)

as in (3.74). In the case of SU(2), we have

SO

and, after a little algebra, (3.162) gives (for infinitesimal A)

in agreement with (3.124).
It may be noted in passing that the connection coefficients in general relativity also have an
inhomogeneous term in their transformation law. The formula is

If it were not for the second, inhomogeneous, term, I"would transform like a tensor.
Now the question presents itself: since A, transforms inhomogeneously, how do we know

whether it may be transformed to zero at every point, and therefore have no physical effect? To
test this, we perform a series of four infinitesimal displacements round the closed path ABCDA, as
in Fig. 3.13. We start at A with a vector y,, denoted y*°, and transport the vector round the closed

path using the rule for parallel transport, involving the covariant derivative, then compare the final
value of the vector at A, v, ; with its initial value y, o. If they differ, we take this as a signal that

the potential A, does have a physical effect.

Fig. 3.13. A round trip by parallel transport

Transporting v, o to B will give, working to second order in V x and dx,

thence to C



thence to D

and finally back to A

Note that what has appeared is the commutator of the covariant derivative operators. From (3.160)
we find

If we define the gauge field G,,, as

we then have

In (3.164), ox* AxV represents the area of the rectangle, AS
second order) as

v SO We rewrite this equation (to

and we see that, if the gauge field is non-zero, a journey round a closed path has a physical effect:
the vector y is rotated in isospace.

In the case of U(1), an Abelian group, the commutator term is zero, so putting G — F in
(3.166), the gauge field is,

which is, of course, just the electromagnetic field (3.81).
In the case of SU(2), the matrices M? obey the commutation relations (3.147), so

or, in vector notation,

which agrees with (3.131).
It may easily be seen that, since performing a rotation in isospace gives

with the same factor S, the field G,,, transforms covariantly:



It follows that G,, cannot be transformed away to zero by a gauge transformation; if it is zero in
one gauge, it is zero in all.

Returning once more to the general relativistic analogy, the quantity which is analogous to the
field tensor is the Riemann—Christoffel curvature tensor defined by

Comparing this with (3.166) or (3.169), we see the structural similarity: the first two terms are
derivatives of the connection coefficients (potential) antisymmetric in y and v, and the last terms
are products of the connection coefficients, also antisymmetric in p and v. The way the curvature
tensor is introduced is also analogous: on taking a vector V¥ on a round trip by parallel transport,
the difference between the initial and final components of the vector is

where AS% is the area enclosed by the path. This equation parallels (3.168). AV, is non-zero only
if the space is intrinsically curved; for example, on the surface of a sphere (a 2-dimensional
space), a vector will point in a different direction after a round trip, but on a flat surface it will not.
The curvature tensor, being a tensor, has the property that if it is non-zero (has any non-zero
components) in one co-ordinate system, it is non-zero in all, and indicates that the space is curved.
In general relativity, this means that there is a gravitational field present.

Fig. 3.14. A round trip used to derive the Bianchi identity.

Finally, we derive an interesting identity satisfied by the gauge field (taken from Feynman in
Balian & Llewellyn Smith 1977). Consider the 3-dimensional closed path shown in Fig. 3.14.
Start with the vector y, o at A and transport it round the path ABCDA, after which its value (from

(3.168)) will be

where is the area of ABCD. Now, transporting the vector  to P along the line AP of length
dx, it will have the value

Thence, transporting it round the circuit PSRQP, its value will change to

where the plus sign arises because the route is in the opposite direction. Finally, taking it down to
A again, results in the final value

where is the volume of the box. Taking into account the fact that the differential operator

also acts on y, o we may replace the commutator by the product D,G,,,, giving



The closed route we considered in Fig. 3.14 consists of circuits round the top and bottom faces
of the box. There are clearly two similar such circuits enclosing the two other pairs of faces. All
six faces are circuited by the path

which would result in a factor

operating on y, , to give the new vector at A; call it y, ;. However, as may be easily checked, the
path (3.172) traverses each side of the box as many times in one direction as in the opposite one,
so the path is equivalent to the reverse of itself, and consequently the vector y cannot change, so
Va3 = Va0 and hence

This is the identity we wanted (and it was anticipated in (3.137)). The covariant derivative D G,
is given by

(Recall that A, and G,,, defined by (3.159) and (3.166), are both matrices’, the commutator in

(3.174) is a matrix commutator.) Under the gauge transformation (3.162) and (3.170) it is
straightforward to show that

appropriate for a covariant derivative.
In view of equation (3.167) the identity (3.173) is equivalent to

which is in fact the Jacobi identity. It is a condition which is identically satisfied by the field
tensor. In the Abelian case U(1), it takes the form

which is equation (2.233). This was shown to be equivalent to the homogeneous Maxwell
equations.

The identity (3.173) has an analogue in general relativity, known as the Bianchi identity, which
takes the form

We may similarly refer to (3.173) as the Bianchi identity. The parallels which we have discussed
between gauge theories and general relativity are summarised in Table 3.2.

We close this section by giving a brief account of chromodynamics, which is believed to
account for the strong interaction. The notion of the colour quantum number was mentioned in
§1.11: quarks of a given type (4, d, s, . . .)

Table 3.2. Parallels between gauge theory and general relativity



possess an additional label called R, W or B, which takes on three values. The quark Lagrangian is
invariant under relabellings described by a group of transformations

M is a 3 x 3 matrix, and may be either orthogonal or unitary (these matrices form groups —
Hermitian matrices do not). Which do we choose? We choose SU(3) rather than SO(3) for two
reasons: (a) if the colour group were SO(3), the diquark system could be a colour singlet, but
diquarks are not found in nature; (b) SO(3) does not possess asymptotic freedom (see Chapter 9) if
the number of flavours exceeds two; we know already that the number of flavours is at least five.
The corresponding limit for SU(3) is 16 flavours. M is then a unitary matrix, which, because we
may subtract out an overall phase, may be chosen to have unit determinant:

U may be written in the form

where H is Hermitian, and the zero trace condition follows from det U = 1. It may be seen that U
has eight independent parameters &,, and therefore eight generators, which we denote 1,/2, so we

write

where a summation over a from 1 to 8 is implied, and the eight matrix generators are

These are simply the 3-dimensional generalisations of the Pauli matrices, and the SU(2) formula
which corresponds to (3.179) is

with i summed from 1 to 3. The matrices 4, obey the commutation relations

(with summation over c¢ from 1 to 8). The quantities ify,. are the structure constants of the group

(cf. (3.147)) and are totally antisymmetric in their indices. They may be found by explicit
calculation using 4, above, and it turns out that the only non-zero components are

For a fuller treatment of the group SU(3) the reader is referred to the literature. This group
originally came to prominence in particle physics in the early 1960s, when it was discovered that
the spectrum of particles (which then included strange particles, but not charmed particles)
shovaed an approximate SU(3) symmetry (see §§1.8 and 1.9). In quark language, this SU(3) is of
the form



In the current jargon, this is a flavour group, not a colour group, since it acts on flavour indices
only. It is only an approximate symmetry, since for example the s quark is heavier than u and d.
By contrast, colour is an exact symmetry. To distinguish the two SU(3) groups of flavour and
colour we write them SU(3); and SU(3)...

According to the theory of chromodynamics, colour symmetry is a gauge symmetry, so the
theory we have developed above may be taken over wholesale. In particular, there is a gauge
potential, or rather eight gauge potentials which may be written in matrix form

The gauge fields may be written down by referring to (3.169) and substituting for &g,
which are the structure constants for SU(2) and f,, the structure constants of SU(3), from (3.182).
Hence, for example,

They are gauge fields, and they are massless. They go by the name of gluons.

If the explanation of quark confinement is that colour is confined, and therefore that only
colour singlet (SU(3). singlet) particles may appear in the free state, then gluons will also be
confined and therefore unobservable. There should, however, be a combination of gluon fields
invariant under SU(3), and therefore in principle, observable. This is called a glueball. It has not

(yet) been observed.

Summary

A Lagrangian formulation of the motion of a point particle is shown to lead to Newton’s second
law of motion. A similar treatment is given to the (classical) scalar field. The variational principle
gives rise to the Euler—Lagrange equations, and the action is found for which these give the Klein—
Gordon equation. Invariance of the action under space—time translations and rotations leads, via
Noether’s theorem, to conservation of energy—-momentum and angular momentum. 3A complex
scalar field has an 0(2) symmetry, and the requirement that this symmetry is local necessitates the
introduction of a gauge field Ap which is shown to obey Maxwell’s equations. “The Bohm—
Aharonov effect is ascribable to a configuration of the gauge field which is only possible in a
topologically non-trivial (non-Euclidean) space — in this case, the plane with a hole in. >The
generalisation of §3.3 to the case where the scalar field possesses an SO(3) symmetry is given, and
leads to the Yang—Mills equations. A general treatment of gauge fields along geometrical lines
reveals parallels with general relativity, and results in general formulae for covariant derivatives
which give the known forms for electromagnetism and the Yang-Mills case, and hold for any
symmetry group. A brief account of SU(3) is given, the relevant gauge field being the gluon.

Guide to further reading

Variational principles in classical physics are well described in Goldstein (1950, chs. 2, 11). A
highly readable, though less mathematical account is Feynman, Leighton & Sands (1964, ch. 19).
A detailed account of the application of the variational principle to fields is given by Hill (1951).
Shorter accounts may be found in Schifi (1955, §45) and Soper (1976). Noether’s theorem first
appeared in Noether (1918). A thorough account of Noether’s theorem, in Riemannian as well as
flat space, is in Fletcher (1960). Useful references on the energy—momentum tensor, which also
include a consideration of its role in general relativity, are Landau & Lifshitz (1971, §§32, 94) and
Weinberg (1972, pp. 360-3). The Bohm—Aharonov effect originates in Aharonov & Bohm (1959).
The effect was first seen by Chambers (1960); a simple account, on which the present account
leans heavily, is Feynman et al. (1964, §15.5). A very lucid discussion of it appears in Wu & Yang
(1975). There have been recent claims that the effect is purely mathematical. For a response to
these, and for further references to recent experimental verification of the effect, see Bohm &
Hiley (1979). For an introduction to homotopy groups, designed for physicists, see Speiser in
Giirsey (1964) and Giirsey in DeWitt & DeWitt (1964). The non-Abelian generalisation of
electromagnetism was first proposed in Yang & Mills (1954). The application of this gauge
principle to particle physics was advocated by Sakurai (1960) and Salam & Ward (1961). For a



review, see, for example, Sakurai (1969). The generalisation of the Yang—Mills idea to arbitrary
groups appears in Glashow & Gell-Mann (1961). Parallels between Yang—Mills theories and
general relativity were first pointed out by Utiyama (1956). An early paper on the geometrical
aspects of gauge theories is Loos (1967); they are reviewed by Feynman in Balian & Llewellyn
Smith (1977) and O’Raigheartaigh (1979). Chromodynamics is reviewed by Feynman and by
Susskind in Balian & Llewellyn Smith (1977).

11t is a loose but common habit to refer to isospin, strangeness and so on, as ‘quantum’ numbers. Unlike the n,
and m quantum numbers in the hydrogen atom, it is not at all clear that they have anything to do with
quantum theory, i.e. depend on h. Electric charge certainly does not, so is not a quantum number.

21 am grateful to Daniel Ryder for clarifying these definitions for me.



4
Canonical quantisation and particle interpretation

I remember that when someone had started to teach me about creation and
annihilation operators, that this operator creates an electron, I said ‘How do you
create an electron? It disagrees with conservation of charge’.

R. P. Feynman
Nobel lecture

4.1 The real Klein—Gordon field

We considered in Chapter 2 the simplest relativistic equation, the Klein—-Gordon equation, as a
single-particle equation, and found the following difficulties with it (i) the occurrence of negative
energy solutions, (ii) the current j, does not give a positive definite probability density p, as the
Schrodinger equation does. For these reasons we must abandon the interpretation of the Klein—
Gordon equation as a single-particle equation. (Historically, this was the motive which led Dirac
to his equation.) Can any sense then be made out of the Klein—Gordon equation? After all, spin 0
particles do exist (7, K, 7, etc.) so, surely, there must be some interpretation of the equation which
makes sense.

What we shall do first is to consider the Klein—-Gordon equation as describing a field @(x).
Since the equation has no classical analogue, @(x) is a strictly quantum field, but nevertheless we
shall begin by treating it as a classical field, as we did in the last chapter, and shall find that the
negative energy problem does not then exist. We shall then take seriously the fact that @(x) is a
quantum field by recognising that it should be treated as an operator, which is subject to various
commutation relations analogous to those in ordinary quantum mechanics. This process is often
referred to as ‘second quantisation’, but I prefer not to use this term. There is, after all, only one
quantum theory, not two; what we are doing is quantising a field, rather than the motion of a single
particle, as we do in quantum mechanics. It turns out that the field quantisation has an obvious
interpretation as a many-particle theory, which is just what we want. It is a commonplace
observation in high energy physics that the number of particles of a given type (say, of spin 0) is
not a constant — only consider, for example, the decay n° — 2y — so what right have we to expect
that a single-particle theory would work? In this new interpretation, !¢ !? is proportional to the
number of particles present. Moreover, after field quantisation, the two difficulties associated with
the single-particle Klein—Gordon equation disappear, as we shall see below.

To begin, let us find the energy of the (‘classical’) Klein—Gordon field. It is obtained from the
energy—momentum tensor 6"Y, defined in (3.20), and is

H

JO‘”d’x

! I ((309)* + VoV + m2¢?] d’x 4.1)

in the case of the real scalar field, with Lagrangian given by (3.10). For the complex scalar field,
we have



H = [ [(308*)(309) + Vo* - Vo + mi¢*p] d’x (4.2)

and in each case the energy (Hamiltonian) is positive definite. Thus the scalar field is not plagued
by the negative energy problem which besets the single-particle theory. But now that we have a
satisfactory positive definite energy for the field, we ask: how is this related to the energy of
single-particle states? The answer is that field quantisation forces us to reinterpret the field as a
quantum rather than a classical system. The field @(x) is, accordingly, regarded as a Hermitian
operator, whose Fourier expansion may be written

da—"[a(k)e""‘ + a'(k)e'*) (4.3)

o) = j Q2n) 2w,

with @, = (k* + m?)"”. The coefficients a(k) and a’(k) are also operators. The measure in the
integrand has been so chosen because it is relativistically invariant. For the Klein—-Gordon field we
have the ‘mass-shell’ condition g2 = k% —k2= mz(}, = ¢ = 1), so an invariant element of
phase space is, with k, > 0 (positive energy condition)

P 2ro(k? — m)8(ko) = SK_8(k3 - wh)B(ko)
(2x)* (2n)?
_ d% |
= 3 (ko + wi)(ko — w4)]6(ko)
(2m)
d*k 1
= — &k ko — w;)]0(k
27y’ 2ke [6(ko + wi) + ko — wy)]O(ko)
3 3
= Mé(ko —wy) = _dk ) (4.4)
(2m)*2k, 272w,

(In the last step above it is to be understood that the quantities involved appear under an integral
sign.) The quantity ¢ (x, t) plays a role in field theory analogous to that played by x, the position
vector, in particle mechanics. The quantisation of mechanics follows from the Heisenberg
commutation relations

[xo p) =i6; (i,j=1,2,3),
(4.5)
[xi. x;1 = [pi» p1 = 0,

where the momentum p; is defined canonically as g [, /a x;. x and p refer to the position and

momentum of the particle, measured at the same time. In a scalar field theory, @ (x, t) plays a role
analogous to x(t), and describes a system with an infinite number of degrees of freedom, since, at
each time, ¢ has an independent value at each point in space. To approach this continuum case,
let us divide space up into cells, each of volume 6V,, and let @ (t) be the average value of @(x) in
cell r at time t. Let the average Lagrangian density in each cell be &,. Then the momentum
variable p,, conjugate to @, is



oL = oV, 3%,

pt) = — = 6V,m (1) (4.6)
3p,(1)  3¢,(1) '
where the field n(x, t) is defined by
ﬂ(x, ') = .aé'(g (4.7)
3P(x, 1)

and 7(¢) is its average value in cell r. Then the Heisenberg commutation relations give

[¢r(’)v ps(‘)] = ié'-" } (48)

[¢:(1), @:(1)] = [p(2), ps()] = O

Substituting (4.6) into (4.8) gives [(p,((), 7":(')] = (1/6Vs)i6,r In the continuum limit 6V, —
0, and we have

[o(x, 1), #(x’, 1)] = id(x — x'),
, (4.9)
Nl =

[&(x, 1), ¢(x’, 1)] = [7(x, 1), m(x’,

These are known as equal-time commutation relations (ETCR), and we now use them to find the
commutation relations between a(k) and a’(k) in equation (4.3). First, from the definition (4.7) and
the Lagrangian (3.10), we have

m(x) = ¢(x). (4.10)

Next, it is simple to check that the positive energy (also known as positive frequency) solutions

fulx) = m ek @.11)
form an orthonormal set
I F1(x)i%0fu-(x)d*x = 8'(k - k') (4.12)
where 3 is defined by
ADSB(1) = A1) aB(’) a";f" B(1). (4.13)

The field expansion (4.3) may then be written



_ d*k .t
ox) = | e DA + FHa' W) (4.14)

which may be inverted, using (4.12), to give
a(k) = [ @x[(2n)"20,]'2f1(x) iSotx).
a'(k’) = [ Ex'[27) 20, ]2 P(x") iSofi (). (4.15)
From (4.9), (4.10) and (4.15) we then have
[atk). a'(k)] = [ d'x dx'(2m)*@eger ) PLF ) Sox), Hx')iBof e (x')]
= @n)’[ @x x' @arwr) 211, DSfe(x', D[Ox, 1), 7', 1)
= 20)*[ @x(4w,0,) 2 F100) Bofic(x)
= (272w, &k - k'). (4.16a)
Similarly, we have
[a(k), a(k’)] =0, [a'(k),a'(k")] =0. (4.16b)

The operators a(k) and a’(k) play a crucial role in the particle interpretation of the quantised
field theory. First, construct the operator

Q1208 O)N(k) = a'(k)a(k). 4.17)

It is simple to show that N(k) and N(k’) commute:
[N(k), N(k")] = {a'(k)[a(k), a'(k")]a(k’)
+ a'(k")[a'(k), a(k"))a(k)}/(2m) 4w, 0, [5(O))
~ [a’(k)a(k) - a'(k)a(k)]o(k — k')
= 0'

so the eigenstates of these operators may be used to form a basis. Let the eigenvalues be denoted
by n(k):

N(k)|n(k)) = n(k)|n(k)) (4.18)



and now use the commutation relations
[N(k), a'(k)] = a’(k),
[N(k), a(k)) = —a(k)

to find

a'(k)N(k)|n(k)) + a'(k)|n(k))
[n(k) + 1]a*(k)|n(k)) (4.19)

N(k)a'(k)|n(k))

and

N(k)a(k)|n(k)) = a(k)N(k)in(k)) — a(k)|n(k))
= (n(k) = Da(k)|n(k)). (4.20)

These equations tell us that if the state |n(k)) has eigenvalue n(k), the states a’(k)|n(k)) and
a(k)|n(k)) are eigenstates of N(k) with respective eigenvalues n(k) + 1 and n(k) — 1. N(k) is a
particle number operator (or, to be more precise, a number density operator) and to justify the
name, note that the field energy, found by substituting (4.3) into (4.1), is

H= [ [a*(k)a(k) + a(k)a'(k)]
(2;:)321(0

= [Pkko N (k) + 1] (4.21)
(with k:q = @) and, similarly, the field momentum is
P= [ B kk[N(k) + 3. (4.22)

These expressions strongly suggest the interpretation that N(k) is the operator for the number of
particles with momentum k and so with energy k, — that is, so long as N(k) never becomes

negative! To see that it cannot, merely note that the state a(k)|n(k)) must (as all Hilbert space states
must) have non-negative norm:

[a(k)|n(k))]'[a(k)In(k)}] = (n(k)|a'(k)a(k)|n(k))
= n(k)(n(k)|n(k)) > 0;

so that, if |n(k)) has non-negative norm, n(k) must be positive or zero. On the other hand, from
equation (4.20), a(k) reduces n(k) by 1, and repeated application will continue to reduce it. The
only way to avoid n(k) becoming negative is to have a ground state |0(k)), or |0) for short, with

a(k)|0) =0 (4.23)

and so



N(k)|0) = a'(k)a(k)|0) =0,

the ground state (vacuum) contains no particles with momentum k. Application of a’(k) now
increases N(k) in steps of 1 at a time, so N(k) is integral, This completes the justification for
interpreting N(k) as the number operator, and hence for the particle interpretation of the quantised
theory.

The student will doubtless recognise the similarity between the above analysis and the
quantum mechanical harmonic oscillator. In fact, it is easy to see that our Hamiltonian (4.21) is
equivalent to the harmonic oscillator form

2
— [43¢|2 Wy 2
H = Id k[sz(k) + 0 (k)]

on putting

e 12 B i _
P(k) = (7) l[a(k) + a'(K)], Q(k) = W[a(k) a'(k)).

The Klein—-Gordon field, therefore, is equivalent to an infinite sum of oscillators.

The operators a(k) and a’(k) are called the annihilation and creation operators for the field
quanta. The fact that N(k) is non-negative means, in addition, that the energy of the quantised field,
from (4.21), is non-negative, as we found for the classical Klein—Gordon field. It is gratifying that
this feature has remained. Actually, of course, the energy contains an infinite contribution from all
the oscillator ground states. But, since the zero of energy is arbitrary, this may be subtracted with
no physical consequences, and the Hamiltonian redefined as

H= f d ko N(k), (4.24)

with the property
(0 H|0) = j & kky(0]a'(k)a(k) 0)

=0

in view of (4.23). Formally, this is equivalent to writing all annihilation operators to the right of all
creation operators; this is called normal ordering, and denoted : :. Thus, decomposing @(x) into
its positive and negative frequency parts, as in equation (4.14),

$x) = ¢ (x) + 7)) (4.25)
with
Oy = [— LK k).
¢ = | GrraE W)

3
#I0) = | l(2+2foklﬁaf(k)fz(x),

we have



X)) = ¢(x)e(y) + ¢(x)P ()
+ ¢(y)¢ ) (x) + ¢ (x)P T (y). (4.26)

We shall now show that the particles which are quanta of the Klein—-Gordon field obey Bose—
Einstein statistics. From equation (4.19) we see that the state a’(k)|n(k)) is proportional to the state
[n(k) + 1), so we write

a*(k)|n(k)) = c.(n(k))|n(k) + 1)
or, to be more precise,
a’'(k;) n(ky), n(k2), ..., n(k),...)
= c(n(k))|n(ky), n(ks), ..., n(k) +1,...)

where c,(n(k)) is some coefficient, which is found by the requirement that the states are all
normalised:

e+ (n(k)) *{n(k) + 1in(k) + 1) = (a(k)la(k)a'(k)in(k))
= [n(k) + 1){n(k)\n(k)}(27) 2w,

therefore

les(n(k))i? = [n(k) + 1](27) 2w, .

So, to within a phase factor, ¢ +(n(k)) = {[ n(k) + 1](2")32wk }lﬂ. By a similar argument

3 12
using a(k) and a corresponding coefficient c_(n(k)), we find € (n(k)) = [2n) wyn(k)]) ,
so we have

a(k) n(ky). n(ka). ....n(k)....)
= [(2n) @ n(k)]? n(ky), n(ka). ..., n(k) = 1,...). (4.27)

a'(k)In(ky), n(ka), ....n(k)....)
= {(2m)20, [n(k) + 1)} 2|n(k,). n(ka). . .. . (k) +1,...). (4.28)

The vacuum state contains no particles of any momentum, and we write
o} =10,0,...),

and an arbitrary, normalised, state containing n(k;) particles with momentum k;, n(k,) with
momentum k,, etc., may be written

1
k), n(ky),...) = [at(k; "“'~>}o. 4.29
|n(ky), n(k,) ) l"_]{(2”)32‘%1"(,“)+ e la' (k)] |0). (4.29)



There is, evidently no restriction on n(k); any number of particles may exist in the same
momentum state. The particles are therefore bosons. It should be appreciated that this conclusion
follows directly from the original postulated commutation relations (4.9); these gave rise to
equations (4.16) which in essence state that the particles are bosons. It follows that if we want to
describe fermions, we must modify these commutation relations. The interesting thing is that,
when we come to quantise the Dirac field, we are indeed forced, if we want positive energy, to
modify the commutation relations (4.16), so Dirac particles are of necessity fermions. These
remarkable conclusions are known as the connection between spin and statistics (R. Jost in Fierz
& Weisskopf 1960), which was first treated by Pauli.

Finally, the normalisation for 1-particle states follows from (4.16a). With |k) = a'(k)|0), we
have

(klk*) = (Ola(k)a’(k")|0)

= (0|[a(k). a'(k")][0) + g0|a'(kuﬂk)|0) (4.30)
0

= (27)% 2k (k — k').

This normalisation is co variant, which is hardly surprising in view of the Lorentz co vari ant
measure in (4.3). An alternative (non-covariant) normalisation, used in many books, is

(klk’) = &k - k'),
which results from the commutation relation
[a(k). a'(k)] = &k - k')

in place of (4.16a), which in turn results from an appropriate redefinition of a(k).
Using our normalisation, the 1-particle wave function y(x) corresponding to a momentum p is

¥(x) = (Ol¢(x),p)

3 . -
B f %l(ola(k)lm e + (0la'(k)p) ')
(27) 2w,

&’k -ike
= ————— k !
J(27)32ko[< lp)e™™]

= Id3k e—ikx 63(k - p)
=e P, (4.31)

We shall now show that this normalisation corresponds to 2p, particles per unit volume — perhaps

a surprising result! The point is that we need a Lorentz invariant normalisation. Non-
relativisticially, if 5 is the probability of finding a particle in a unit volume, then a normalisation of
one particle per unit volume (V = 1) is

sdr=1 (4.32)
V=1



and if S = y*y, and y ~ e, this gives
w —_ ei'r

This argument, however, is not relativistic since (4.32) is not Lorentz invariant. For Lorentz
invariance, S must be the time component of a 4-vector S¥, and the condition then is

f Sdx'dx?dx® =1
or, in manifestly covariant form,

%jew,dS"dx"dx‘dx‘ -1,

which may be written as
j $“n,dV =1

where V' is a spacelike hypersurface with normal n,,. This condition is clearly Lorentz invariant. If

v is a scalar field, however, y*y is a scalar, not the time component for a 4-vector. The 4-vector
probability current S, is

. R b
S, = (y*3,¥) = 2p y*y.
the normalisation condition then is

[ 2Py watr =1
vV

if there is one particle in the volume V, so (if V = 1)

1
w = e——
2po)'”?

We may, however, adopt a normalisation of 2p, particles per unit volume, giving

eip-r

fZPoV’*Wd3' = 2po
y=e®"

This is condition (4.31), which therefore corresponds to 2p, particles per unit volume.!

4.2 The complex Klein—Gordon field

We saw in the last chapter that the complex Klein—-Gordon field describes a field with electric
charge. We consider here the quantisation of this field. Since the classical field is not real, the
quantum field will not be Hermitian, and in place of equation (4.14) we have



3
ox) = f__d_
7)2w,

3
¢'(x) = fd_

27) 2w,

[a(k)e % + bT(k)e'* ],

[b(k)e ** + a'(k)e'™]. (4.33)

The annihilation and creation operators b and b* have been introduced as respective coefficients of
the positive and negative energy terms. The equal-time commutation relations (4.9), and the
Hermitian conjugate equations, are adopted, leading to

[a(k), a’(k")] = @m) 2w, & (k — k'),

(4.34)
[b(k), b'(k')] = Qa) 2w, (k — k'),

with all other commutators vanishing. These generalise (4.16). We now have two sets of creation
and annihilation operators a and b. What do they correspond to? To answer this, let us substitute
the operator expressions (4.33) into the expression (3.62) for the charge of the Klein—Gordon field.
This gives (with ¢ = 1, replacing (¢ * by ¢ ' and inserting normal ordering)

+
Q- if:¢'a_¢ - %g:-d):d}x

- [ —a'a) = b0 (4.39)
(2m)°2

On the other hand, the Hamiltonian becomes (cf. (4.24))

H = J dk[a'(k)a(k) + b*(k)b(K)). (4.36)

Hence the a' and b’ can be interpreted as creation operators for particles and antiparticles, which
carry opposite charge, but have the same mass. Q, of course, is not positive definite. It is the
integral of p, which in the single-particle theory we wanted to interpret as the probability density,
and were forced to reject because it was not positive definite. We see then, that in the quantised
theory, p is re-interpreted as the charge density.

It will be useful for future work to know the value of the commutator [ ¢ (x), ¢ (y)]. From
(4.33) and (4.34) we have, with k, = o, = (k> + m?)12,

.
[¢(x), 9'(y)] 2%y 2K

+ [b'(k), b(k')l eikx—ik’y}

3 3o | N
(21)" jfd AL {la(k),a*(k')]e—lkx-ﬂky
4

1 d k ll (x-y) e-tk»{x.; ) — e =k (x—-y) |ku(xa-yo)]
@n)? 2ky

B 2 )Jd £ e sin ko(xo = yo)- (4.37)
)



Defining the invariant function A(x — y) by

] A(x — y) = —i f (z:;%m(e""*'” - eitr=y)y, (4.38)

we then have

+ .
[¢(x). 9 ()] = iA(x - y). (4.39)
At equal times (X, = y,), this gives, from (4.37), the equal-time commutation relation

[$(x). 9" (9)].s0-y0 = .

It may similarly be verified that, even at unequal times,

[¢(x)’ ()l = [‘pf(x)v ‘P*(y)] =0. (4.40)

4.3 The Dirac field

We saw earlier the considerable success of the Dirac equation when treated as a single-particle
equation; it predicts, amongst other things, the correct magnetic moment of the electron, and the
energy levels of the hydrogen atom (that is, before additional corrections are made). The one
serious difficulty was the problem of negative energy states. We saw how Dirac turned this
difficulty into a triumph by redefining the vacuum as having all the negative energy states filled
(and for this the exclusion principle is crucial), and then predicting antiparticles. The prediction of
antiparticles, however, is an abandonment of the Dirac equation as a single-particle equation since
it is now required to describe both particles and antiparticles. Drawing on our experience with the
Klein—Gordon field, we might guess that the correct way to do this is first to view the Dirac
equation as a field equation, and then to quantise the field — or, to be more accurate, to recognise
that the Dirac field is an intrinsically quantum field, which has no existence in the classical limit h
— 0, and therefore to take seriously its status as an operator. These same remarks were made in
our treatment of the Klein—Gordon field above.

We address ourselves first of all to the question of the energy of the Dirac field. What we shall
see is that, in order for the energy to be positive, the Dirac field must obey Fermi—Dirac statistics.
To begin, we need a Lagrangian density. It is an easy matter to see that the Dirac equation (2.96),

(iv*3, — m)y =0,

follows from the Euler-Lagrange equation (cf. (3.19)),

a_% - a“(__a('f—-) = 0
Sy (3, ¥)

if we choose
¥£ = ":’Yué.uw - ""I"I’

- %IW(a,w) — GV - myy. (4.41)



In this Lagrangian, y and 1; are treated as dynamically independent fields. From L we find the
canonical momentum field n(x)

3y(x)

m(x) = = iy'(x). (4.42)

(To derive this, the derivative operator in the first line of equation (4.41) is envisaged as operating
solely on y; the difference between this and the second line of (4.41) is a total divergence, which
does not change the action, and is therefore dynamically insignificant.) The Hamiltonian is then

H=ay—-%
= V’*YO(‘i)’iai + m)y
= v'Y%(iy"3y)

= yily (4.43)
ot

where the Dirac equation itself has been used. This form for the Hamiltonian is, of course, the
expected one, but, simply because of this, it is clear that the negative energy and plane wave
solutions of the Dirac equation (see §2.4) give a negative contribution to 3¢, which is therefore not
positive definite. Hence the negative energy difficulty is not removed by treating the Dirac
equation as a field equation, as it was with the Klein—-Gordon equation. It is only removed on
quantisation.

The general solution to the Dirac equation may be expanded in terms of the plane wave
solutions as follows:

Sk m 2 [b.(k)u'D(k)e it + dL(k)v‘“’(k)e““],

(2m)* ko a=12

W) = |

4

(4.44)

- [ &k m t ¢ v (@) by atks ~(a) -ikx
w(x)—j s koa?_:l‘z[ba(k)u ()™ + dy ()5 (k) ™).

u>? and v are the positive and negative energy spinors. As in the comparable expression (4.33)
for the Klein—Gordon field, an annihilation operator b,(k) multiplies the positive energy term, and

a creation operator d:,(k) the negative energy term. They are noted here as distinct operators,

corresponding to a non-Hermitian, i.e. charged, Dirac field. Substituting (4.44) into (4.43) and
using the normalisation conditions (2.139) for the spinors u and v gives for the energy



H = [d'xx

= fd’x W(J:)i2 wx)
at

Licr &k Pk m?
= f d’x%i ] f @2a) (27)° koks
X {[ba(k)u' @ (k)€™ + d,(k)o @ (k)e k]
X [ba (k"Y' (k') (—ikh)e * % + df. (kYo' (k') (ikp) €]
= [bL(k)u" (k) (iko) €%+ + do(k)0" @ (k)(=iko)e "]
X [bo (k'™ (k')e % + db. (k) (k') X *])

dkm t
ko) [ba(k)bo(k) — dy(k)d (k). 4.45
j(zﬂ),koogl()m (k)4 (k)] (4.45)

So far no commutation relations have been assumed between bs and ds. It is clear that, if they obey
commutation relations like (4.34), then the energy in (4.45) will not be positive definite — the d
quanta will contribute a negative amount. The only way to avoid this is to introduce the notion of
anticommuta-tors, defined by

(A, B) = AB + BA (4.46)

and to postulate the anticommutation relations, first proposed by Jordan and Wigner,

(ba(k), b (K)} = {do(k). di(k))} = Q128K - k)80,
m

{ba(k), ba(k")} = {bL(k), bi(k’)} =0
{da(k). do(k")} = {do(k), di(K')} = 0. (4.47)

To subtract out the zero point energy, we normal order the Hamiltonian, with the additional
introduction, in the case of Fermi fields, to change the sign of the term for each interchange of
operators. This gives

= Bt il x )
H Idx.w(x)la'w(x).

&k m
koS [bL(k)bo(K) + di(k)da(k 4.48)
j(zﬂ“o oZIbLRIba(K) + (), ()] (

This is now positive definite, but it is easy to see that the anticommutation relatlons imply Fermi

statistics;  for example {p a(k) b a(k)} implies b:'( k)b “(k) 0, hence
b;(k)b;(kﬂﬂ) = () it is impossible to have two quanta of the Dirac field in the same state.



Hence the use of anticommutators leads directly to the Pauli exclusion principle. Moreover, the
total charge is given by

0 = [dx:jolx):

= fd’x:w'(x)tp(x):

dk m d’
= bl (k)b (k) - o(K)d o (k 4.49
I(Zn’) P Ea:l a(k)bo(k) — do(k)d, (k)] (4.49)

showing that if b’ creates “particles’, d' creates ‘antiparticles’, i.e. of the opposite charge, just as in
the case of the charged Klein—Gordon field. These results amount precisely to Dirac’s prediction
of antlpartlcles sketched earlier. Finally, let us calculate the equal-time anticommutator

{v(x, 1), v (x t)}; y is, of course, a 4-spinor, so, more precisely, we want to calculate

{w,.(x, 1)’ v I(x . 1)} the labels i and j referring to particular spinor components. We shall

need to refer to equations (2.145) and (2.146), which are matrix equations, whose (ij) elements
read

Zui(p)ap) = (—’“” b m) -
2m ij

Zn(“)(lf)ﬁ(")(p) = (—Y. P= m) :
i

2m

From (4.44), (4.47) and the above equations we then have
Shkd’k’ m?

(2m)®  koko

x e-lkxﬂk 4 Dta)(k) =(a’ )(k')}’?q’

X {dy(k), do (')} ek

R e | (VL (k'Y ky{balk), bo(k'))

- 3 g e
+ vE"’(k)ﬁ&"’(k)n,e-"‘"‘-”]

= 2Kty &+ mpPly k)
(2m)*2k,
+ (v k = m)y’] e WX}
= j_dS_k-Zkoé'..eik-(x-x‘)
Qn2ky
= &(x — x')b;. (4.50)



By similar reasoning it follows that

{wilx. 1), pi(x', N} =0, {yl(x. 1), pi(x'. 1)} =0. (4.51)

4.4 The electromagnetic field

The fundamental fields in nature, we believe, are spinor fields (leptons and quarks) and gauge
fields (electromagnetic, weak and gluon fields). Having shown how to quantise the spinor field,
we turn now to the gauge fields, and consider, for simplicity, the electromagnetic field. There are
complications met in quantising gauge fields, and the electromagnetic field exhibits them all; the
additional complications of having internal symmetry indices (as the weak and strong gauge fields
do) do not, at this stage, pose any particular problems (those problems come later, when we derive
the Feynman rules, and for that purpose we shall use the path-integral method).

The origin of the difficulties is that the electromagnetic field, like any massless field, possesses
only two independent components, but is covariantly described by a 4-vector A, In choosing two
of these components as the physical ones, and thence quantising them, we lose manifest
covariance. Alternatively, if we wish to keep covariance, we have two redundant components. We
shall consider, in turn, examples of these two approaches to quantisation, and shall see the crucial
role played by gauge invariances which tells us that the A, are only defined up to a gauge
transformation.

We shall need the following information from Chapters 2 and 3. The six components of the
electromagnetic field may be written as an antisymmetric tensor F*¥ (see (2.222)), and the
homogeneous Maxwell equations follow identically if it is assumed that F*¥ is a 4-dimensional
curl (see (2.218)-(2.221)),

F* = gAY — 3YA¥, (4.52)
In a vacuum, the other two (‘inhomogeneous’) Maxwell equations are, from (2.223), auF"V =0, or

0AY -3%@e,A") = 0. (4.53)
These equations follow from a variational principle with the Lagrangian (3.82)

P = _gpwp‘w, (4.59)

where A* is regarded as the dynamical field. For a given electromagnetic field, A, is not unique;
the gauge transformation A, — A", = A, + 9,A(x) leaves F,, unchanged. By choosing A to satisfy

0A = —3,A%,
we obtain auA'" = 0. Dropping the prime, the resulting condition (2.229),

8,A" = 0, (4.55)

is called the Lorentz condition. A vector potential satisfying this condition is said to belong to the
Lorentz gauge. This one condition effectively reduces the number of independent components of
A, from four to three. However, the Lorentz condition does not make A, unique; it is clear that, if

Ay s?tisfies the Lorentz condition, so will A;, as long as [JA(x) = 0. Then by choosing A(x) to
satisty



a ®

we have @’ = 0, and thence, from (4.55), ¥ - A’ = 0. Potentials satisfying this additional
condition,

=0, V-A=0, (4.56)

are said to belong to the radiation (or Coulomb) gauge. In this gauge there are clearly only two
independent components of A*. This is the case in the real world, so working in the radiation
gauge keeps the physical nature of the electromagnetic field most evident. Let us therefore study
quantisation in this gauge.

Radiation gauge quantisation

We proceed, as far as possible, in analogy with the quantisation of the Klein—Gordon field, so first
define the conjugate momentum fields

XA
== =0, 4.57
oA, 4.57)
T = £ =-A'+3'A" = E, (4.58)
3A,;

and then impose the usual commutation relations (remembering that #/ is conjugate to A; = —AY),
[Adx, ) D(x', )] = —[Ai(x, 1), B(x', 1)] = i;&(x — x').  (4.59)

(This equation is, from a strict tensorial point of view, incorrect, since the right-hand side has
downstairs indices, and features J; instead of g;;, which of course differ in sign for i, j = 1, 2, 3.

Numerically, however, the equation is correct.) The condition (4.59) is inconsistent with the
radiation gauge condition V - A = 0, since taking the divergence of both sides gives

[V-A(x, 1), Ei(x'1)]) = i3’ (x — x') # 0.

The commutation relations (4.59) must therefore be modified.
We replace, for this purpose, (5,7 by A,-,', a rank 2 tensor, symmetric in i and j, and we write

63(x -x’ ) in an integral form. Then we have
(A'x, 1), B(x', 1)] = —iai 1 I 3k ek 1)
(2n)°
and taking the divergence give
[v *A(x, t), E(X'. ()] = ;I dsk(zk,'Aii) eib(x-x‘).
(2)’ i

It is clear that the condition for this to vanish is



so the correct commutation relations are

[Ai(x, I), Ei(x" l)] = iJ’ dsk (6’} _ _ki) eil'(!—x')

= .(6‘" - ﬁ)&‘(x -x') (4.60)
v2
[A'(x, t), A(x', 1)] = [E'(x, t), Ei(x’, t)] = 0. (4.61)

From these relations we work towards a sensible particle interpretation of the theory, by
calculating, as we did in the case of the Klein—-Gordon and Dirac fields, the Hamiltonian operator.
To begin with, note that, in view of the Lorentz condition (4.55), Maxwell’s equations (4.53)
become

OA* =0 (4.62)
and further, since in the radiation gauge we have @ = 0, this becomes

DA =0. (4.63)

This is the Klein—Gordon for a massless field, and we write its solution in terms of the
fundamental solutions e and e, The coefficients must evidently be vectors, called polarisation
vectors, which we denote éM(k), where A is a label, about to be explained. We then write (compare
with equation (4.3) for the scalar field)

_ &k & * * —ikx o (L aiks
A(x)—jmgle ()[aP(k)e ™ + a®'(k)e*]  (4.64)

with k? = 0, k, = |K|; X takes on only two values, since the radiation gauge condition (4.56), V - A
=0, gives

k-eM(k) =0. (4.65)

So for a given direction of propagation k/|k|, the eé™(k) are transverse, as shown in Fig. 4.1. It is
clear that they may also be chosen to be orthonormal

£D(k) - eX)(k) = 6. (4.66)

It is now straightforward, if a bit tedious, to calculate the commutation relations of the operators
a™(k) and a¥7(k) In terms of the functions f,(x) defined above,
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we have

d3k

A0 = i

eV E)filx)aP (k) + fHx)aP' (k). (4.67)
A

Fig. 4.1. The polarisation vectors for the electromagnetic field with momentum k.

Since the f3(x) and f*k(x) form an orthonormal set, it follows that

a®(k) = j Px[27)2ko] 2 f1(x)iBoe (k) - A(x),
aM (k) = - [ dPx[(2m)*2ko]) 2 fi(x)idoeP (k) - A(x),

and, using (4.60), (4.61), (4.65) and (4.66), we have

[aP(k), a?° (k")) = 2ko(2m)38;, & (k — k'), (4.68)
[aP(k), a*)(k")] = [aV'(k), a¥(k")) = 0. (4.69)

These commutation relations have the same form as those for the scalar field, and have the
same interpretation as annihilation and creation operators for photons. The justification for this
interpretation follows precisely the lines above, by construction of the number operator NY(k) o
aMt(k)a®(k), and the calculation of the field energy. This is

H = % f Fr(E? + BY)
= % I $x(A + (V x A)),

since, in the radiation gauge, E = -A. To calculate (V x A)?, we write (with summation over
repeated indices)



(v x A)2 = fijkeimnaiAkamAn
= (61m6kn - 6jn6km)ajAkamAn
= (9;AN(3;As) — (3;A4)(3:4)). (4.70)

The second term can be written as a total divergence, since
3;(Ak3,A)) = (3;A,)(0:A;)) + Ai(3;3xA))
= (3;A,)(0xA)) + A3(V-A)

and V - A = 0 in the radiation gauge. The integral of a total divergence, however, vanishes, so
only the first term in (4.70) is non-zero. Moreover,

3/(A3jAL) = (3;A)(3,Ar) + AV’ Ay,
so, by the same ‘total divergence’ argument,
J (3,A)(3,A,) d*x = — J' A-V2Adx.

and the electromagnetic Hamiltonian is

1 .

H= -f(A2 - A-V2A)dx.

2

Substituting the expansion (4.67) in here, we obtain, after some algebra,

H = @ kyaM (k) + a P (K)aP(k
Ej(zﬂmko 2 [a®(k)a (k) + a®'(K)aP ()],

and on normal-ordering to remove the vacuum energy, we have

k kO 4
H= A k)aP(k 4.71
Sf G 7 e a0 (4.71)

This is the total energy of a collection of photons, with transverse polarisation (A = 1, 2). It is, or
course, positive definite, and we have a satisfactory quantum theory of the electromagnetic field. It
has the merit that only the physical, i.e. transverse, degrees of freedom are quantised, but this is
achieved by sacrificing Lorentz invariance, because the radiation gauge condition (4.56) is not
Lorentz invariant. This does not mean to say that calculations performed in this gauge do not give
relativistically invariant results. On the contrary; we started with a relativistic theory, and the
scattering cross sections, for example, which we calculate are also relativistically invariant, but
this is not manifest in the radiation gauge. For many purposes, it is an advantage to perform the
quantisation in a Lorentz invariant manner, for example, in the Lorentz gauge. We now consider
this.

Lorentz gauge quantisation

Since our aim is to retain covariance, all four components of A, and of z, will be brought into



play, and will obey the covariant commutation relations

[Au(x, 1), 7', 1)] = igu & (x — X'), 4.72)

[Au(x, 1), A(x', )] = [7,(x, 1), 7Ax’, 1)] = O, (4.73)

where g, is the Minkowski metric tensor, and

=L
34

u

We immediately meet a problem, however, because, with the Lagrangian (4.54),

so it is impossible to satisfy (4.72) for A,. In fact, since A, commutes with 72, it is a c-number, not

an operator, and we have immediately lost co variance! To find a n° that does not vanish we need
to change the Lagrangian. The new Lagrangian will not, of course, give Maxwell’s equations, so
what should it give? The only reasonable answer is Maxwell’s equations (4.53) plus a co-variant
gauge condition, i.e. the Lorentz condition (4.55). Together these yield [JA, = 0, so we look for a
Lagrangian which gives this equation of motion, in which the Lorentz gauge is ‘already fixed’. It
is easy to check that

* = —GFuF* = 3(3,4%) (4.74)
does the job, for we have
% _aar+avar—gaat, 2L o,
3(3,4,) 04,

and the Euler-Lagrange equations then give

0A,=0 (4.75)

as desired. The extra term —%(6 - A)? in (4.74) is called a ‘gauge-fixing’ term. In fact, we may,
more generally, add a gauge fixing term —(A/2)(0 - A)? to (4.54), giving

£ = —3F, F" - %(a,,A")’, (4.76)

which gives the non-Maxwell equation of motion

OA* - (1 — A)3%(3;4%) = 0. (4.77)



The choice A = 1, misleadingly known as the ‘Feynman gauge’, leads back to (4.75). General
gauge-fixing terms prove to be a useful device when we come to quantise non-Abelian gauge
fields.

Let us return to the Lagrangian (4.74), and calculate n°;

= _ 3,4~ (4.78)

Ao

But this is just as bad as before, because it vanishes in the Lorentz gauge! The way out of this
dilemma is to postulate that the Lorentz condition does not hold as an operator identity. Instead,
we impose the weaker requirement that, for physical states |y), d,A, has vanishing expectation

value
(tpa,,A"Iw) =0. (4.79)

The consequences of this will be worked out below. First, note that the solution to (4.75) is clearly

3 3
A, (x) = j d‘—f eP(k)aP(k) e + aD (k)] (4.80)
(27) "2k 4=0

isati o (1)
Here the four polarisation 4-vectors €y €y E

normalisation, £ being timelike and £V, £ and & spacelike:

Q) and 55‘3) have a Lorentz-invariant

D, o) = (A — (D) v (A)
gN - gW) = gD eBM = (D ghvel

= 8((1)"88") _ E(ll)e(li') _ e(zl)egl‘) - egl)sgl')
= gu", (4‘81)

In the frame in which the photon (anticipating the particle interpretation!) is moving along the
third axis, we have k* = (k, 0, 0, k), and

1 0 0 0
e=(0] =) @0 o0 (4.82)
0 0 0 1
with
k-0 =0, (4.83)

Photons with polarisation & are called ‘scalar’ or ‘timelike’ photons, those with & ‘longitudinal’
and those with &V and &® ‘transverse’. The scalar and longitudinal photons are clearly the
unphysical ones.

We now want to find [a?(k), a*'(k)] and we proceed as follows. From the Lagrangian
(4.74), the canonical momentum is



w = % = F* — g"%(3,A"); (4.84)
m

that is
=-A"-V-A, 7=03A"- A" (4.85)

From (4.73), the spatial derivatives of A, commute at equal times, so the non-vanishing
commutator (4.72) becomes

[Aux. 1), ALx", )] = ign&(x — x'). (4.86)
Now we substitute into this the expansion (4.80) and obtain
[aM(k), a® (k")) = — g™ 2ky(27)* & (k — k) (4.87)

(which is the ‘covariant’ version of (4.68)). The other commutators vanish.

The interpretation of the a and af as annihilation and creation operators for A = 1, 2, 3, that is,
for longitudinal and transverse photons, poses no problems and proceeds in the usual way, but the
relation for scalar photons

[@Q(k). a D' (k')] = —2ky(27)*8*(k — k') (4.88)

will give problems because of the minus sign on the right-hand side. One consequence is that the
norm of a one scalar photon state is negative. For if the state is

d*k
1) = [———f(k)a®'(k)|0
I ](27)32k0f( )a®'(k)|0)

then we have, using (4.88),

d’k ki
11) = K (kY){(0|a®(k")a®' (k)|0
iy = | ke Gy OO0k ()

_I Pk &Sk

fR)*(k")2ko(2m) & (k — k') (0:0)
(27)32ko (27)32k}

- &’k 2
- - [ —C X f(k)X(0j0). (4.89)
(217)32"0

Similarly, it follows that a state |n,) with n, timelike photons has norm (n,|n,) = (-1)". The Hilbert
space of particle states (Fock space) has an indefinite metric. This is singularly unpleasant, and
raises problems about the quantum mechanical interpretation of these states. Another consequence
is that scalar photons give a negative contribution to the energy. A calculation analogous to that
leading to equation (4.71) gives



H= j -ds—k-ko éa(’"*(k)a""(k) - aP(k)aO (k). (4.90)
2Rk, Lliz1

Actually, there is a slight subtlety here, because the number density operator for timelike photons
is not a@(k)a®(k) but —a®f(k)a®(k). Consider a state of one timelike photon

3
= 99 0)a® (g)0).
7)°q0

We demand N|1) = |1), where N is the integral of the number density operator. We have, inserting
the minus sign,

Mty = - [ LK o )i L 94 f(4)a®(g)l0)
(27)2k, 2m)%240

= dsk d q (0)t k (0) k o)t 0
g Qny2ke @iz, PO IR, aB@0)

- f &k _ d'q £(2)27)* 2k (k — q)a™*(k)|0)
(27)2ko (27)*29,

-I g ————f(q)a""(q) 0)
(27’) 9o

=|1).

The reader will notice that the only relevant point in this calculation is that the minus sign in the
definition of the number density operator cancels that occurring in the commutation relation
(4.88). In the light of this, it is clear that the Hamiltonian operator (4.90) cannot have negative
eigenvalues. It may, however, have negative expectation values; for example, it is easy to see that

d3k
2k,

(1,H|1) = -j —S2 ky f(k)(0]0).

(2m)

The way to get rid of these unwanted effects is to employ the Lorentz condition (sometimes called
the subsidiary condition). It was pointed out above that the condition 6,A* = 0 cannot be taken as
an operator identity, because it then conflicts with the commutation relations (4.72). It is even too
severe a condition to demand that the physical state |y) should satisfy 9,AMly) = 0, for,
decomposing into positive and negative frequency parts, we should then have

3uA¥ly) = (3,4 +3,AM)|y) =

but the negative frequency operator contains creation operators, so not even the vacuum could
satisfy this identity. On the other hand, since A(*)* contains annihilation operators, we could adopt
the less demanding requirement

3,ACH ) =0 (4.91)

which the vacuum automatically satisfies. It follows from this that the expectation value of 5 A"



vanishes:
(Y10, A w) = (93, A + 3,4 ¥|y)
= (93,4 ¥y)
= (Y3, A M y)*
=0.

It is easy to see that this condition, first formulated by Gupta and Bleuler, resolves the problem of
a negative expectation value for the field energy. Substituting equation (4.80) into (4.91) gives

3
A (4 -
> kela®(k)ly) = 0
A=
which, in view of (4.83), implies that

(k*eaO (k) + k*ela®(k))ly) = 0;

but kl‘g:‘m = - kl‘gf) so we have
[a (k) = a®(k)]ly) = 0. (4.92)

That is, physical states are admixtures of longitudinal and timelike photons, such that (4.92) holds.
They do not, as we assumed above, admit the existence of (say) one timelike photon only. It
follows immediately from (4.92) that

(¥la® (k) (k)ly) = (¥la™"(k)aD(k)|y),

and therefore that the contributions of the longitudinal and timelike photons to the Hamiltonian
(4.90) cancel each other, leaving only the contributions of the (physical) transverse states. It is
clear that, formally, the effect of the subsidiary condition may be represented by replacing the
expectation value of an operator O, (O) = (@, O, ®), by the definition

(0) = (P|n0|®)

where 7 is a ‘metric operator’ equal to (—1)™. This has the effect of giving the Hamiltonian (4.90)
a positive expectation value. By the same token, the definition of the norm of a state vector @,
N(®), will now be replaced by

N(®) = (#{n0|P)

which has the effect of giving every state a positive norm. Thus, we see that the problems raised
by a fully covariant treatment of the electromagnetic field are not insuperable, provided the
Lorentz condition, expressed as an expectation value condition, is taken into account. For a more
detailed account of the Gupta—Bleuler formalism, the interested reader is referred elsewhere
(Bogo-liubov & Shirkov 1980; Mandi 1960; Kallén 1972).

4.5 The massive vector field

The massive spin 1 field is described by the Proca equations (2.238), (2.239):



F™ = 3HAY — 3"A*; 3,F" + m*A” = 0, (4.93)
3,A" = 0. (4.94)

There are three independent components of a massive spin 1 field, and the condition above may
serve to eliminate one of the four components of A¥; we take this to be A°. The Proca equations
follow from the Lagrangian

—3iF F"™ + 3im?A A", (4.95)

Note that the positive sign in front of the mass term will result in a term ~Im2(A - A) when A° is

eliminated, so that the mass term has a negative coefficient, as it does for the Klein—-Gordon
Lagrangian (3.10). The momentum field operators are

( .
=3 _qua0 - an (4.96)
24,

from which it follows that n° = 0, but this need not worry us, since we are taking (4.94) to imply
that A® has been eliminated. Consequently,

r=-Al
and the commutation relations

[Al(x, 1), mi(x", 1)] = i6;8(x — x)
become

[Ai(x, 1), Afx', 1)) = ig,-,&‘(x - x'). (4.97)

The field A,(x) has the expansion

3
Ax) = j s gem(k)[a“’(k)e“"‘ +a®(kye*]  (4.98)
'g 0 =

and on inverting this and using (4.97) we find
(a®(k), a®M (k")) = 6,,2k°27)} 8 (k - k'), (4.99)

which is to be compared with (4.87). The analogue, in this case of the scalar photon, is not present,
s0 (4.99) presents no problems, and it may be checked that the Hamiltonian after normal ordering
is



3
H= koS aP(k)aPM(k). (4.100)
I (2n)32k., 4\2-:1 (k)

Thus the particle 1nterpretat10n of the theory is quite straightforward.
The polarisation vectors g ( k) are orthonormal (and spacelike),

eMD(k)- eM (k) = g, (4.101)
and in view of (4.94) are orthogonal to the timelike vector k"
eP(k)k* = (4.102)
In the particle rest-frame, it is easy to see that these conditions are fulfilled by

k" =(m,0,0,0),
e =(0,1,0,0),
¢? =(0,0,1,0),
e =(0,0,0,1). |

» (4.103)

It is useful, later on, to know the value of
> (A) (4
SePe? = p,, (4.104)
=1

which is a rank 2 tensor, whose value in the rest-frame is
(rest-frame) Py =0, Py =Pp=Py3=1 P,=0 (u#v). (4.105)

Let us calculate its value in a moving frame, and choose the particle to be moving along the z axis
with momentum |k|, so k* = (K, 0, 0, |K|). This is obtained from the rest-frame by the boost matrix

K 0 0 ki

1{o 1 0 0O
A“v=—’; o 0 1 o0 (4.106)

kl o o0 «&°

P, transforms as

P,, = A°,A°,P,, (4.107)



which gives, in the moving frame

k2 0 0 —k%Kk|
1 0 1 0 0
P,=— (4.108)
uy m? 0 0 1 0
-k%k|] 0 0 (k%

(The minus signs are due to the interchange of covariant and contravariant indices between (4.106)
and (4.107).) It is then straightforward to see that the general form of P, is

28()() 8v uzv.
=1

(4.109)

Summary

Canonical quantisation of the real and complex scalar fields, the Dirac field, the electromagnetic
field, and the massive spin 1 field are reviewed. !For the scalar field, this removes the negative
energy problem which beset the single-particle interpretation of the Klein—-Gordon equation, and
results in a many-particle interpretation of the equation; the particles are necessarily bosons. The
complex field, on quantisation, yields particles and antiparticles. 3Quantisation of the Dirac
equation only gives positive definite energy if the resulting particles obey Fermi statistics. This
supports Dime’s prediction of antiparticles. Quantisation of the electromagnetic field suffers from
difficulties posed by gauge invariance. The quantisation procedure is outlined in both the radiation
gauge, in which there appear only the two physical (transverse) polarisation states, and in the
Lorentz gauge, in which all four polarisation states appear, the formalism being Lorentz co variant.
The resulting difficulties are resolved by the method of Gupta and Bleuler. *Quantisation of the
massive vector field is straightforward, and leads to the expected particle interpretation.

Guide to further reading

Canonical quantisation of fields of spin 0, 1 and 1 is treated in most books on quantum field

theory, for example, Itzykson & Zuber (1980), Bjorken & Drell (1965), Schweber (1962),
Schweber, Bethe & de Hoffmann (1956), Bogoliubov & Shirkov (1980), Lurié (1968),
Gasiorowicz (1966), Mandi (1960), and KAllén (1972). The connection between spin and statistics
is fully reviewed by R. Jost in Fierz & Weisskopf (1960).

! It was pointed out in §2.2 that the probability current (2.21) is not positive definite; this disqualified it from
being a satisfactory probability current for the Klein—-Gordon equation. The probability current S, used above
is formally the same but it contains (see the equations leading to (4.31)) only positive frequency modes and is
therefore positive definite, unlike the Noether current (2.21).



5
Path integrals and quantum mechanics

Thirty-one years ago, Dick Feynman told me about his ‘sum over histories’ version
of quantum mechanics. The electron does anything it likes’, he said. ‘It goes in any
direction at any speed, forward or backward in time, however it likes, and then you
add up the amplitudes and it gives you the wave-function.’ I said to him, ‘You’re
crazy’. But he wasn’t.

F.J. Dyson!

A common type of calculation in particle physics is that of a scattering cross section for a
particular process, for example electron—electron scattering e'e” — e"e”. Under the inspiring
guidance of Feynman, a short-hand way of expressing — and of thinking about — these quantities
has been developed. Thus, in the particular case of e"e™ scattering, to a first order approximation
the process is represented by the ‘Feynman diagram’ of Fig. 1.14, and the crucial part of this
diagram is the ‘propagation’ of the photon between the two electrons. There are ‘Feynman rules’
which allow one to associate with each diagram a scattering amplitude, and from the total
amplitude (there may be more than one diagram for each process) one calculates the cross section
in a straightforward way. In this chapter and the next one it will be shown how the Feynman rules
arise, and, in particular, how to find an expression for the ‘propagation’ of the virtual particle. In
this chapter it will be shown how quantum mechanics can be formulated so that scattering
processes may be understood directly in these terms. In the next chapter we shall extend the
treatment to scalar and spinor fields, and in Chapter 7 to gauge fields. In this chapter we retain
Planck’s constant h in the relevant formulae.

5.1 Path-integral formulation of quantum mechanics

In the usual formulation of quantum mechanics, the quantities q and p are replaced by operators
which obey Heisenberg commutation relations. The mathematics one invokes is that of operators
in Hilbert space. The path-integral formulation of quantum mechanics, on the other hand, is
based directly on the notion of a propagator K(gst;; git;). Given a wave function y(g;, t;) at time t;,

the propagator gives the corresponding wave function at a later time ¢; by an appeal to Huygens’
principle:

wqyg, t) = IK(QI‘I; git.)¥q;t;) dg;. (5.1)

(For simplicity we consider only one spatial dimension.) This equation is quite general and
merely expresses causality. According to the usual interpretation of quantum mechanics, y(qgs, t;)

is the probability amplitude that the particle is at the point g; at the time t;, so K(g; t; g;, t;) is the
probability amplitude for a transition from g; at time ¢ to g; at time t;. The probability that it is
observed at g at time t;

P(qqts: qiti) = | K(qqtr; g;t:) .

This is a fundamental principle of quantum mechanics, as every student knows.
Let us divide the time interval between ¢; and t; into two, with t as the intermediate time, and g

the intermediate point in space, as shown in Fig. 5.1. Repeated application of (5.1) gives



WY4qy, ty) = f jK (grte: qt)K(qt; qit;)y{q;, 1) dq; dq,

from which it follows that
K(gite: it = [ K(aute: a0 K (ats qit) da. (5.2)

so the transition from (g, t) to (gs, t;) may be regarded as the result of transition from (g, ¢;) to all
available intermediate points q followed by transition from (g, t) to (g, t;)-

’T
iy
; 1/\

- . ->q

q 9

Fig. 5.1. Propagation of a particle from (g, t;) to (gy, t;) via an intermediate position (q, t).
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Fig. 5.2. The 2-slit experiment.

As a simple and familiar illustration of this, consider the 2-slit experiment with electrons,
shown in Fig. 5.2. Denote by K(2A; 1) the probability amplitude that the electron passes from the
source 1 to the hole 2A, and by K(3; 2A) the amplitude that it passes from the hole 2A to the
detectors 3, and so on. Equation (5.2) then gives

K(3;1) = K(3;24)K(2A; 1) + K(3;2B)K(2B; 1)
and the intensity pattern of the ‘screen’ 3 is given by the probability
P3:1) = K@ )P
which will clearly contain interference terms, characteristic of the quantum theory. Note that we
cannot say ‘the electron travelled either through hole A or hole B’ — it travelled, in a sense, over
both paths (if not detected at the slits).” This notion of all possible paths is important in the path

integral formalism.
We may show that the propagator K is actually the more familiar quantity (gt{qit;). To see

this, note that the wave function y(q, ¢) is

g, 1) = {q'yt)s

where the state vector |yt); in the Schrodinger picture is related to that in the Heisenberg picture |



)y by
lpe)s = e Hk jy)y,.
Let us define the vector
lgt) = ' q) (5.3)

which we may call, for obvious reasons, a ‘moving frame’. We then have

wq. 1) = (qt|yY)y. (5.4)

Completeness of states enables us to write
(aitdv) = [(autdain){aitly) da,

which, with the help of (5.4), is

Waqy. &) = I(erfiqlfi)V(Qi, t;)dg;.

On comparison with (5.1) we see that

(agtdgiti) = K(qete: qity)s (5.5)

as claimed.

The propagator K summarises the quantum mechanics of the system. In the usual formulation
of quantum mechanics, given an initial wave function, one can find the final wave function by
solving the time-dependent Schrodinger equation. In this formulation, however, the propagator
gives the solution directly. The idea now is to express (gst{|q;t;) as a path integral.

Let us split the time interval between ¢t; and ¢; into (n + 1) equal pieces 7, as in Fig. 5.3.
Equation (5.2) now becomes

(quti'qit,) = I . Id(hdlh oo - dgn{qrtclqntn) {qntnlgn 1ta-1) ... (q101]qit))
(5.6)

and the integral is taken over all possible ‘trajectories’; they are not trajectories in the normal
sense, since each segment (q;t;; g;_1tj_;) may be subdivided into smaller segments, so there is no
derivative. The paths are really Markov chains.

Let us calculate the propagator over a small segment in the path integral. From (5.3) we have



—iHT)

(giv141lq55) = (gjorie M |q;)

= <4,+1 ‘b’)

= &gjs1 — q;) — %(‘hn'”l‘h‘)

1 : .
- ﬁf dr e""[%”(qiﬂ - ‘11)] - %<q;+1IH1q,-). (5.7)
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Fig. 5.3. Propagation over many paths from (g, t;) to (g, t;)-

The Hamiltonian H is a function of the operators p and q. In the special case where H is of the
form

H="" +v() (5.8)
2m

(actually, H can be any function of p plus any function of g), the matrix element in (5.7) may
easily be calculated. We have

(‘Lu P’ q;) =[dp'dp(q,ulp’)(p'\zp—;(p)(plq,),

2m

and now substitute (g;,1|p") = (27[11)_% exp(ip qj+1/h), giving

p’ _ (dp'dp [i . ]p’ ,
il — . = | £ % ex - i+ = A __a -—
(q N q,> f o P|—(P'q+: — Pg)) ” p-p)

= ~ exv [“P(Q,n q,)]-- (5.9)

It is to be noted here that p? on the left-hand side of (5.9) is an operator, whereas on the right-
hand side it is a number. We could (and perhaps should) have used a notation such as p to call
attention to the operator nature of p on the left-hand side. But in any case, it is an important result
that the formula we have on the right of (5.9) contains no operators. In a similar way,



+1 1 g
<Q,+1|V(17)|‘I, = V(%——ql)(qmlq,)

o+ a:
= V(—q’“z q’)é(qiﬂ - q))

= Ighﬁexp[%p(qm - %‘)]V(@,)' (5.10)

where q,‘ = %(q it gjs ). and V(q) on the left is an operator expression, but the integral on the
right contains no operators. Putting (5.9) and (5.10) together, we have

. d 1 -
(g,-\|Hig) = [-—EexP[ip(qm - q;)]H(p,q,-)
h h
and, from (5.7),
1 i N
(g 1talgiy) = ;fdp;ew{%lp,(q,-u -q) - fH(p,.q,)]} (5.11)

where p; is the momentum between ¢; and t;,,, or, equivalently, g; and gj,; — see Fig. 5.4. This
gives the propagator over a segment of one possible path.

A
[ — —1'—“_.7— —
! | I
0
- T
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Fig. 5.4. Segments of the trajectory in momentum space.

The full propagator is got by substituting this into (5.6), giving, in the continuum limit (where p;
is the momentum along the path between g; and

(qetilqit) = hmjnldq,r[—exp {%%[Pj(lbﬂ - q;) — tH(p;. 47;]} (5.12)
i= j

with g = g;, g+1 = g This may be written in the symbolic form

Dq2p [ .
| (gitdqiti) = f%exp %[ dt[pg — H(p. Q)]] (5.13)
t

with q(t;) = g;, q(t) = g In the continuum limit g becomes a function of ¢, and the integral is a

‘functional integral’, an integral over all functions. It is infinite-dimensional. Expression (5.13) is
the path integral expression for the transition amplitude from (g, t;) to (g, t). Each function g(t)

and p(t) defines a path in phase space. As mentioned above, the more usual approach to quantum



mechanics is to solve the Schrodinger equation ih(dlw) /d() = Hjy) where H is an operator,

subject to some boundary conditions. In the path-integral formulation we have an explicit
expression for the transition amplitude, which is clearly very well suited to scattering problems.
The quantities p and g occurring in the integral are classical quantities, not operators (c—numbers,
not g—numbers). It is not obvious, however, that infinite-dimensional integrals of this type are
well-defined mathematically, that is, whether they converge; in other words, exist! We shall
assume that they do. The reader interested in the mathematical status of functional integrals is
referred to Gel’fand & Yaglom (1960), Kac (1959), Keller & McLaughlin (1975), and Gudder
(1979).

There is another form for the transition amplitude, which holds when H is of the form (5.8),
since in that case we can perform the p-integration. Equation (5.12) becomes

.on 2
(gstdlqit;) = llmfl_[ dq,]'[—exp {%2{?;‘(?]” -q) - Pig- V(‘?;’)’]}-
0 2m

As far as the p; integration is concerned, this is of the same form as equation (5A.3) (see the
appendix to this chapter), so we get

(astilgit;) = ’!l_l’l}:( )(HL)QIH dq,exp{ E[ (q'+l ) - V]}

(5.14)

and hence, in the continuum limit

. {getelq.ti) = N f 2qexp [% ’"L(q, q) dt] (5.15)

where L = T —V, the classical Lagrangian. In the limit n — o, N becomes infinite, but this does
not matter, since we shall always deal with normalised transition amplitudes.

The integrand in (5.15) is the classical action S = | L dt. We have proved this equation from
the postulates of quantum mechanics, and by assuming that the Hamiltonian is of the form (5.8).
Feynman’s original approach was to adopt (5.15) as a hypothesis and then prove the Schrédinger
equation from it. The disadvantage of this approach is that (5.15) does not hold in general, since
(5.8) does not. A counter example has been given by Lee & Yang (1962). If

)
Ay
=->f(9),
2
which describes a system with a velocity-dependent potential, then the momentum is
oL
p=_——-=4f(q)
3

and the Hamiltonian is

2
H= L =34%f(q) = 3-—
pPq - 14°f(q) *f( )

and this is not of the form (5.8). Substituting this into (5.13) and performing the p integrations
gives, eventually,



{qrtdgiti) = Nf?[)q exp (iscﬂ)

where

S = [4]La. 9 - Lo 1(0)]

Instead of (5.14), we have an effective action, which differs from S = L dt.

In the case of field theories, similarly, the transition from an equation like (5.13) to one like
(5.15) may not in general be made, and in particular this is true in the case of non-Abelian gauge-
field theories. However, when we come to consider these theories, in Chapter 7, we shall for
simplicity adopt a ‘heuristic’ approach to the derivation of the Feynman rules, and work from an
equation analogous to (5.15).

5.2 Perturbation theory and the S matrix3
It is our aim to illustrate how the path-integral method is used in the calculation of scattering
processes, and we shall consider Rutherford scattering in particular, in §5.3 below. The scattering
of one particle on another is described, non-relativistically, by interaction through a potential V(x)
(we change the notation, in this section, for the space coordinate, from g of x). Since the
expression for the transition amplitude is not exactly calculable, we resort, as usual, to

perturbation theory. This is valid when the potential V(x) is small, or, more precisely, when the
time integral of V(x, t) is small compared with A. In that case we may write

1 [ :
ex Vx:dt-l—- Vx,t)dt — —|| V(x,O)de] +---.
p[h 0 1) ] f (.0 2!h2[:. (. 0) ]

¢

(5.16)

This is the perturbation expansion. When substituted into the expression (5.15) for the propagator
k(xgts; xit; (see (5.5)) we get a series expansion

K=Ky+ K +Ky+..., (5.17)

the first term of which is the free propagator K,:

Ko=N j [cxp (is)] 9x
= Nf[exp(%ﬁmizdt)]%x.

To evaluate this, we write it in the discrete form (see (5.14))

(n+1)2 = n
Ko = lim ( m ) [ dx;exp —Z(x,,,. x,)zl.
mnt

e -@ =] T j=0

The value of this integral is known: see (5A.4),



: 1 iht\"? im ,
integral = —(—) exp | ———(x¢ — x)°|.
(n+ DY\ m 2h(n + 1)t

so, putting (n + 1)t = t; — t;, we have for the free particle propagator

12 : a2
m ) ex im(xs — x;)

Koxte, x;t;) = (—
A ) ih(lf i 1 2’1(![ - )

] (t¢g > 1)), (5.18)

The condition ¢; > ¢; is clearly crucial for the propagator, since it vanishes, by causality, if ¢; < t;,
so we may properly put

m )‘ﬂ o p[im(xf - x)’

]. (5.19)
ih(ty = ¢) 2h(te - 1)

Ko(xete; x,1,) = (2 — 'i)(
Let us now calculate K;. From (5.14) and (5.16) we have
. n o n
K, = =L lim NS rj exp [;hlz(x;ﬂ - x,)Z]V(x,-. 1) dx, . . . dx,,
i=1 T

h n—st ]=0

where N = m/ihz, and we have replaced integration over t by summation over t;. Noting that V'
depends on x;, we now split up the sum in the exponent into two, one going from j=0toj=1i-1,
and the other from j = 0 to j = n. We also separate out the integration over x;, and get

K, = lim ——Z Id.x {N"‘““)"chxp ——-z(x,ﬂ x;) ]dx,-“ .. dx,,}

n—= i=] T jmi
-1
x V(X{. !g){Nmfexp —z(x,“ - Xi)2] dx; ... dx,-_l}.
T ;=0

The two terms in curly brackets are Ky(xt; xt) and Ky(xt; xgt), so, replacing

2;7[ dx; by fdx d ¢ the above expression becomes

,(x,:f,x,:)_—— j Ko(xgte: xt)V(x, ) Ko(xt; x;t)dx. (5.20)

Now ko(xstg; xt) vanishes if ¢ > tr and Ky(xt; x;t;) vanishes if t < ¢; so the integration in (5.20) may
be taken over all values of ¢, to give

Ky (xgt: xit.)=_7'f_ dtJ' Ko(xet, x0)V (x, ) Ko(xt: it dx.  (5.21)

This is the first order correction to the free propagator. In a similar way, we may prove that the
second order correction is



2 o x x oC
Ka(xete, xity) = (—;—)J dlnf_ dlzj_ dxlj_ dx; Ko(xgtg; x22)V(x2, 12)

X Ko(xatz2; xi 1)V (xy, 1)) Ko(xy 11 x;17). (5.22)

Analogous expressions hold for all K,, in the expansion (5.17), so we write

K (xetes xit)) = Kolxete; xit;) — % j Ko(xete; xat)V(xy, 1)) Ko(xity; xit;) dx, diy

1
- ;z'JKo(xf'ﬁ X ) V(xy, H)Ko(xg 05 x202)V(xats)
X Ko(xzt2; x;t;) dx, dx, dt, dio+ ... (5.23)

This is the solution to the perturbation series in K, and is called the Born series. It may be
visualised as in Fig. 5.5. K, describes the free propagation of the wave function from xit; to x¢s; K;

describes propagation with one interaction with the potential V; and so on.

A noteworthy feature of (5.22) is that it does not include the factor %! present in (5.16). The
reason for this is as follows. The two interactions with V occur at different times but are
indistinguishable, so we write

l ' ” ] » _ _]_ v _ ' "
EIV(: YW(t")de' de® = 2J[9(: YWV )V(1")
+ 81" = YV (1')V(1"))de' dr”

= j 8(t; — 1)V (1)) V(ty)dt, dt,. (5.24)

In a similar way, there is no factor 1/n! in the expression for K. We shall now show that the free
propagator K is simply the Green’s function for the Schrédinger equation. To see this, substitute
the Born series (5.23) into (5.1), giving

W(xelg) = IK(xf'ﬁ X)) y(x;t;) dx;
= fKo(xrlr; Xt ) yp(x;t;) dx;

- J':IKO(Xf‘f; x)V(x, t)Ko(xt; x;8;)y(x;t;) dt dx dx;

+.... (5.25)
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Fig. 5.5. The Born series.

Here we have changed from one space dimension to three. Assuming the series above converges,
the effect of the unwritten terms is to modify the last K|, to the full propagator K, so that

W(X(l[) = IKo(Xflfi xili)tp(x;t;)dxi - %jK()(X(l(l XI)V(K. t)tp(xt)dx dt.
(5.26)

This equation is exact, and is an integral equation for . Now assume that in the distant past, t; —

—oo, wbecomes free — a plane wave ¢ — then the first term on the right-hand side of (5.26) is also
a plane wave, since it results from the free propagation of y(x;t;), and we may write

W(xety) = Pxcte) — % f Ko(x¢tr; x0) V(x, £)y(xt)dx dr. (5.27)
Now w(xt;) obeys the Schrodinger equation

22wt + )y o)yt (5.28)

LIT

Since @(xt;) obeys the free-particle equation (with V = 0), then K, must obey

2
1792 Ky(xgte: xt) + ih=-Ko(xetg: xt) = ihd(x; — )8t~ 1) (5.29)
m It

which is the equation for the Green’s function of (5.28). Note that the presence of the (¢ — t) is to
be expected from the &t; — t) occurring in the definition (5.19) of K. The propagator K, is then
simply the Green’s function of the Schrédinger equation, as claimed.

We pass now to the calculation of the scattering amplitude. In the measurement of a scattering
process, the experimental conditions are that a particle is free at t = —o, then scatters, and is free
again at t = +o. This is a source of difficulty, however, because a free particle (that is, one with a
definite energy and momentum) is described by a plane wave, which spreads out over all space
and time, including the centre of the interaction potential V(x), so the particle can never be free!
To get round this problem the adiabatic hypothesis is invoked; the potential V is switched on and



off again slowly, so that V = 0 at t = +co and the particle is free. V must not be switched on and
off too quickly; this would imply, through Fourier transformation, that the time dependence of V
results in the scattering centre emitting or absorbing energy, which must not happen.

Returning to the scattering problem, the initial condition is that y is a plane wave:

Yin(xit;) plane wave.

We assume that V — 0 for large negative ¢, and that ¢; is even further in the past. Taking the first
Born approximation in (5.25) gives

¥H(xetp) = fKo(Xrlf; Xiti) Yin(xt;) dx;

- %f Ko(xete; X))V (x, 1) Ko(X15 Xi1;)yia(xiti) dx dx; dr. (5.30)

The superscript on y*)(x;) denotes that it corresponds to a wave which was free at t = —oo0, and
thus involves the ‘retarded’ propagator Ky(xt; x't"), which vanishes for t’ > t. It is equally
acceptable to write a solution yO)(x,t;) consisting of a wave which becomes free at t = (),
and an ‘advanced’ propagator Ky(xt; x't") which vanishes when t’ < t.

We are interested in the amplitude for detecting a final particle with definite momentum, i.e. a
plane wave .. This is called the scattering amplitude S, and is the overlap of the wave functions

S =fw:..l(xm)w‘*’(xm)dx:
= IV’:«((X(’{) Ko(xetes X)) yin(X; 1) dX; dx¢
- %I%ut(xf’f)K()(x('f: XV (x., 1) Ko(x1; Xit;) pin(xit;) dxe dx dx; d¢

= f%ut(xflf)d’(xrff) dx; — %f%u‘(xrlr)Ko(Xf'ti xt)
X V(x, t)Ko(xt; x,1,)¥a(x;t;) dx; dx dx; d¢ (5.31)

where @(xty), just like y;,(x;t;) is a plane wave. If the initial and final momenta are p; = hk;, p; =
hk;, we have, with box normalisation,

Win(xt) = %exp [;—(pi x - Eir)],
Vou(X1) = %exp[%(prx - E,:)] (5.32)

where E = p%2m and 7 is the volume of the box, which of course is arbitrary. Substituting (5.32)
into the first term of (5.31), using

f e* dx = (27)°&q),



and putting, for convenience, T = (2m)3, we get

Sk = 8k, = ki) = — [vtatxst) Koxea x)V(x, 1)
X Ko(xt; x;t;)Pin(x; ;) dx¢ dx dx; d¢. (5.33)

The scattering amplitude is then seen to be one element of a matrix S, whose (fi) element appears
above; this is the scattering matrix or S matrix. The first term corresponds to no interaction giving
momentum conservation and a unit S matrix. Genuine interactions are represented by the second
term in (5.33), and the amplitude that a particular ‘out’ state results from a particular ‘in’ state is

A= --:T J You(Xete) Ko(Xete: X))V (X, 1) Ko(X25 X;8) Yin(X;t;) dxpdx dx; dr.
(5.34)

We now have an expression for the scattering amplitude in terms of the free propagator K,

and the interaction potential V. Equation (5.34) may be translated into a set of simple rules for the
scattering amplitude; these rules are known as the Feynman rules.
We may represent amplitude (5.34) (which is a first order approximation), by the diagram

/ (5.35)

Xit;

It is clear that the rules for translating this diagram into the expression for the scattering amplitude
may be summarised by making the correspondence

"y ot Ko(xy12: x117) (5.36)

4
/ ’N —%V(xt); integration over x and ¢

In addition, we multiply by y;, and qp:m at the ends of the diagram and integrate over the two
relevant spatial variables. Thus, the amplitude for the second order process

-~ 5.37
T (5:37)

X/ Xelf

is



A% = (_Tl) J You(Xete) Ko(Xete X" )V (X', ) Ko(x't's x0)V(x, 1)

X Ko(xt; xiti)w.,,(x,-l,-) dx; dx dr dx' d¢+’ dx,.

The rules (5.36) are called the Feynman rules. In the non-relativistic quantum mechanics we are
dealing with at present, these rules are hardly necessary to do calculations, but in quantum field
theory, to be considered in the next chapter, they are a great aid to calculation.

The rules (5.36) are written in coordinate space. In many calculations, however, it is more
convenient to work in momentum space, and in the remainder of this section we will derive the
corresponding Feynman rules in momentum space. Let H(p;, t;; Poto) be the amplitude that a

particle with momentum p,, at time t, be later observed to have momentum p; at time ¢,;. It is
given by

H(p1» 113 Poto) = jexp(—%m -m)K(xltn; Xo'o)exp(%l’n . x«_.) dx, dx,. (5.38)

The free propagator Ky(x;t;; Xt,) is given by the 3-dimensional generalisation of (5.19), i.e.

im (xo — X))

5.39
2’!(!1-10)] ( )

m 5
Ko(xy115 Xot0) = 6(ty — to)| —————] exp
a(X11: Xotg) = 6(1y O)Iih(lu - to)]

K is then

3,"2
Ho(Pr1t1: Poto) = 6(t) — m(lh(:l — 10)) f [—(Po Xo— P1° Xl)]

exp [ﬂ M] dxo dx,.
2h (1, = to)
To evaluate this integral we introduce the variables
X=X —X%X, X=Xo+X;, pP=Po-P1, P=po+p
So that
2poxo—p1°x) =P-x+p-X.
The Jacobian of the transformation is (.)3 = E’ so we have

3'21 .
o(P1» 11 Pos o) = 6(1, o)( ) SIeXP(ZhP )

x Iexp (i? . x) e'*® dx

where a = m/2h(t; — t;). The first integral is 8(2ﬂﬁ)3(§p = 8(217’!)36(90 - Pl)’ so



20 \*? i .
Ho(P111: Poto) = (27h)*6(1, — 16)&(po — pl)(f) I exp o Pox+ iax? | dx.
1
The integral may be evaluated by appealing to equation (5A.3) giving

—iP3(t, —
Ho(p111; Polo) = (2ah)*6(1) — 10)8(po — pn)e"p[ ' ;:1]1 ,0)]‘

Note that the delta function implies that p; = p,, and there is only propagation when momentum is
conserved. Moreover, we then have P2 = 4',(2) , so finally

.2 _
Ho(Pa1: Poto) = (27A)0(¢, — 10)8(po — p.)exp["’—”‘z"m—"’)]. (5.40)

This propagator, as already noted, gives the amplitude for observing a particle with momentum p,
at time t;, if one has been observed with momentum p, at time t,. The Fourier transform of this
quantity is, of course, Ho(x;t;; Xot,), given by the inverse of (5.38), which yields, on substituting
(5.40),

Ko(xy 413 X020) ICXP (Lpl . Xn)?"fo(l)l t1: Polo) EXp (‘ %Po . Xo) dp, dpo

h

i@
s jcxp{ h[" (0 = x0) = L to)]}dq.

(5.41)

(2wh)®

= 6(t), — to)

We shall use this expression in the calculation of Coulomb scattering in the next section.
Finally, let us take the Fourier transform of the ¢t dependence, so as to treat time and space in a
symmetric manner. This is necessary for relativistic examples. The propagator we require is then

ko(pmE\; poEo) = ICXP( . 1‘1)30(911‘1» Polo)exp(—;Eolo)d‘odn

2
P1t)

- 3 _ -
= 7)Y &(po - p1) j o(t) exp( -

i
x e"P[;(Eltl - Eo‘o)]dlodfl (5.42)
where 7 = t; — t,. Regarding 7 and ¢, as the independent variables, this gives

Ho(pr1Evi poEo) = (21rh)36(p(, - p‘)[‘ ve"P[—;"(Ex - Eo)'o] deg

2
X f_ O(t)exp[h (El - 2p—m) ]dt



The first of these integrals is (2zh)X(E; — E,). The presence of the &(7) function in the second
integral means that it is of the form

x .
j elw? d.r
0

which, if o is real, does not converge. To make it converge, o must be replaced by w + ie, where

¢ is small and positive. The value of the integral is then (@ + ig).* Substituting for @, we have
finally

if
ko(p1E1: poEo) = (2ah)'&(po — P )X Eo — E)) — (5.43)

El-—-+i€
2m

As may have been anticipated, this propagator yields energy conservation as well as momentum
conservation. The limit £—0 should be understood in equation (5.43). An important observation
to make is that the energy E is not necessarily p%/2m for a particle described by wave mechanics.
E and p are independent variables (used to define Fourier transforms from ¢ and x space). It is
only for a classical point particle, described in quantum theory by a wave packet of vanishing
size, that E = p>2m. In this limiting case, the propagator above has a pole. Propagation takes
place in general, however, for any value of E and p.

It is now straightforward, if tedious, to show that if we introduce the Fourier transform of the
potential V(x, t) by

Vix, 1) = Iexp [—;1—(q ‘X = Wt)]v(q. W)dqdW (5.44)

then the amplitude (5.34) may be expressed in terms of k, and v, and summarised by the

momentum-—space diagram
poEN /’ 1 E 1
\\ v -
.4

Pr Po
E,-E,

whose meaning is given by the Feynman rules

1 1h
, E
P (erh)‘ pz . (5.45)
EFE-"—+i¢
2m
\/ —L2nh)*v(q, W).
v h
q. W with energy and momentum
conservation.

These are the Feynman rules in momentum space. The expression for the scattering amplitude A
contains Ya,,, Y, and integration over relevant variables.



5.3 Coulomb scattering

Let us now apply the theory developed above to the well-known problem of the scattering of
charged spinless particles in a Coulomb field (Rutherford scattering). The scattering amplitude in
the first Born approximation is given by (5.34)

= -Tij%ut(xﬂ])f(o(xlh; XV (X, 1) Ko(X1; Xoto) Wi (Xolo) dx, dx dxo dr

where V(x, t) represents the Coulomb potential. Now substitute for K, from (5.41), and for y,,,
and y;, from (5.32), giving

= _ p_ _
e (2”)6[ [ (Pf X o r1)]901 1)

con (o9~ £~ 0]

A

x V(x, t)exp{i—[ !

}9(‘ - o)

. 2
X exp [i(pi ‘Xo - ﬂzo)] dx, dx dxo dz dq dq’.
h 2m
Integration over x; and x, gives the delta functions

Qnh)’(pe — q) and  (2h)’8(q’ — p).

Integration over q and q' then eliminates the terms in ¢; and ¢,. Taking the limits t; — — o0, t; — o
to eliminate the @ functions then gives

= ;—:Iexp {_,i'_[(pl - pf)'x - (E| - E‘)']}V(x’ t) dx d¢

with E = pi (/Zm. For the Coulomb potential V = Ze?/4zgyr and integration over ¢ then gives

—i Ei—Ef)Zez [i ]1
A= "216 exp | —(p, - po) - x|—dx.
h ( h 41rsof h P~ P r

The last integral does not converge at infinity, so a factor e™" is introduced, and, on letting a — 0,
the value of the integral is 47//q°, where q = p; — py, S0

A= ;1217282’!2!( Ei - Ef) (5 46)
ht  £q’ h

This is the scattering amplitude, from which we want to calculate the scattering cross section o.
|A]?> gives the probability that a particle emerges with momentum pr Assuming a box
normalisation volume z, then



1A |2 rdps
(2mh)?

gives the probability that a particle emerges with momentum between p; and P; + dp;. If the
interaction lasts an effective time T, then

|A 2 . dp;
T  (uh)

is the number of particles per second emerging in this momentum range. To get the cross section,
we divide by the incident flux and integrate over p;. The incident particles travel with speed p;/m

and there are 1/t of them per unit volume, so the flux is P;/tm particle per second per unit area.
The cross section is then

o=j|"|2’—"’ vdpc_ (5.47)
T p (2nh)

|AJ]? involves |3(E; — E¢/h)|>. What is this? We appeal to the definition of §x):

Ei - Ef)lz . 1 T2 . 2
= )| = lim |— exp [I(E, — E¢)t/h]dt
|6( h T—=| 27 I—m plil /i
= lim
T a(E; — Eq)/h
- La(M)
27 h
= T_"a( E, - E) (5.48)
27

where we have used the formula |jm o (Siﬂz ax /axz) = 7é&(x) Collecting together
equations (5.46-8) gives

= mZ’e’ j 6(51 E;) & pq
411280
mZle* 1 1

= j —pidp&(E( - E)dQ.
417280 p,

Now use E = p%2m to put p. = (2mkE, )1/7 and p? dp' Qm*E()2dEp and integrate

over Egto give

where, because of the delta function, p; = p; = p. Hence q° = 4p? sin? (6/2) where 0 is the angle



between p; and p;. Finally, putting p = mv we have the differential cross section

2 \2
do _ ( Ze ) 1 (5.49)
d2 \8reemu?/ sin®(6/2)

which is the Rutherford formula.

5.4 Functional calculus: differentiation

Quantities like the propagator
i ("
{xptelxit;) = jftx exp [; L(x, fr)dt]
t

are functional integrals: the integration is taken over all functions x(t). The left-hand side is a
number, so the integral associates with each function x(t), a number. The integral is called a
functional, and clearly depends on the value of the function x(t) at all points. We may write this in
short hand:

functional: function — number. (5.50)

A function, for example f(t) = £ + 2t, has a value (a number) for each value of the independent
parameter, which is also a number. Given a value for i, we calculate the value of f. In short hand:

function: number — number. (5.51)

In mathematical notation, numbers belong to the space of reals R, so a function defines a
mapping

function: R — R. (5.52)

Sometimes, of course, a function may be a vector quantity, like an electric field E, and therefore
belong to R 3; and it associates this electric field with every point of 3-dimensional space, and so
is a mapping R 3 — R 3. On the other hand, a scalar function ¢ (x) clearly defines a mapping R 3
— R . In general, then, we have the definition

function: R” — R™. (5.53)

Functions are continuous — to be precise, they are n-times differentiable. In physics, we
generally concern ourselves with functions which are infinitely differentiable. The underlying
coordinate space is a manifold M (for example R , or R 3 for 3-dimensional Euclidean space),
and a function is denoted C"(M); and in the case of infinitely differentiable functions, C*(M). A
functional, then, from (5.50), defines a mapping

functional: C*(M) — R. (5.54)

It should by now be obvious, but nonetheless important to note, that a functional is not a function
of a function, which is, of course, a function. It is common to denote a functional F of a function f
by using square brackets, F[f].

We now define functional differentiation. By analogy with ordinary differentiation, the



derivative of the functional F[f] with respect to the function f(y) is defined by

OFLf ()] _ iy FLAx) + €8x — y)] = F[f(x)] (5.55)
oftyy  ° €

Let us take a specific example. Consider the functional

FIf) = [fx)dx. (5.56)

Then

OF[f] _ v 1 _ ~(rx
%-m;{ﬁﬂxne&u y)dx — [f )dx}

= Ia(x - y)dx = 1. (5.57)
As a second example, consider
FlN = [Ge, »)f()dy. (5.58)

Here, x on the left-hand side is to be regarded as a parameter. Then

OF(f] _
of(2)

i [ (Gt ) + €8ty = 2oy = Gl n)f)ay)

= j G(x. y)&y — 2)dy
= G(x, z), (5.59)

5.5 Further properties of path integrals

We have shown that the transition amplitude from g;t; to gyt; is given by

(qetddqit) = N f q eXP[ ' dtL(q’ 4)]

in the case where H = (p%2m) + V(q), which is sufficiently general for the present purposes, and
the boundary conditions of the problem are

q(t) = q, q(t) = q;.

This type of boundary condition may be appropriate in the motion of classical particles, but it
is not what we meet in field theory. Its analogue there would be, for example, y(t,) = y;, y(t;) =
yr- But what really happens is that particles are created (for example, by collision), they interact,
and are destroyed by observation (i.e. by detection). For example, in measuring the differential



cross section do/ds2 for nN scattering, the pion is created by an NN collision, and it is destroyed
when it is detected.

The act of creation may be represented as a source, and that of destruction by a sink, which is,
in a manner of speaking, a source. The boundary conditions of the problem may then be
represented as in Fig. 5.6; the vacuum at t = — o evolves into the vacuum at t — oo, via the
creation, interaction and destruction of a particle, through the agency of a source. We want to
know the vacuum-to-vacuum transition amplitude in the presence of a source. This formulation,
using the language of sources, is due to Schwinger (1969). The source J(t) is represented by
modifying the Lagrangian

L— L+ hJ(0)q(1). (5.60)

=
Particle destroyed

Particle created

1= -0

Fig. 5.6. Representation of the vacuum-vacuum transition amplitude in the presence of a source.

If |0, £}’ is the ground state (vacuum) vector (in the moving frame) in the presence of the source,
i.e. for a system described by (5.60), then the transition amplitude is

Z[J) = (0, =|0, —=)’ (5.61)

where a proportionality factor has been omitted. The source J(t) plays a role analogous to that of
an electromagnetic current, which acts as a ‘source’ of the electromagnetic field. The charged
scalar field ¢, for example, has the Lagrangian (3.65) and its interaction with the electromagnetic
field A is given by the Lagrangian (3.73), of the form J,A¥. The current J, acts as a source of the
electromagnetic field, and this idea is generalised by Schwinger in the above formulation: any
field @ may be ‘created’ by an appropriate source J. Z[J] is a functional of J, and we now derive
an expression for it, i.e. for the transition amplitude up to a constant factor. The salient feature is
the presence of the ground state; how do we arrive at it?

The situation is represented by looking at the time axis in Fig. 5.7. What follows leans heavily
on Abers & Lee (1973). The source J(t) is non-zero only between times ¢ and t{t < t). T is an
earlier time than ¢, and T" a later time than ¢', so the transition amplitude is

(Q'T'|QT) = Njébqexp[ifrdt(L + th)]. (5.62)
hiT

—= Time axis

Rotated
time axis

Fig. 5.7. Rotation of the time axis in calculating the vacuum—vacuum transition amplitude.

We may write

(Q'T'|QT)’ = qu’dq(Q'T"q't')(q't'lq')’(qtlQT)~ (5.63)



Referring to (5.3) we then have

i i
exp| ——HT' Jexp| — Ht')|q’
p( h ) p(h )lq )

= D 0om(Q")h(q’) exp [—:{Em(t' - T')].. (5.64)

(Tt =<Q'

where @,(q) are a complete set of energy eigenstates, Similarly,

(qtlQT) = X ¢.(q)¢7(Q) exp [--;;En(! - 7')]- (5.65)

Now substitute these equations into (5.63). By taking the limit T — 0 e, T — —o0 e, with § an
arbitrary angle < /2 (see Fig. 5.7), we see that, since the imaginary part of T is i|T|sind, the term
(/hE,T contains a real part —(1/h)|T|sind which gives a damping factor exp

—(l/ h) Enl TIsin 6}. In the summation in (5.65), then, all the terms are damped but, the larger
E, is, the more they are damped. Hence the term which suffers the least damping is the one with

the smallest E,, that is E,, the lowest energy stage, or vacuum. Hence in the summation only the
ground state (vacuum) contribution survives. This is the feature we want. We then have

lim (Q'T'|QT) = ¢§(Q)po(Q’ )exp[-—Eo(T' - T)]

—oﬂc"‘
T——%¢c

x j dq’' dg@d(q’, ')(q't'|qt Y do(q, 1)

or

[ a4’ dagd(a’. e)(a't'lat) ouq. 1)

= lim

(Q'T'|QT)’
T'—xe-1®

(5.66)
T—-=e™ o3 (Q)Po(Q’ )CXP[-—Eo(T' - T)]

The left-hand side is the ground state expectation value of the transition amplitude. The times ¢’
and —t may be taken as large as one likes, so the left-hand side becomes (0, ©|0, —0)’. The
denominator on the right-hand side is simply a numerical factor, so we have

(0.20, ~») « lim (Q'T'|QT)’ (5.67)
I'—xe1®
T—o—wc"o

with



. T
(Q'T' QT)Y = Nj»%eexp{ﬂ, di[L(Q. Q) + hJQ]}-

Finally, instead of rotating the time axis as we have done, the ground state contribution may
be isolated by adding a small negative imaginary part to the Hamiltonian in (5.64) and (5.65);

adding —%ing will achieve the result. This is equivalent to adding +%i.€q2 to L, so we finally
define Z[J] in (5.61) by

m zZ[yJ]= f?ﬂqexp[;',— [ di(L + hlgq +%isq2)] x (0, 2|0, —=)’. (5.68)

This expression for the transition amplitude will be taken over when we consider field theory, in
the next chapter. Meanwhile, we shall prove one more relation, involving the functional
derivatives of Z with respect to J(1).

To begin, instead of (‘h‘rl‘lifi)’ consider (q[(dq((m)lqi(i), where t; > t,; > t, and it
should be remembered that q(t,;) is an operator. Consider equation (5.6), and choose t,; to be one
of the times ¢, . . ., t,. Then

(qf'f|q('n.)‘qi’i> = qul oo d%l(‘lf’l'Qn'n)(qn'nMn—llnﬂ)

A (‘h;'ml‘?(‘n;)‘qn.-lrn.-l) .. <QIll|q|l|)~

The  expression <Qn.'n.J‘I('n.)|<Qn,—ltn.—l> may clearly be replaced by
(1) qn,tn, {Gn,—11n, -1)» Where this time q(t,;) is a scalar. The rest of the argument is
analogous to that leading from (5.6) to (5.13), so we have, finally,

(artnatlain) = [ gZlf”—“—’q(n)exp{% '"[pq ~ H(p. q)]dr}. (5.69)

Next, we suppose we want to find
(qet0q(10,)q(ta;) qiti )
If t,; > t,, we have
(getilg(a,)q(ta)lqiti) = Idfh oo dququtelgata) - - - (qn,1n,|9(1a)|Gn,- 10n, 1)

e (an’nzl‘I(’nz)I‘In:-ltn;—l) L (qltllqi‘i)’
giving, finally,

(atdateatlan) = [ 9"’hﬂq(n)«;(r;)epo "'(pq - H)d:] (5.70)

if t; > t,. If, on the other hand, t, > t,, this is not true; in that case, the right-hand side of (5.70) is
equal to

(qstddq(t2)q(11)lqit;).



In general, then, the right-hand side of (5.70) is equal to

(qet| Tlq(t))q(12)]lqit:)

where the time ordering operator T has the definition

_[A@)B()  if > 1y,
T[A(1))B(12)] = {B(Q‘)A(:) " :; > ri} (5.71)

T has the effect of putting earlier times to the right. The result we have found generalises to

PqZp

(qerel T(q(r)q(12) . . . q(t)lqiti) = I q(1)q(t2) . . . q(t,)

A
X eXP{LI [pa - H(p, q)]d'}- (5.72)
hJs,
In the case where H is of the form (5.8), this becomes
{(qetd| Tlq(r1)q(r2) - . . q(£,)) qit;) = NI@W(‘DQ(':) e q(ty)

i
x cxp(;LLdt). (5.73)

However, from the definition of Z[J] in (5.68), its functional derivative with respect to J is

S2UL _ fugqtuyexp| 1 et + g + e

and hence

8" Z[J]
8J(1)) ... 0J(t,)

= i"f‘-’ﬂqq(ll) ... q(1,) exp [%Jj;dt(l. + hlg + iisqz)]
(5.74)

which gives, on putting J = 0,

5" Z[J)
8J(ny) . .. 8J(ty)

= i"I@W(ﬁ) ... q(t)exp [—:,-J:wd:(L + %ieqz)].

(5.75)

J=0

Comparing the right-hand side of this equation with that of (5.73) above, we note that the
difference lies in the !ieqz term; but we know, from what was said above, that it is this term that

has the effect of isolating the ground state contribution, so we finish up with the vacuum
expectation value of the time-ordered product:



&Z(J)

551y .. It lr=o i"(0. ©|T[q(ty) . . . q(t))I0, =%).  (5.76)
). 8J(e) 1=

This is the second result we wanted, and to which we shall have recourse in the next chapter.

Appendix: some useful integrals

We begin by stating a well-known formula

- 7 T 12
j e ™ gy = (—) (a > 0). (5A.1)
-0 o
Proving it is clearly the same as proving that
[ j ety gy dy = L (5A.2)
—xt—a o

and this is shown by going over to polar coordinates (r, 6):

2“”_ 2 ”_ 2
J'Je “'rdrd0=2nfe arl g,
070 0

T wc‘“”d r?
fo (r?)
=T

—

Thus, (5A.1) is proved.
Now we pass from the integration of Gaussians to that of quadratic forms

o L
I e bty = I ed™ dx.
— oo - 00
Let X be the value of x giving a minimum of g:
__ b o _ b
I=—, q(x)=—+c.
2a 4a

This allows us to ‘uncomplete’ the square:

q(x) = q(x) - a(x - %)%

Hence



2

x
f eI gy = eq(I)J el -7 gy
-«

-
12
= eqm(i) ’
Q
from (5A.1). Finally, we have

-

b2 P 12
f exp(—ax? + bx + ¢)dx = exp (4— + c)(—) . (5A.3)
. a a

Lastly, we show that

L ]

I exp (iA[(x) — @)t + (x2 = x)2 + ... + (b — x,2]}dx, . .. dx,

ingn V2 i
=[——] exp[ (b—a)z]. (5A.4)
(n + DA n+1

It is proved by induction; we assume it is true for n, and show it is true for n + 1. We have

*

j exp (iM(x; — @) + ... + (b = xp01)2]}dxy .. . dips
= [—i"”'l ]ll2 J' . exp[ iA
(n+ 1)A" n+1

12 .o
-[(n-l— 1)A" I =P {"1[

Putting x,,.; — a =y, the term in square brackets becomes

(Xn+1 — 0)2] exp[iA(b — x,11)*]dxysy

(xn+l - a) + (b - xn+l) ]} n+1-

1
n+1

n+2 ,

y+(b—-a-y)i= y? = 2y(b - a) + (b — a)?

- a)2

_ n+2[y_ n+1
n+1 n+2

(b - a)]

Now we put A — (n + 1/n + 2)(b — a) = z and find that the integral is

ingn \M2 = +2 iA
(———”’ ) J cxp[l" 24— (b—a)z]dz
(n+ DA") J-« n+1 n+2

nt+l_n+l 172 :
- [L] exp [_l}_(b _ ,,):]
(n +2)a""! n+2

which is (5A.4) with n + 1 instead of n. It only remains to show that the formula holds when n =
1. In this case the integral is




-

I= j exp {iA[(x — a)? + (b — x)?]} dx

_ py2 12
w2 F)

where in the last step (5A.3) has been used, but with a in that equation imaginary. This value for I
is the same as the value obtained from (5A.4) by putting n = 1. We have therefore proved (5A.4)
for all n.

Summary

!Feynman’s path integral formulation of quantum mechanics is explained, and %a perturbation
series (the Born series) developed. The S matrix (for scattering of ‘particles’) is defined and it is
shown how the resulting transition amplitudes may be obtained by reference to the ‘Feynman
rules’. These are written down in coordinate space and momentum space. %It is shown how the
case of Coulomb scattering results in Rutherford’s formula. *A brief account of functional
differentiation is followed by °a demonstration that the scattering amplitude, written as a vacuum-
to-vacuum transition amplitude in the presence of a source J, is a functional integral of J, and
relates the vacuum expectation values of time-ordered products of operators to corresponding
functional derivatives of this functional integral. The appendix proves the integrals needed in the
course of the chapter.

Guide to further reading

The first papers on path-integral quantisation were Dirac (1933) and Feynman (1948); these are
both reprinted in Schwinger (1958). An expanded account is to be found in Feynman & Hibbs
(1965). There are by now a number of good reviews of path-integral quantisation as used in
physics, among which are the following: Marinov (1980), DeWitt-Morette, Maheshwari &
Nelson (1979), Schulman (1981), Lee (1981, ch. 19), J.R. Klauder in Papadopoulos & Devreese
(1978), Blokhinstev & Barbashov (1972), and Abers & Lee (1973). Good introductions to the
mathematical aspects of functional integration are Gel’fand & Yaglom (1960), Kac (1959), Keller
& McLaughlin (1975). For more rigorous treatment, see Gudder (1979), Simon (1979), and M.C.
Reed in Velo & Wightman (1973). Schwinger’s philosophy of sources is explained in, for
example, Schwinger (1969).

! In H. Woolf (ed.), Some Strangeness in the Proportion, Addison-Wesley, 1980, p. 376. Quoted with kind
permission.
2 For an excellent discussion of the 2-slit experiment, see Feynman, Leighton & Sands (1965).
3 In this section and the following one I have drawn freely from M. Veltman, lectures at Basko-Polje School,
1974 (unpublished).
4 Equivalently, the Fourier transform of &(t) is given by
é(1) = lim —l— el ! -
st 20 w—if

dw
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Path-integral quantisation and Feynman rules:
scalar and spinor fields

In this chapter we shall quantise scalar and spinor fields by path-integral quantisation, in analogy
with the treatment of quantum mechanics in the last chapter. This will enable us to find the
propagators for the scalar and spinor fields. We shall then introduce interactions, treat them
perturbatively, and find the Feynman rules. After considering spinor fields in more detail, we
conclude by calculating the pion—nucleon scattering cross section.

6.1 Generating functional for scalar fields!
Suppose the scalar field @(x) has a source, in the sense of §5.5, J(x), then, analogously to

expression (5.68), we may define the vacuum-to-vacuum transition amplitude in the presence of
the source J as

Z(J) = [9¢exp {i j d‘x[ff(cp) + J(x)g(x) + %e&]}

x (0, |0, —=)’. 6.1)

Here we have made the substitution Dq(t) — % @ (x), and have put i = 1. & is the Klein-Gordon
Lagrangian (3.10). So, instead of dividing time up into segments, we divide space and time up, and
Minkowski space is broken down into 4-dimensional cubes of volume & in each of which ¢ is
taken to be constant

¢ ~ Hx;, Yis ks n).

Derivatives are approximated by, for example,

S¢

1
ax liik = 'gw’(xi + 90, Yis ks L) — ¢x;, Yjs Zies )]
)X,

Now let us replace the four indices (i, j, k, I) formally by one index n, and write

£(P(x;, Yi» 2k n), a,@(xiv Yis ks ) = £(¢n, au¢n) =X,

Ifi, j, k and I each take on N values, then n takes on N* values, so the action S = I-cg d*x becomes

NS
§S= 3 8%,

n=1



The vacuum-to-vacuum amplitude Z[J] is then

N4 N ,
Z[J] = ~1._;.:1‘”[]'_]l d¢, exp {12 6“(2,, + Py + %e«pﬁ)} (6.2)

n=|\

Let us now calculate this for a free particle (field), for which
1
o = 53,03 — m*¢?).

The corresponding vacuum-to-vacuum amplitude is (taking the limit N — o)
ZoJ] = [@oexp (i [8.43%0 — (m? ~ ie)¢?) + @) d‘x)‘ (6.3)

We use the identity
[au00d'x = [a,(92*0)d'x ~ [g0d'x,

and convert the first term on the right to a surface integral, using the 4-dimensional version of
Gauss’ theorem. This surface term vanishes if ¢—0 at infinity, so we have

f 3,9#pd'x = — [ e0¢d'x, (6.4)
giving
= Z[J] = jwexp{-i j BO + m? - ie)p — ¢J] d“x}. (6.5)

(Note that the field @ in this generating functional does not obey the Klein—Gordon equation
(3.8).) To evaluate Z,[J], let us change @ to

(x) = ¢(x) + ¢y(x). (6.6)
Using the fact that
j Po(0 + m? — ie)pd*x = f o0 + m? — ie)pd'x,
which follows from an argument analogous to that leading to (6.4), we have, under (6.6),
f B0 + m? - ie)p — ¢J)d*x — I L@ + m? = ie)p + O + m? — ie)gy
+1oo(0 + m? = ie)gy — ¢ — gpJ]d'x.

If @, is now chosen to satisfy



(@ + m? — ie)gn(x) = J(x) 6.7

then this becomes
I B0 + m? — i) — SgoJ]d*x. (6.8)
Now the solution to (6.7) is
o(x) = = [Aelx = y)I(y) d'y (6.9)
where Ag(x — y) is the so-called Feynman propagator, obeying

(O + m? — ie)Ap(x) = —&*(x). (6.10)

Substituting (6.9) into (6.8), we see that the exponent in (6.5) is —i times
%j o0 + m? - ie)pd*x + ;j J(X)As(x — I(y)dxd'y.  (6.11)

So Zy[J] now takes the form (where dx stands for d*x, and similarly for y)

Zy[J] = exP[‘%j-’(x)AF(x - )’)-’(J’)d-’fd)’]
X j@qpexp [-—%Icp(l] + m? - is)cpdx]. (6.12)

The superiority of this expression to (6.5) lies in the fact that here Zy[J] has separated into two
factors, one depending on ¢ only, and the other on J only. In fact, the integral involving ¢ is
actually a number, let us call it N, since the integral has been taken over all functions @. Finally,
then, we have

. ZJ] = Nexp[-% fJ(x)AF(x - y)J(y)dxdy]. (6.13)

Since we are only interested in normalised transition amplitudes, the value of N, in the applications
we consider, is irrelevant.

The aim of this section, to derive equation (6.13) for the vacuum-to-vacuum transition
amplitude, has now been achieved. In the next section we shall show how the same equation is
derived using rather higher brow mathematical techniques of functional integration. Before
finishing this section, however, we shall consider briefly the Feynman propagator Ag(x), defined by

(6.10). It is easy to see that Ag(x) has a Fourier representation



1 e-ikx

Ap(x) = j dh—
Qa)! k* — m? + ie

(6.14)

Note that the presence of the i¢ term, which was put in originally (see (6.1)) to ensure vacuum-to-
vacuum boundary conditions, dictates the path of integration round the poles at k, = +(k* + m?)*.

2
In fact, the poles are at ko=12+m? - i¢, and therefore at
ko= (k2 + m)2 Fid=+E Fib. (6.15)

This is shown in Fig. 6.1, where the integration path of k, is along its real axis, as shown. In the

limit § — 0, i.e. £ — 0, which is implied in the expression (6.14), the poles reach the real axis, and
in this case the integration path is as shown in Fig. 6.2.

There is another way of incorporating the vacuum-to-vacuum boundary conditions, which is to
rotate the time axis, instead of through the small angle 8, shown in Fig. 5.7, through an angle of
/2, so that t — —ico. Defining

X4 =it = ixg (6.16)

this limit is x, — oco. This space—time, with an imaginary time axis, is Euclidean, for the invariant
interval is

4
ds? = (de)Z _ (dxl)z - (dx2)2 — (dx3)2 - — E(dxu)z

u=1

Fig. 6.1. Integration path along the real k, axis in the definition of Ag(x).

- ————

Fig. 6.2. New integration path on taking the limit ¢ — 0(6 — 0).



Defining, in addition,
ks = —iky, (6.17)
giving, in the Euclidean space,

k2

—ki+ ki ki kd =ik (6.18)
and

d*ke = &k dk, = —id%k,
the Feynman propagator is

e-ik;l

Ap(x) = — [ d*k 6.19
f0 = (6.19)

E .
ké + m?
Here there is no problem of choosing a contour, for the poles are not on the real axis, but at k, =

+i(k?> m?)*. Referring to equation (6.3) for Zy[J], noting that d*x = —id*x; and that (3* @)’ =
2
- E‘P) , the Euclidean transition amplitude is

ZlJ] = [20exp( - [(IGEOF + mi) - o) ). (620

The exponent in the integrand is negative definite, so the integrand converges; the role of the ¢
term in (6.3) was, in effect, to make the integrand converge.

6.2 Functional integration
We shall now generalise the usual formulae for Gaussian integration over a finite number of

variables, to formulae for functional integrals, and then show how (6.12) (or (6.13)) follows from
(6.5). To begin, we have, from (5A.1),

12
J’ e M2 gy = (ﬁ) (6.21)
a

(the limits — oo and oo are to be understood in this, and all subsequent, integrals). Now we take the
product of n such integrals (with all a; > 0)

12
J’ e M2 gy = (ﬁ) (6.21)
a

Let A be a diagonal matrix with elements a;, . . ., a,, and let x be an n-vector (x, . . ., X,). Then the
exponent above is the inner product



Sa,x% = (x, Ax)
n
and the determinant of A is
detA = aa;...a, = I—la,“

Equation (6.22) then becomes

I e~ xAN2gny = 27)"2(det A)~2. (6.23)

Since this holds for any diagonal matrix, it also holds for any real symmetric, positive, non-
singular matrix. Defining the measure

(dx) = d"x(27) "2,

equation (6.23) becomes

f e~ -AN2 (dy) = (det A)~ 2. (6.24)

This equation may be extended to quadratic forms
Q(x) = Kx, Ax) + (b, x) + c. (6.25)

The minimum of Q lies at X = -A~1b and

Q(x) = Q%) + 3(x — %, A(x — %))

so we have

jexp{-[i(x, Ax) + (b, x) + c]}(dx) = exp [%(b, A~'b) — c](det A)"ﬂ.

(6.26)
This equation is analogous to (5A.3).
Let us make a small digression to the case of Hermitian matrices. Squaring (6.21) gives
[eserrnaray = 22,
a
Putting z = x + iy, z* = x — iy, dx dy = —%idz* dz, we have
[erore S _di_ _ 2 627)
@) 2m)'?  a



The generalisation of this formula is that if A is a positive definite Hermitian matrix and we define
the measure (dz) = d"z(2ni) ™2, then

j e~("42) (dz*)(dz) = (det A)~". (6.28)

The formulae written down so far are rigorously true; they are simply the result of generalising
the integration space from one dimension to a finite-dimensional vector space. We now assume
that we can generalise the above formulae to an infinite-dimensional function space. This actually
needs a careful mathematical justification, but, assuming that this can be made, then, if the
generalisation is to the case of a single real variable f{t), the inner product (f; f)is

— 2
N = [l
In our case, we are concerned with real functions of space-time, ¢ (x*), so we have

(0. 9) = [[o0)P dx. (6.29)

The generalisation of equation (6.24) is
J?td)exp [-%I:p(x)Aep(x)dx] = (det A)™ 172, (6.30)

A may be, in general, a differential operator. If ¢ is a complex field, we instead generalise (6.28)
to give

f@q»*ewexp[- f ¢*(x)A¢(x)dx] = (det A)~". (6.31)

We are now in a position to prove (6.12) from (6.5). The exponent of the integrand of (6.5) is a
lqjladratic form, so we employ equation (6.26) (or, rather, its functional generalisation), with A = i(
+m? —ig), b=-iJ, ¢ = 0, giving

ZoJ] = exp[i [ J(x)@Q + m? — ie)~ ' J(y)dx dy][det (0 + m? — ig)]" 12,
The determinant term is defined by (6.30), and we have, from (6.10),
@+ m? - ie) = —Ap(x - y), (6.32)

SO



ZyJ] = eXP[—%I-’(X)Ar(X - y)M(y)dx d}’]
G _i 2 _
x j.td)exp[ 2]¢(D +m |£)¢dx]

which is equation (6.12). We recall that the last factor is just a number N, so Z,[J] can be written in
the form (6.13).

6.3 Free particle Green’s functions

We shall now show that the amplitude Z)[J] is the ‘generating functional’ for the free particle

Green’s functions, which will be defined as we proceed. We begin by expanding equation (6.13),
to give

ZlJ] = N{‘l - HH0nutx = Iy axay

2

+ %(%)[ J J(X)Ap(x — y)J(y)dxdy]

1{-i\’ 3
+ ;(7) [II(x)AP(x —y)J(y)dxdy] + } (6.33)

Introducing the Fourier transform of J(x) by
J(x) = ]J(p)e-'f'x d*p. (6.34)

we have, using (6.14) and temporarily reverting to d*x instead of dx, etc.,

‘ -1 —i(pi+A)x o—Hpa—k)y
-l],l(x)AF(x - )’)J(y)d‘x d"y — 1 AJ’ J(p1)e 2 e’ J(p2)
? 2(2m) k* = m* + ic

x d*p, d*p,d*k d*x dty

_12 4 _](-_")"(_k)_d4k 6.35
2(”)jk2—m2+i£ ¢ )

in which we have integrated over x and y to give two delta functions, and then over p; and p,. We

may represent this diagrammatically by using the following rules of correspondence (Feynman
rules in momentum space).



p 1 i
Qn)* p* - m? +ie

» (6.36)
w P ieaip).
J

These Feynman rules may be compared with those in (5.45). Since the non-relativistic limit of p? —
m? is 2m(T — p*2m) (T = Kinetic energy), the propagator above is clearly the (relativistic)
propagator for one particle. The expression (6.35) then corresponds to the diagram

5 X—X
J J (6.37)

The vacuum-to-vacuum amplitude (6.33) may then be written in terms of Feynman diagrams
(ignoring N)

3IN\2/ ——x
- , ¥ ¥ ®
=1+ !’. + L(l)
2 2'\2
— Q0 - 00
+oe (6.38)

where, in the last line, we have resorted to a pictorial representation reminiscent of Fig. 5.6. We
shall now show that the implied suggestion is correct; in other words, it is correct to interpret this
series as the propagation of one particle between sources, the propagation of two particles between
sources, and so on. We therefore have a many-particle theory, consistent with our original
philosophy of using a field, which yielded particles on quantisation. Each term in the above series
is a Green’s function so Zy[J] is a generating functional for the Green’s functions of the theory.

To understand how to interpret the power series expansion of a functional, let us first recall the
formula for the power series expansion of a function, say F(yy, . . ., y;) of k variables y;, . . ., y;. It
is

» k k
1 . .
F{y}=F(yl""9yk)- Z 2 Z_'T"('h"-sln)yil"'yin
n=0i=0 i»=0n

where

A"F{y}

Toliys - - - s in) = :
" " ay,-. . .ay;. y=0

(6.39)



Going over to the case of continuously many variables, i — x;, y; (i=1, ..., k) = y(x), 0 <x <
and ; — | dx, and we obtain the power series expansion of a functional

Fiyl= 3 [dn . oy () - y(o)

where

0 S iyl . (6.40)

T(x1y...,%xy) =
§ Vo sy(x)  by(x)  lyeo

F[y] is called the generating functional of the functions T,(xy, . . . , X,)-
Now we return to Zy[J]. It is convenient here to settle the question of its normalisation. Z,[J] is

the vacuum-to-vacuum transition amplitude in the presence of the source, J, so it is sensible to
normalise it to Z,[J = 0] = 1. In that case, referring to (5.61), we may define Z,[J] by

Zg[J] = (0, »|0, —=)’ (6.41)
which automatically obeys

Zo[0] = 1. (6.42)

Equations (6.5) and (6.13) must then be rewritten as

f@¢exp{—i[[§¢(D +m?—ie)¢ - ¢J]dx}
ZyJ] = (6.43)

I‘.‘b¢exp[—ij%¢(l:l +m?— ie)¢dx]

and

Zo[J] = exp [—%IJ(x)AF(x - y)J(y)dx dy]. (6.44)

These new definitions clearly obey (6.42). Then Zy[J], as defined by (6.44), is clearly the
generating functional for

1 & Zo[J)

= (6.45)
i" 6J(xy) ... 6J(x,)

J=0

At this point we refer back to equation (5.76), which was derived for its use here. The analogous
equation in the case of fields, and using our new normalisation, is



& Zo[J]
6J(xy) ... J(x,) [7=0

=i"(0[T(p(x1) - . - P(x4))[0) (6.46)

or

1 8" Zy[J)
o|T o Pe)0) = — - . 47
OT (@) . Qxl0) = 2 mi] o (64)
Comparing (6.45) and (6.47) we have
Xy -« s X)) = (O] T((xy) - . . (x2))|0). (6.48)

These quantities, the vacuum expectation values of time-ordered products of field operators, are
called the Green’s functions or n-point functions of the theory. They are closely related to the S
matrix elements — we shall see this connection later, when we introduce interactions. We then have

ZN)=3 # J' dry .. dxd(xy) - . J()Txys - . a X)) (6.49)

n=0

which expresses Z as the generating functional of the Green’s functions z. This equation
corresponds to the pictorial equation (6.38).
Let us now calculate some n-point functions. We start with the 2-point function

¥ ZJ)

) sy

(6.50)

J=0

with Zy[J] given by (6.44). (Recall again that we are still concerned with a free field theory, since

we started with the free Lagrangian, and thus with (6.3). The expressions we shall find below refer,
therefore, to the free particle Green’s functions. The corresponding Green’s functions for
interacting fields will differ from these, and will be found later.)

From (6.44) we have

i 0J(x) i 0J(x)

= -jAF(X = x;)J(x;)dx, exp [-%jdxl dxyJ(xy)Ap(x; — Iz)-’(xz)]‘

1 61 8
16J(x)i 6J(y)

exp [‘%fdxl dxJ(x))Ap(x, — xz)l(xz)]

Z[J] = iAp(x — y)exp(—% f JAFJ)
+ [Artx = x)JGe) dx [ Aty = 2 (x) dx,

x cxp(-% f JAFJ). (6.51)



Here we have abbreviated the notation in the exponent, for simplicity. Finally, putting J = 0,

1 6 1 . _
161(.:)?% ZlJ] o—‘AF(x »)

or

t(x, y) = (0| T(¢(x)¢(y))|0)
= (0]6(xq — yo)¢(x)d(y) + 8(yo — x0)P(y)P(x)|0).  (6.53)

What is the physical significance of this? From (6.48) the 2-point function is

t(x, y) = (0| T(¢(x)¢(y))|0)
= (0]6(xq — yo)P(x)d(y) + 8(yo — x0)P(y)P(x)|0).  (6.53)

From (4.14), we may decompose ¢ into its positive and negative frequency parts

Plx) = ¢ (x) + ¢ 7(x) (6.54)
with
)y = d’k i
' (x) j—[(zﬂ)hwk]mfk(x)a()
_ Pk
(=) - t k
¢'(x) j——[(zn),w Tl

and where fi(x) is given by (4.11). Because a(k) and a”® are annihilation and creation operators,
the only terms to survive the vacuum expectation value in (6.53) are @ (x) @ (), so that

7(x. y) = 68(xo — y0){0[¢'(x)¢'(¥)I0) + B(yo — x0)(0|¢*)(y)@' ") (x)|0).
(6.55)

Time Time

: j yo (
Yo Xo
Space Space

Fig. 6.3. Interpretation of equation (6.55). (See text.)

The first term is the amplitude for creating a particle at y, at time y,, and destroying it at x, at time
Xo (> ¥o)- The second term is the amplitude for creating a particle at x, at time x,, and destroying it
at y, at time y, (> ;). These are represented schematically in Fig. 6.3. We shall now verify that the



sum of these terms is the Feynman propagator iAg(x — y). To prove this, let us first re-express Ag(x
—¥). From (6.14)

A (x) =I d4k e—ikx
j Qnr)* k2 — m? + ie
_ fd’kdko ¢ ik
m)* ki - (k* + m?) + ie

- fd3kdko e ik ( 1 B 1 )
(211’)4 Zwk I(o - Wy + i0 ku + wy — id

where wi = k% + m?. The integration path over k, is shown in Fig. 6.1. The exponential contains e
k%, 5o, when x, > 0, we may complete the integral in the lower half of the k, plane, and the
contribution on the semicircle at infinity will vanish; the path encloses the pole at k, = @, — id. On
the other hand, when x, < 0, we complete in the upper half plane and enclose the pole at k, = —ay
+ i6. Applying Cauchy’s theorem then gives

d3k eik'x
(217)3 2wy

Ap(x) = [ [8(xo)(~i) €% — B(=xo)i e“e=].

In the second integral, we may change k to -k without affecting the value of the integral, so,
finally,

3 . -
d’k _L[O(xo - yo)e-lk(x‘)’) + 0()’0 - Xo)c'k(x-")],

Ap(x — y) = —ij(2")3 2w,
(6.56)

This is the form we want for Ag(x — y). Now we substitute (6.54) into (6.55), giving

_ d’k &k’ _ ‘o ,
. y) = | T Coza 00 ~ Y0 Ol AD KR ()0)
+ 8(y0 = x){(0la(k)fely)a'(K')f¥(x)/0)]
ol _SRIK gy — yo)e kD) (Ojak)a'(k')0)
(21‘[)62(0;‘20);(-

+ B(yo — xo) e ~¥ (0la(k)a’(k")/0)]

where we have used (4.11) for fi(x). Now we use the commutation relation (4.16a), to find

3 . )
t(x' y) = I_(lk_[e(xo - yo)e_w(x-") + o(yo - xﬂ) elk(x-)')]
(211')32(Dk

= iAp(x — y) (6.57)

from (6.56). We have now proved (6.52) again, and have in the process found an interpretation for



the 2-point function in terms of the creation, propagation and destruction of our particle between
two points.

We have found an expression for the 2-point function. What is the 1-point function? It is clear
that

6ZJ
() = (OIT90)l0) = (Olgeoloy = L2201 _o (a.58)
i 0J(x) ls=0
Let us now find the 3-point function.
1 6 1 6 1 6
Xy, X2, X3) = = - - Z .
T £z, %3) i 8J(x1) i 8J(x5) i 8J(x3) o),

We saw above (equation (6.51)) that

1.6 1.6
i 8J(x3) i 8J(x3)

Zo[J]) = 1A(x2 — x3)exp (-%J'JA;J)

+ IAF(xz - x)l(x)d.xJ’Ap(x3 - x)](x)dxexp(—%jJApJ).

Further differentiation then gives

1. 6.1 6 1.9
i 6J(x,) i 6J(x2) i 8J(x3)

= —iAg(xy — x3)IAF(x1 - x)J(x)dx exp(—%f]ApJ)

Zy[J]

—iAfp(x; — xl)jAp(x3 - x)J(x)dxexp(—%IlApJ)
—iAp(x3 = x,)pr(xz - x)J(x)dx exp(—%jJApl)
- f Ap(xz = x)J(x) dx f Ag(x3 — x)J(x)dx

foF(x, - x)J(x)dx exp(—%jJAFJ). (6.59)

Putting J = 0 reduces this expression to zero, so

©(xy, X2, x3) = {IT((x,)P(x2)¢(x3))|0) = 0. (6.60)

To find the 4-point function we carry on in the same way, by differentiating (6.59) once more and
putting J = 0. We have



1.6 1.6
i0J(x;)  i6J(xq)

Zy[J] = —Ap(x2 = x3)Ap(x, — 14)CXP( ]AF])

")

= Ap(xz — x1)Ap(x3 - x4)exp( j
— Ap(xy — x1)Afp(x; — I4)eXP( f )

+ (terms which vanish when J = 0),
so the 4-point function is
T(Xy, X2, X3, X3) = (0| T(@(x1)P(x2)P(x3)P(x4))|0)
= —[Ap(x) — x2)Ap(x3 — X4)

+ Ap(xy — x3)Ap(x2 — x4)
+ Ap(x) — x)Ap(x; - x3)]. (6.61)

This is simply the sum of products of 2-point functions, and may be written

Xy c——X, Xj X4
(X, X2, X3, X4) = + 1
.t‘ ° ° Xz I‘ Xz
l’; "\ r X‘
+ (6.62)
X, X5

Going to higher orders, it is clear that if n is odd, the n-point function always vanishes,
T(xy, X2, ...y X2,41) = 0, (6.63)
and it turns out that, if n is even, the n-point function is a sum of products of 2-point functions,

(X, Xp oy X2n) = D T(Xp, Xp) - T(Xpy s Xpy), (6.64)
perms

where
7(x, y) = iAg(x = y).

This important result, when derived using the ‘canonical’ method, employing the operator
commutator relations, is known as Wick’s theorem.

In this section we have derived the Green’s functions in a scalar free field theory. The
interesting case, however, is the one for which interactions are present; how do we calculate the



Green’s functions then? When we know this, we are one step nearer calculating a scattering
amplitude for a real physical process!

6.4 Generating functionals for interacting fields

The Lagrangian

= %a”@“d) m2¢2 - -—¢‘ ,?0 + Sf’,m (665)

describes a scalar field which interacts with itself, through the term in @*. We shall first show how

to find the Green’s functions for a general interaction g ine and then in the next section apply the
formulae to the case of @* theory. The normalised generating functional is

I?t-cpexp (iS +i J J¢dx)
Z[J) = (6.66)

f?’mpe‘s

with S = I-('f dx. It is clear that, when 4 int = 0, this becomes the expression (6.43), which we were

able to show is the same as (6.44). Equation (6.44) is in a form suitable for functional
differentiation with respect to J, and therefore for finding the Green’s functions. We want to find
the expression which corresponds to (6.44) in the case of interacting fields. We proceed by finding
the differential equation satisfied by Z[J], and then solving it in terms of Z[J].

First note that, from (6.44),

1 6

| i
G )zo( ) = jA,(x - y)](y)dyexp(—EJJAdexdy).

so, since A is minus the inverse of O+ m?,

a+ mz)— Zo[J] J(x)Zo[J). (6.67)

This is the differential equation satisfied by Z,[J].
Now we have, from (6.66),

1821] _ fcxp(is + ijf¢dx)¢(x)@¢

i 8J(x)

(6.68)
f eSDP

We define the functional



~ i
Z[g)=——. (6.69)
I eSae
Then
zZ[J) = I 2(¢]exp [i f J(x)¢(x) dx]‘:mp. (6.70)

This is the functional analogue of the Fourier transform. Now we take the functional derivative of
2 [ @1, noting that

S = [(3,09°0 — 1m’¢ + L) d'x = — [B0(0 + m))o — Linld'x. (6.71)

We obtain
~ -1
i%ﬁl = i%{cxp[-—i[[éd’(lj + m¥)¢ — Eﬁim]d‘x]}“c‘s?lqb]
= (0 + m)x)Z[¢] - %‘;"2[«»1
= (O + m*)P(x) Z[¢) — Lin(P) Z[¢] (6.72)

where the prime on /o means differentiation with respect to the argument. Now we multiply both
sides of (6.72) by exp [i | J(x) @(x) dx] and integrate over ¢ . The right-hand side gives

f (O + m?)P(x) exp (iS +i j J¢dx)€b¢ j Ll @) exp (iS +i f J¢dx)9b¢

je‘s D Ieis D

= (0 Zléz_m_fg!‘[li .
( +m)i6](x) m 2 Z[J] (6.73)

where (6.68) has been used, and the argument of ot has been changed from ¢ to (1/i)(6/6J),
since it operates on Z[J]. The left-hand side of (6.72) gives



|f% exp (i[]cpdx)’:bd: = iexp (ifld)dx) 2[¢]lo-
+ fj(x)2[¢]exp(ij1¢dx)@¢
= J(x)Z[J] (6.74)

from (6.70). Equating (6.73) and (6.74) gives

i)
@+m )lw(x) L 370 Z[J] = I(x)Z[J). (6.75)

We must solve this equation for Z[J]. In the free field case, "4 int = 0 and the equation reduces to
(6.67), for Zy[J]. We shall now show that the solution to (6.75) is

Z[J] = Nexp [i [ :zi,,,(%é—‘sj) dx] ZolJ] (6.76)

where N is a normalising factor. The proof is in two stages.

Proof
(a) We first prove the identity

o) (o]
exp[ Iff.n((|6J(V))d)]f(x)exp[+'jff.m( él(y))dy]

1 6
= —_— 77
Jx) - (l Mx)) 6.77)

This follows by observing that the functional analogue of

is

{() 1310) =id(x - y).

Repeated application of this equation gives



[()(lél(y))] ot 'y)( M(y))u-l

-1
|¢§J(y)[ ). (1 él(y)) ]

s " 6.78
=ib(x — y)n (-_(W)-) . (6.78)

By expanding the function

F(¢) = F(0) + ¢F'(0) + %F"(O) +...= 2 LA F(™(0)

n=0 n

and making the replacement ¢ — (1/i)(6/8J), it then follows from (6.78) that

1 6 1 &
[J(x)’fr(?aj(y))d] lF(uSJ(x)) (6.7%)

Now we use the Hausdorff formula

e Be A = B+[A,B]+%[A,[A,B]]+ (6.80)

where A and B are operators, and put A= "I Lim(( l/i)( 6/ 8J(y )))dy and B = J(x). Since, in
this case, A commutes with [A, B] (from (6.79)), only the first two terms on the right-hand side of
(6.80) appear, and (6.77) is proved.

(b) We must now show that (6.76) is the solution of (6.75). From (6.76) and (6.77)

J)ZI = NJ(x)exp[ jfem.( ny))dy]zom

B NexP“ y""(n 61?»») )dy][ )= 2"“'(161? ))] g

The first of these terms is transformed using (6.67) and, in the second, the order of e‘] f and Lian
may be interchanged, giving




](SZO
J(x)Z[J] = Nexp[ jsf.m( Nm) ]( T

) Ng'“‘(lal(x))" P“ ( 3 fy))d’ ]Z"U]

216Z[J
- @+ my R 02 g 10y,
i 8J(x) 8J(x)
where (6.76) was used. This is equation (6.75). QED.

We are now in a position to calculate the Green’s functions in the interacting field case, which
we proceed to do, as usual in quantum theory, by perturbation theory.

6.5 @* theory
Generating functional

As we saw in (6.65), the interaction Lagrangian in ( @)* theory is

= 8 g
L 4!4’ : (6.81)

The normalised generating functional Z[J] is
. 1 6 i
exp|i|Linl - dz|exp|—-1J(x)Ap(x — y)J(y)dxd
p[f ....(iw(z)) ] p[ 708 = )0 y]

. 1 & i
{exp [l I Et’.,,,.(;a](z))dz]exp[—i f J(x)Ap(x — y)J(y)dx dy]}’m

(6.82)

Z(J]) =

The only way of treating exp(if-cgim) is as a power series in the coupling constant g, i.e. by

perturbation theory. Substituting (6.81) into (6.82) and expanding in powers of g, the numerator of
Z[J]is

O L
[1 (-6I(z) dz + O(g%) | exp fJ(x)AF(x y)J(y)dx dy

To order g° we just have the free particle generating functional Zy[J]. To order g, we proceed as
follows:



o i
T002) exp [—EIJ(X)AF(X = y)J(y)dx dy]
= —J'Ap(z — x)J(x)dxexp —%jl(x)AF(x - y)J(v)dx dy];
2 . ]
1
(761(2)) e"p['gf’(")AF(x = V() dxdy
2 :
) {iA*'(O) * U Arlz = -‘)’(x)dX] }exp [—% [H08e(x = sy dx dy];
3 ; ]
(Téj(z)) exP["}f’(")Aﬁx = YM(y)drdy

3
- {3[-iAr(0)]IAF(Z - x)J(x)dx - UAF(Z - x)J(x)dx] }

X exp [—%jl(x)Ap(x - v)J(y)dx dy];

1 6 Y i ‘
(;Ol(z)) CXP[-EIJ(X)AF(X y)J(.v)dxdy]

2 4
= {—3[AF(0)]2 + 6iA,.~(O)[ j Az - x)J(x)dx] + [ f Az - x)J(x)d.x] }

x exp[—%fl(x)AF(x - y)J(y)dx dy].

(6.83)
We may write this expression diagramatically. Let
x y = Ap(x — y) (6.84)
represent the free particle propagator. Ag(0) = Ag(x — x) is then represented by a closed loop
O — A0). (6.85)

Equation (6.83) may then be written

(%6!?2))4 exP(—%f JA“J) = (=300 + 6ixQx+ ) CXP(—%I JAFJ)'

(6.86)

The meeting of four lines at a point in the three diagrams in (6.86) is clearly a consequence of the



fact that £ ¢ Contains @ “. Moreover, the coefficients 3, 6 and 1 follow from rather simple
considerations of symmetry. The first term on the right-hand side of (6.86), for example, results
from joining up the two pairs of lines in the third term, in all possible ways; and there are three
ways to do this. The second term is got by joining any two lines of the third term, and there are six
ways to do this. These numerical coefficients are known as symmetry factors. The first term, with
two closed loops, is known as a vacuum graph, because it has no external lines. The term with one
closed loop has two external lines (i.e. two Js) and the last term four external lines (four Js). It is
now an easy matter to write down the denominator of (6.82). Putting J = 0 eliminates the second
and third terms in (6.86), so we have

)

The complete generating functional, given by equation (6.82), is, to order g,

[1 _ g (-3oo+ 61 5O + X)dz]exp(—%jmpj)

4

-1- %f(—300)dz. (6.87)

J=0

z[(J)] =
_igf._
1 4—J( 300)dz

[1 - ‘f!i [ (6i Oy + X)dz]exp(—% [ JA,.-J), (6.88)

where the denominator has been expanded by the binomial theorem. The interesting thing that has
happened is that the vacuum diagram has disappeared in Z[J]. It turns out that this is true to all
orders in perturbation theory, and is a general property of normalised generating functionals.

2-point function
The 2-point function is defined by
T(xy, X2) = ——622_[—‘,]— . (6.89)
8J(x3)8J(xy) l1=0

By looking at (6.88), it is seen that the first term in Z will give iAp(x; — X,) in 7 this is the free

particle propagator. The term in X in (6.88) contains four Js and so gives no contribution to the
2-point function. The term in

%A,.-(O)Idx dy dzAg(z — x)J(x)Ap(z — y)J(y)exp(—%fJAp])‘

On differentiation we get



18
i éJ(X])

( ) = —%gAF(O)Z j dy dzAg(z — x1)Ag(z — y)J(y)
X exp(-%fjAFJ) +oen

1 81 9 = -8 AL(0)[ dzAK(z - x)AR(z —
iéJ(xz)iél(xl)( ) 3 A )I 8Kz = XAz ~ X2)

i
X ——|JAgJ )+ ...,
exp (3 ar)

where the omitted terms vanish when J = 0. We then have

T(x1, Xz) = iA(xX) — X3) — %AF(O) j dzAp(z — x))AR(z — x;) + O(g?)
(6.90)

= —— %——O—— + 0(gd). (6.91)

To order g, this represents the effect of interaction on the free-particle propagation. The free-
particle propagator is, from (6.14),

d*k,

1 e—ik-(x—y)
Ap(x = y) = j

2m)*) k2~ m? + e
and its Fourier transform contains a pole at k> = m? This identifies the mass of the particle as m.

We shall now show that the effect of the interaction is to change the value of the physical mass
away from m. Indeed, the second term in (6.90) is

—18A(0) f Ap(x; — 2)Ap(x; — 2)dz

_ _8 Ap(0) r eirimd)  gmigr(em)

- ?(21[)8 pPP-mt+ie g* —m® +ic

_ _8 Ag(0) e_“"(’“"’? 8(p + q)d*pdiq
2 (2n)* J(p? - m? + ig)?

_ _8 A0 e 'Pinimx)

S 2 2n)* J (p? - m? + ie)?

d'pdiqdiz

dp,
giving, for the 2-point function (6.90),

d*p.  (6.92)

. -lp'(x-t) 1. A
Ty, x2) = — fe L [1+ 784¢(0)

@r)*p* — m? +ie pl—-m?+ie



Formally, the term in square brackets above can be written as

[1 __digAr©@ 17
p2

)

-m?+ie
so we have
- i e-ip-(n-x; .
M x) = — o [o—T— —d'p. (6.93)
(27)* 7 p* — m* — 5igAg(0) + ie

The Fourier transform of z(x;, X,) will now possess a pole at p? equal to
m? + YigAp(0) = m? + 6m?® = m} (6.94)
where
ém? = ligAp(0): (6.95)

m, is now identified as the physical mass, or renormalised mass. The change in (mass)?, dm?, is a

quadratically divergent quantity, since Ag(0) contains four powers of p in the numerator (d*p) and

two in the denominator. It happens, then, that the renormalisation of the mass is by an infinite
quantity, but that is a distinct circumstance; the essence of renormalisation is that the physical
quantity (mass, in this case) is not the same as the parameter in the Lagrangian, if an interaction is
present. More will be said about renormalisation in Chapter 9.

4-point function

Let us proceed, finally, to the 4-point function, given by (equation (6.45))

5 zZ[J]

. . 4 ) (6.96)
8J(x1)8J(x2)8J(x3)8J(x4) | 1=0

T(x), X3, X3, X3) =

where Z[J] is given by (6.88). The first (order g°) term in r is the same as that found in (6.61)
—[Ar(x) = x2)Ap(x3 — x4) + Ap(x) — x3)Ap(x2 — x4)

+ Ap(xy — xJAp(x; — x3)] = —(=+ | + X) = =3(=). (6.97)

This is the free particle 4-point function and will not contribute to the scattering. The next term in
Z[J], of order g, gives, as may be checked,

£ & {_Q__ [_i _ ]}
4 8J(x,)6J(x2)0J(x3)6J(x,) xp zf’(x)Ar(x y)J(y)dxdy



- & ¢
4 0J(x,)0J(x7)0J(x3)0J(xy4)

J=0

X {AF(O)Idx dydzAg(x — 2)Ag(y — z)J(y)J(x)exp(—-i—f]A,:J)}

= 'T"‘AF(O) [ dzlartz = x)8r(z = £)8p(xs = x2)

+ Ap(z = x))AF(z = x3)Ap(x2 = x49) + Ap(z — X)AR(Z — x4)Ap(x2 — x3)
+ Ap(Z — x2)Ap(z2 — x3)Ap(x1 — x4) + Ap(Z — x2)AR(Z — x4)Ag(xy — x3)
+ Ap(z = x3)AF(z = x4)AF(x1 = x3))

= -3ig —O—] (6.98)

The diagram above does service for the six equivalent terms in the expression above it. Each of
these terms contributes twice, so the ‘symmetry factor’ of the diagram is 12.
The final term in Z[J], of order g, gives

_ig & { [...l J(x)A o Y, d']}’
3 81l alalGen | <P 3| H0ARx = y)I( drdy

_ —ig &
4! 8J(x,)0J(x3)6J(x3)0)(xy4)

x {[ I Ap(z - x)J(x)dx]‘ exp(—% j JA;J)}

~ig j Ap(x) — 2)Ap(x2 — 2)Ap(xs — 2)Ap(xs — 2)dz

J=0

- _ig[ % ] (6.99)

The complete 4-point function, to order g, is then

t(x,, X2, X3, X.g)__3[ —318&)_18(X)

|
A== e o= ()]




The first term, of order g° does not contribute to the scattering. The numerical coefficients above
are easily derived by simple combinatorics, and this suggests a rather direct way to write down all
the diagrams of a given order. Let us consider, for example, all diagrams contributing to the 4-
point function of order g, in g 4! theory. We deduce them as follows. First of all, we are
considering a g @* theory, so to order g" we have the n vertices

XX X X (6.101)

and corresponding to the 4-point function we draw four external points

X, ®

Xy & —

——* X,

(6.102)

o x"

The 4-point function in g ¢ * theory to order g is then constructed from the following prediagram

X, X
Xy ————

(This is called a prediagram to distinguish it from a real Feynman diagram.) We now join up all the
lines. There are three topologically distinct types of Feynman diagram which result, drawn in Fig.
6.4. The multiplicities are calculated as follows. To get diagram (a) (in Fig. 6.4) join x; up to one

of the legs of the vertex in (6.103). There are four ways to do this. Now join x, up to one of the

remaining three legs — there are three ways. There are 4! = 24 ways to complete the diagram (a),
which is the coefficient in equation (6.100). Next, to make diagram (b) join x; directly to one of the

other external points X,, X3, X4. There are three ways to do this. Choose one leg of the vertex and
join it up to one of the two remaining external points. There are 4 x 2 ways to do this. Join one of
the three remaining legs of the vertex to the one remaining point. There are three ways to do this.
Join the remaining two legs together. The total multiplicity is 3 x 4 x 2 x 3 =12 x 6, as in (6.100).
The reader will easily convince himself that the multiplicity of diagram (c) is 3 x 3 = 9. The reason
this diagram does not appear in (6.100) is that it is a multiple of the vacuum diagram o0 (see
above) and Z[J], being properly normalised, produces no vacuum diagrams.

OO

(a) (1)) (c)

X3 (6.103)
X

4

Fig. 6.4. First-order terms in the 4-point function.

In summary, the Feynman rules for ¢* scalar field theory, in co-ordinate space, are

line x———y Ag(x = y)

vertex . Xz . —-ig (6.104)
integration over z

symmetry factor S/4

In calculations of realistic processes, involving, for example, electrons and photons, the particles
are not identical and there is then no symmetry factor to contend with. We postpone, until we



consider these real scattering processes, the derivation of the S matrix from the Green’s function.
It is however, convenient to mention here that, of the two order g diagrams in (6.100), the first

one, & only contributes to the trivial (diagonal) part of the S matrix, so is not interesting.
1t describes the two particles moving independently, and the effect of the interaction is to modify

the propagator of one of them. This graph is called disconnected. The other order g graph, X is
connected, since every line in it is connected to every other line. Only connected Feynman
diagrams contribute to’S — 1, i.e. to the non-trivial part of the S matrix.

6.6 Generating functional for connected diagrams

Now it turns out that there is a generating functional W, which generates only connected Feynman
diagrams or connected Green’s functions. It is related to Z by

Z[J]) = %I (6.105)

W[J] = —iln Z[J). (6.106)

We shall now show, by considering the 2-point and 4-point functions in @* theory, that W[J]
generates no disconnected graphs. We have, firstly,

FW i ézZ sz _ i &z (6.107)
8J(x))0J(x))  Z2oJ(x)) 6J(x3)  Z 8J(x)d)(x3) '
When J = 0, we have
6ZUJll  _o, z[o)=1 1
8J(x) l1=0 ' (0] (6.108)
__ew | _ -iL = ir(xy. x2) (6.109)
8J(x,)8J(x3) |1=0 8J(x,)6J(x3) |1=0

showing that W generates the propagator, to any order in g. This is as we expected, since the
propagator has no disconnected part. To find the 4-point function, we differentiate (6.107) twice
more and set J = 0, to give



s'w
6](11)6J(X2)6](X3)6.’(X4) J=0

_ i[ 1 ¥z &z
Z2 8J(x,)8J(x3) 8J(x3)8J(xs)
L1 ¥z #Z
Z2 8J(x1)8J(x3) 8J(x2)8J(x4)
1 ¥z ¥z
Z? 8J(x,)8J(x4) 6J(x2)0J(x3)
_1 &2z
Z 8J(x1)8J(x7)8J(x3)0J(x4) J1s=0
= i[1(xy, X2)T(x3, x4) + T(xy, X3)7(x2, X4)
+ (X1, X4)T(x2, X3) — T(xy, X2, X3, X4))-

(6.110)

We have to show that this contains no disconnected diagrams. The most convenient way to do this
is to substitute the diagrams themselves into (6.110). Working, as always to order g, and
substituting equations (6.91) and (6.100) into (6.110) gives (in a notation which is meant to be self-
explanatory; 1 stands for x;, etc.)

o’w
8J(x1)0J(x3)0J(x3)0)(x4)|s=0

R

i prange gy
2 2
+(|1 41104)( _3_203)
2
(1 2 1 )
+ +
3 4 2 4 2 3
1 2 1 31 4 3 4 2 4
+§( c-,-—©o-,- 0 ,-0 ,20
2\3 4 2 4 2 31 2 1 3
2 3
HL)
1 4



X4 +...(24 terms)) =-g X. (6.111)

We see, indeed, that only the connected diagram survives®.
Finally, let us briefly consider the n-point function. It is

W, x) = 2 T2 : (6.112)
i 8J(x1) . . . 8J(x,) |1=0
We then define the irreducible n-point function @ (xy, ..., X,) by
"
Wrr, ) = ~— W] . (6.113)
i 8J(xy) ... 8J(x,) [1=0
To justify the name, note that we have, from (6.100) and (6.111),
Axpe .. %) = —ig X —3ig —2—-3
. ) ¢ (6.114)

ig(xy, . ... xq) = —ig X

and from (6.110)
ip(xy, ..., xq) = T(xy, ..., xq4) — T(xy, X2)7(X3, Xg)
= T(xy, X3)T(xy, x4) — T(xy, Xg)T(x2, X3).

We have, however, B(x; x5) =1 (X X,), SO

T(xy, .., xg) =Ag(xy, ., xg) — DXy, X)X, x;,)  (6.115)
)

where }’,, stands for the sum over all possible partitions of the indices (1 ... 4) into classes (i, i,)(is,
iy). Equation (6.115) is now the same as (6.114). The 4-point function is decomposed into an

‘irreducible’ (or ‘connected’) part 7 . and reducible parts and 0O , in which, in
general, a subset of the incident particles scatters into a subset of the final particles, quite
independently of the rest. For the 4-point function we have,

% - %in«u s (6.116)

which gives, to first order in g,




>< . s o (6117

This generalises to n-point functions, for example

% ) G-
- % . . —e——- (6118
_.0____
irred.

6.7 Fermions and functional methods

We saw in §4.3 that there is a connection between spin and statistics, so that fermion fields obey
the anticommutation relations

{W(X), "’(y)}lx":yo = (.

(Actually, the restriction x° = y° is unnecessary; the fields anticommute at all times.) In the
canonical approach to field theory, y(x) are regarded as operators, so we deal with a set of
anticommuting operators. In the functional approach, however, the generating functional for the
Green’s functions is written as a functional integral over the fields, which are regarded as classical
functions: c-numbers. To extend functional methods to Fermi fields, therefore, demands that, in the
functional integral, they are regarded as anticommuting c-numbers. To most physicists this notion
is strange, if not contradictory, but in the mathematical literature it goes back to 1855, where it
appears in a paper by Hermann Grassmann on linear algebra. The generators C; of an n-

dimensional Grassmann algebra obey
{C G} = GG+ CC, = 0 (6.119)

where i, j =1, 2, ..., n. In particular,
ci=0o. (6.120)

The expansion of a function contains only a finite number of terms; for example, for two variables
f(C1, G3) = ag + a1Cy + a2C; + a3 GG

=ag+ a1C1 + 02C2 - G3C2C1

2
where a,, . . ., a3 are ordinary c-numbers. There are no terms in Cncz«, etc. because of (6.120).

We may define differentiation as left differentiation, so that, for example, operating on the function
above



of _3Y
3C, 3¢,

of _ 3 _

L o
ac, ac, - !

\ g

(6.121a)

Of course, it would also be possible to define it as right differentiation

ks
9T — 4, - ayGo, (6.121b)
ac, | 7

but I shall usually choose differentiation to mean left differentiation. Note that

of
C,—— =a,C, + a3C,C
laC 161 3C,C2

1
C\f = agC, + a,C,C,

2]
—(C,f) = ag + a,C5,
aC, f) =ag +a,(

hence

or

as an operator identity. In general we have

e 2o, (220 em)
ac, ac, "’ aC

the second identity is one which the reader will have no problem in verifying.
We now need to define integration with respect to Grassmann variables. We clearly need the
infinitesimals dC; to be Grassmann quantities, so that

(i dGy} = 0'} (6.123)

{dC,, dC}} = 0.

Multiple integrals are to be interpreted as iterated, so for example



[aciacaf(ci ey = | dC.[ [acsic, Cz)]-

What are [ dC; and [C,; dC,? We have

Udc.)2 = j dc, [ dG;

j dC,dC,

= —[dczdc,

)

hence
IdC1=IdC2=0.
Since there is no other scale to Grassmann variables, we are free to define

[ dC,C, = 1, etc.
In the n -dimensional case these last two equations become

j dc; = 0, j dCC; = 1. (6.124)

(there is no summation over i in the second equation.) Referring to the function f(C;, C,) above, we
then have

JdC,f = de,[ao +a,C, + a,C; + a3C,Cy)

= aoj dc, + a,jdc,c1 - azczfdc, + a,CzdeCl
=a + 03C2.

From (6.121a) we see that differentiation and integration give the same result!
Now let 77 and 7] be independent (complex) Grassmann quantities, so that

jdr; = Jdv‘) =0, Jdrm = Idf;r’; = 1.

Because n =P = 0, we have

e M=1-1n



and hence
[dndne=m = [dandn — [ ananan

=0+ fdfrdmm
=1.

We now look for the generalisation of this formula to higher dimensions: let us consider the 2-

dimensional case,
( M ) ( 1 )

The exponent ’-h] (which should properly be written ’-ITn, where T stands for transpose) is
= mhm + fpm
so
Gy = (im + m)(fum + i)

= Mimihm + mminm

= 2hmipth,
and higher powers of ’-h; are zero, so we have

e " =1-(fm + m) + Mimipm.

Applying the integration rules above, and defining di d’l = dj, d’l v 477, dnp,, we then see that

j didne=" - j dijy dfiy dmy Ay s
=1, (6.125)

as in the 1-dimensional case.
Now let us change variables, putting

n=Ma, H=Na (6.126)

where M and N are 2 x 2 matrices, and o and & are the new independent Grassmann quantities. We
have

mmp = (Mnpay) + Mpa)(Mya, + Mpas)
=(MuMy - MpMy)ea;
= (det M)a, a>.



However, in order to preserve the integration rules
Idﬂl dpmm = jdal dmaa;
we must require
dn, dn, = (det M) 'da, da, (6.127)

in contrast to the normal rule for a change of variable. Substituting (6.126) into (6.125), and
remembering (6.127), we now have

(det MN)"Jd&dac"”'"“' =1.
But since det MN = det M'N, this gives, putting M'N = A,

f dadae 4% = det A. (6.128)

This formula, or rather its generalisation to the infinite-dimensional case, will be used in the next
chapter, in finding the Feynman rules for gauge fields.

To describe Fermi fields, we now make the transition to an infinite-dimensional Grassmann
algebra, whose generators may be denoted C(x). They obey the relations

.

{C(x), C(y)} =0,

-RC(x)
—=8x-y), . (6.129)
3C(y) Y

[dce@ =0; [ceryaca =1.

Integrals like (6.128) then become functional integrals over complex Grassmann variables. As in
the case of scalar fields, we shall treat these formulae with the confidence that, one day, a rigorous
mathematical justification for them will be found. In this spirit, we write down an expression for
the generating functional for free Dirac fields, by analogy with our treatment of scalar fields — see
equation (6.1). Since the Lagrangian for the Dirac field is

£ = iWGW - va

the normalised generating functional for free Dirac fields is
- 1 - A=y g
Zaln. 1 =  [@v@vexp {if[#)ir -3 - mu(o)

+ AH(x)y(x) + Y(x)n(x)] dx} (6.130)

where the integral over x is 4-dimensional, and



N = ebwwexp[iﬁ(x)(iy-a - m)tp(x)dx]. (6.131)

Here ?)(x) represents the source term for y(x), and 7(x) the source for ¥(x). It is now our aim to
express this in a form analogous to equation (6.13), so that we can perform functional
differentiation, and calculate Green’s functions and S-matrix elements. To simplify the appearance
of the formulae, we define the operator S

Sl =iy, - m. (6.132)

Then
Zyn, 7l = % [avaver [i [Gs™ v+ au+ 'Im)dx]- (6.133)

Putting
Q(y. ¥) = yS'y + Ay + ym,
we now find the value of y which minimises Q. It is
Yn==SN Yn=-7S

(where we have assumed that S! possesses an inverse; it will be shown below that it does), and the
minimum value of Q is

Om = Q(Ym, 'J’m) = —78n.

We then have
Q=0n+ ('I’ - 17’».)5"('1’ - 1pm)

and

_1(e- : T SN O
Zo—Nfﬁquwexp{lj[Qu(w Ym)S(y w,.)]dx}

%cxp [—ijﬁ(x)Sq(y)dx dy] det(-iS™ ).

In the last step, /% has been placed outside the integral, since Q,, does not depend on y or ¥, and
equation (6.128) has been used, duly extended to the functional case. Moreover, it is clear that N =
det(—iS™), so, finally,

Zo[n. 1) = exp[-ifﬁ(x)s(x = y)n(y)dx dy]- (6.134)



It is easy to show that S exists. It is given by
S(x) = (iy - 3 + m)Ag(x) (6.135)

where Ag(x) is the Feynman propagator. With equation (6.132) we have
S7IS = (iy-3 — m)(iy- 3 + m)Ag(x)
= (-0 - m)Ag(x)
= 8%(x).

We may now find the free propagator for the Dirac field. By analogy with equation (6.50), it is
defined by

t(x y) = — 6220["’ i’]
. On(x)67y) In=n=0
o) 6 .
= - —2 _exp{ —i|A(x)S(x - dxd
onx) 070 e"P{ lfn(x) (x = y)n(y) y} -
=iS(x - y). (6.136)

Let us summarise our formulae for the free propagators of scalar and spinor fields. For scalar
fields, with Lagrangian (up to a total divergence)

Fo = PP - 1m* ¢ = —19(0 + m’)g
we found the 2-point function
t(x, y) = iAp(x — ¥) (6.52)
where the Feynman propagator Ag obeys

(O + mHA(x — y) = =6%(x - y). (6.10)

For spinor fields, the Lagrangian is (see (6.132))
Lo = iyy"d,y — myy = yS~'y
and the 2-point function is i times the propagator
o(x, y) = iS(x — y).

In each case, it is seen that the propagator is the inverse of the operator appearing in the quadratic

term in the Lagrangian. (The factor ? in the scalar Lagrangian is immaterial, and appears because
@ is real; for complex ¢, it is absent.) It is possible to take this as a definition of a propagator, and
this is what we shall do when we consider gauge fields.

Finally, it will be convenient here to point out a further consequence of fields obeying Fermi



statistics. It follows from the relation obeyed by the differential operators for the Grassmann fields.
By a generalisation of (6.123), we have

& . &

vy o (6.137)
on(x)on(y) on(y)on(x)

where 7 is a fermion source, and the operation of differentiation refers to either left or right
differentiation. For left differentiation we have

m[,,( )n(y)] = 8*(x; — xIn(y) = 8*(x, — y)m(x).
X\

Fig. 6.5. Modification to the scalar field propagator by a closed fermion loop.
What we want to show is that these rules result in a factor of —1 for each closed fermion loop in a
Feynman diagram. For example, a spinor field coupled to a scalar field will give a correction to the
free scalar propagator shown in Fig. 6.5, which contains a closed fermion loop and two interaction

vertices. The appropriate 2-point function will be derived from the generating functional with
interactions included. By a generalisation of (6.76), this will take the form

Z[n, 7] = exp[ Jy-m(:é—n :O_) dx] Zo[n, ) (6.138)

with Z,, given by (6.134). The third term in its expansion is
l ’ ’ = ’ ' ’ '
=2 dx dy dx dy sG-S = YWy

The loop in Fig. 6.5 will contribute a term of the form

& &
on(2)0m,(z) o (2" )om(z")

Z(n. 7

(i, j, k and I are spinor indices). On substituting (6.138) for Z[7, Image] and applying (6.137), this
term is seen to be

The overall sign would be — if the fields obeyed Bose statistics, hence the —1 factor for the fermion
loop.

6.8 The S matrix and reduction formula

We have seen how to calculate the Green’s functions for an interacting theory, but we now want to
calculate quantities which we measure directly in experiments. The commonest types of process
which concern the elementary particle physicist are firstly scattering processes, in which a cross
section for a particular reaction is measured, and secondly a decay of one particle into two or more,



in which a partial lifetime is measured. The calculation of both these quantities, the cross section
and the lifetime, is carried out by first calculating the quantum mechanical amplitude that the
process takes place. Once we have the amplitude, the rest of the calculation is fairly
straightforward. In this section we show how to calculate the amplitude, which we call the
scattering amplitude, and show how a particular scattering amplitude is related by a simple formula
to a corresponding Green’s function. We apply this to the case of the pion—nucleon interaction, and
in the next section show how to obtain the scattering cross section. Let us consider, quite generally,
a process in which an initial configuration of particles a ends up as a final configuration p. We
denote the scattering amplitude for this Sg,, and call it the () ‘matrix element’ of the scattering
matrix or S matrix. S is the collection of all Sg,. The states a and B are defined asymptotically, at
times t — —oo0 and t — oo respectively, so we define

In the absence of interactions with long-range forces, these asymptotic states consist of free
particles, which is a great simplification. Long-range interactions, like electromagnetism, bring
complications which we prefer to leave aside. An alternative notation is to define the ‘in’ and ‘out’
states

Suppose the ‘in’ state consists of two scalar particles, with momenta p; and p,; then

and the creation operators obey the usual free particle commutation relation (4.16a) with a;,.
The definition

is clearly equivalent to

which in turn is equivalent to the relation between the free field operators

We want to find an expression for the operator S. To begin, we take the seemingly irrelevant
step of considering the field operator @ (x) at a time intermediate between —o and +oo; in other
words, when it is subject to interactions. From the Lagrangian

@ obeys the equation of motion

or, denoting the Klein—Gordon operator by

we have



Let us now solve this equation.? Denoting its Green’s function by G(x — y), we have, by definition,

so on multiplying (6.141) by G(y — x), and the above equation by @(y), subtracting, and
integrating over y, we have

The left-hand side of this equation is

The ‘space’ part of this expression vanishes by Green’s theorem:

solong as ¢ and V , vanish on the boundary at spatial infinity. As for the ‘time’ part, we have

so, collecting these results together gives

where we have carried out the time integration between times Image and Image, or, more
generally, over the spacelike hypersurfaces o~ and ¢*. Equation (6.145) is the solution to (6.141),
but it is not yet in the form we want. From the theory of differential equations, we know that the
general solution to (6.141) will consist of the sum of the solution of the homogeneous (free field)
equation, plus the integral of the Green’s function times the inhomogeneous term. It is obvious that
this last is the second term in (6.145); we shall show that the first term represents a free field, but
exactly what free field depends on the boundary conditions. In fact, the Green’s function,
satisfying (6.144), is itself not unique; for uniqueness, boundary conditions must be imposed. We
therefore define the advanced and retarded Green’s functions by

Now for any two Green’s functions, G; and G,, we have

hence, subtracting and integrating over x,

Applying this to the retarded and advanced Green’s functions gives

Now substitute G = A4, into equation (6.145), remembering that is a later time, and



an earlier time than x,; we find

This is the conventional result using retarded Green’s functions, where @(x) is expressed in terms
of its boundary values at an earlier time. Now let Image — — oo, and denote the first term on the
right-hand side by

It is easy to see that this satisfies the free Klein—Gordon equation, for

and the right-hand side clearly vanishes as y,— — oo, for any given x,. So we may identify ¢ _,(x)
with the ‘in’ field @;,(x), and write the solution to equation (6.141) as

It is clear, moreover, that we may equally well take an alternative solution, using the advanced
Green’s function, and the boundary conditions at y, = + oo:

Using equation (6.143) we express these solution in the form

It is obvious that, in some sense, we require

as an asymptotic condition. It has been shown, however, that if this condition is taken as it stands,
as an operator condition, there is no scattering. This is called the strong asymptotic condition, and
is obviously not what we want. The correct form was found by Lehmann, Symanzik &
Zimmermann (LSZ) (1955) and is known as the weak asymptotic condition:

where |a) and |b) are arbitrary states in Hilbert space. The point is, of course, that although the
strong condition implies the weak one, the converse is not true. It is our job now to find an
expression for the operator S, defined through equation (6.140)

using equations (6.151) and (6.152). First, we define the functional

where T is the time-ordering operator. This implies that



Comparing this equation (and corresponding higher derivatives) with (6.46), it follows that the
vacuum expectation value of I[J] is Z[J]:

Now we multiply equation (6.151) by I[J] and T, bearing in mind the asymptotic condition, to give

and hence, on subtraction,

where

Substituting for @, from (6.140) and noting that S is a unitary operator, SS* = S7S = 1, we then
have

This equation, unappetising as it looks, is not difficult to solve. Indeed, a simple re-arrangement of
the Baker—Campbell-Hausdorff formula (6.80)

where A and B are operators whose commutator is a c-number, gives

Now consider the expectation value between the states (0| and |p} of the second term on the right
hand side of (6.151). We have

Hence, on using (4.39),

It can be shown (Zimmerman 1958), however, that the commutators above are c-numbers, so the
relations above may be written without taking vacuum expectation values

In view of this, the following solution to (6.156) suggests itself

where F[J] is some functional of J. Indeed, we have, assuming this solution,



and

so (6.157) solves (6.156). To find F[J], we take the vacuum expectation value of (6.157). This
implies first that we shall have to normal-order the exponential. But having done that, note that

for any operator A, so we have

Furthermore, in the absence of external fields we may put {0|S = (0| (see Fried 1972, p. 22),% and
hence

so F[J] is simply Z[J], and we have

Finally, noting that I[J] — 1 as J — 0, we obtain

This is the reduction formula in functional form. How it works out, as we shall see below, is that,
on expanding the exponential, a typical term contains (8/8J)" Z[J]|;=o, which is, of course, the n-

point Green’s function. For each external particle, we have an operator K = (O + m?), which
reduces the propagator to a delta function; we then multiply by the free particle wave function @ ;.

In the above formula, of course, @;, is not a wave function, it is a field operator — note that S is an

operator. What we shall show is that when we find a particular S-matrix element, it is indeed given
by this simple prescription. To be more explicit, we first find the variational derivatives

which are the n-point Green’s functions, then multiply by

which removes the external legs from the Green’s function, and finally multiply by

the external free-particle wave functions. Collecting this together, the n-particle S-matrix element
is

Of course, it must be remembered that this formula refers to scalar fields, and interesting physical



processes involve spinor fields. In this case the Klein—-Gordon operator K, = ((Jy + m?) is replaced
by the Dirac operator D, = (iy.d— m). We now have all the formulae we need to calculate the pion—
nucleon scattering amplitude.

6.9 Pion—nucleon scattering amplitude

In the presence of scalar and spinor fields, of respective masses m and M, the formula (6.158)
becomes generalised to

where

and the arrows indicate that K, D and Image operate on the ¢, y and V¥ brought in from the

functional differentiation of Z, and not on @, ¥;, and ¥,,. The pion is actually a pseudoscalar
particle, so its interaction with the nucleon system is given by

The bilinear is a pseudoscalar — see equation (2.126) — making 4 int @ scalar. The vectors
and are in isospace, since pions are isovectors. Defining
this gives

Suppose we are considering " p scattering. Then the only interaction term of interest is

and the complete Lagrangian is

Here the terms in the free part, K4 o are isoscalars, and, in the interaction term, n and p describe the

destruction of n and p particles, or creation of their antiparticles; @ * describes destruction of z* or
creation of -, and @~ destruction of #~ or creation of z*.

The generating functional Z[J, n, ’-I] is given by the equation analogous to (6.76):

with

Here J and 7 refer to the sources of whichever pion or nucleon field we are concerned with. This



will become clear below, when we use these expressions. First, however, we shall calculate the S-
matrix element for z* p scattering, and show that it is obtained from the corresponding Green’s
function in the way described at the end of the last section.

Fig. 6.6. Kinematics of pz* scattering. The solid line denotes the proton, the dashed line the pion.

The kinematics are shown in Fig. 6.6. The initial proton has momentum p and spin s, the initial
pion momentum k, and the final values of these quantities are denoted by a prime. We want to
calculate the scattering amplitude

with

The operators K(&/8J), D(6/6m) and (&/6Image)lmage may be brought outside the bracket, and act
directly on Z. Writing the initial and final states as

and expanding the exponential, we have, up to first order,

The zeroth order term only contributes if p = p, s = s’ and k = k’ and that corresponds to no
interaction, which is not interesting. We shall now show that the first order term vanishes. The
general idea is to change the order of the creation and annihilation operators, remembering that
by(p)|0) = a(k)|0) = 0. Since the boson and fermion operators commute with each other, we may
consider these terms separately. In that case, substituting for ¢ ;,, which we simply write as @, the
free field operator, and using equation (4.14), the boson term is

where we have used the fact that the commutators displayed are c-numbers, hence in the first term
we have a(k’) acting on |0), and in the second, a’(k’) acting on (0. So the first order term is zero, as
claimed.

Now consider the second order term. The coefficient of is, in the bosonic sector,

We have, here, carried out the normal-ordering prescription of putting annihilation operators to the
right of creation operators. As above, we then write suitably chosen products of a and a' as (c-
number) commutators, so it is immediately clear that the first and last terms vanish. As for the
second and third terms, observe first that

so expression (6.166) becomes, using (4.11),



This whole term is the coefficient of

Because of the symmetry under x; <> X, the bosonic contribution to the S-matrix element is

where the arrow on K, indicates that it acts on the functional derivative of Z.
We now turn to the fermionic sector, and see a very similar pattern. We have to evaluate

On substituting for w(x) and W(x) from (4.44), and turning products of operators into
anticommutators, it is seen that the and terms vanish, while the term gives

The other non-vanishing term comes from which gives the same as above, with x3 < x4,
and an additional minus sign, coming from the definition of normal-ordering (see the remark above

equation (4.48)). These terms are, respectively, the coefficients of and . On making
the interchange x; <> x, in the second term, and observing that the Ds commute, but &7 and 66

Image anticommute (cf. (6.137)), thus introducing yet another minus sign, we can then write the
fermionic contribution to the S-matrix element as

Combining, finally, the pion and nucleon contributions, we may write the pion—nucleon scattering
amplitude as

where (x4, X,, X3, X4,) is the 4-point function or Green’s function:

This is the content of the reduction formula for this particular scattering process; the scattering
amplitude is obtained from the Green’s function by multiplying by the Klein—Gordon, or Dirac,
operators, as appropriate, for the external particles, then multiplying by the wave function of the
particles at positions Xy, . . . , X4, and integrating over xy, . . . , X4. Although exhibited here for the
case of pion—nucleon scattering, this recipe is general.

To get an explicit expression we need to know the 4-point function, obtained by functional
differentiation of the generating functional given by (6.164). Fortunately, however, we do not need
to perform this task explicitly, for we can invoke the rules we discovered in §6.5, making the
obvious adaptation from @* to for the interaction term. We first draw a prediagram for the
propagation of (aN) to (nN), with two interaction terms, as in Fig. 6.7. We are only interested in
constructing connected Feynman diagrams, since only these give a contribution to the scattering.
The pion lines from the interaction vertices must be connected to the external pion lines, and a pair
of nucleon lines from the vertices must be joined together. There are clearly two ways of doing
this, indicated by the dotted lines in Fig. 6.7. The two resulting Feynman diagrams are redrawn in
Fig. 6.8. Let us recall that these diagrams, in our convention, are to be read from left to right (with
the incoming particles on the left). Many writers draw them to be read from bottom to top, and in
fact the most logical way is to draw them from right to left, the same way as the expression for the
matrix element (out|S|in). In the general case, both diagrams of Fig. 6.8 will contribute to the
scattering and the cross section will show an interference term so characteristic of quantum



phenomena but, in the case of z* p scattering, Fig. 6.8(a) will not contribute, since the intermediate
nucleon state, N** with charge 2, does not exist. The virtual N in Fig. 6.8(b) is, in this case, a

neutron. Recalling that the coupling constant for the (z*pn) vertex (equation (6.163)) is Image, and
that the vertex contains an (iys) factor, we may immediately write the 4-point function for Fig.

6.8(b), redrawn in Fig. 6.9, as

Fig. 6.7. Prediagram for zN scattering to second order, showing the two possible ways of forming a Feynman
diagram.

Fig. 6.8. Connected Feynman diagrams for pion-nucleon scattering, to second order.

Fig. 6.9. 7'p scattering.

This is to be inserted into (6.169). Recalling that

we obtain

Combining equations (6.135) for S(x), and (6.14) for Ag(x), we have

Inserting this into the above equation, we may first carry out the integration over y; and y,:

showing that the intermediate neutron has 4-momentum q, and 4-momentum is conserved at each
vertex, as well as overall. The integration over ¢ may now be carried out, as long as q is replaced
by p — k' = p’— k. Therefore

Now using the Dirac equation (2.140) in momentum space and the properties of the ¥ matrices, this
expression may be simplified to give

From the scattering amplitude, the next task is to find the scattering cross section, and this is dealt
with in the next section. Before finishing this section, however, we shall summarise briefly the
Feynman rules for calculating the scattering amplitude for an interaction involving scalar (or
pseudoscalar) and spinor particles. It will immediately be seen that they yield the expression
(6.173) for the particular case of " p scattering to lowest order perturbation theory.



1. To nth order, perturbation theory corresponds to a diagram with n vertices. The amplitude
for a particular process (i.e. with particular ingoing and outgoing external lines) to a
particular order is obtained by adding the amplitudes of all topologically inequivalent
connected diagrams. Fig. 6.8 shows the two diagrams for (pseudo-)scalar spinor scattering
to second order. Fig. 6.10 shows some fourth order diagrams. Spinor lines are continuous,
scalar lines dotted.

2. For each incoming spinor particle write u(p) (v(p)) for its antiparticle), and for each

outgoing spinor particle ).
3. For each vertex write ig (for scalar interaction) or igys (for pseudoscalar), where g is the

relevant coupling constant read off from the interaction Lagrangian, and multiply by
(2m)*8* (incoming momenta).
4. For each spinor propagator (internal line) of momentum p write

Fig. 6.10. Some fourth order diagrams for scalar/pseudoscalar-spinor (e.g. pion—nucleon) scattering. The last
diagram is disconnected and is not counted.

Table 6.1. Feynman rules for scalar (or pseudoscalar) and spinor theories

5. For each (pseudo-) scalar propagator write

6. Integrate over internal momenta.

These rules are summarised in Table 6.1.

6.10 Scattering cross section

We now show how to calculate the scattering cross section from the scattering amplitude. First, we
define the Lorentz invariant amplitude M by

recalling that what we calculated above did not include the identity contribution to the S matrix. It
also only referred to the connected part of S — 1, but this we shall take to be understood. Further,
for simplicity, let us consider the simplest case of 2-particle — 2-particle scattering.

Now, in general, the initial particles will not be sharp momentum states p;, p,, but will be wave

packets:

which, however, have momenta peaked respectively about p; and p»:

The final state is

so the transition amplitude is (with )



and the transition probability is

Because of the first delta function, the second one may be written as &k; + k, — q; — q,). Also,

since f and g are peaked around p; and p,, we may approximate M above by M(Image), Finally, to
get W into a comprehensible form, we introduce the Fourier transforms of f and g

where, as above,

So

and similarly

and are the wave functions of the incoming particles. Noting that

we have, gathering these facts together,

The first factor is the overlap of the wave functions, a precondition for scattering. This factor is
unity when the initial state is a momentum eigenstate. The second factor is the familiar expression
of Fermi’s Golden Rule. We can then write the transition probability per unit volume per unit time
as

Using our covariant normalisation, which corresponds to 2p, particles per unit volume (see §4.1),

we have, for our wave packets, that the number of particles ‘1’ per unit volume is , and the
corresponding number of particles ‘2’ is . Now assume that particle 2 is initially at rest,
. The incident flux is the relative velocity times the particle density , which is

. The target density, similarly, is
Now the scattering cross section da is defined in terms of dw/dvadt, the number of transitions
per unit time and unit volume, by

which gives



There is a Lorentz invariant generalisation of the quantity m,|p;|, namely

As it stands, this expression for the cross section refers to an undefined final state, subject only to

the condition . What is measured in the laboratory, however, is the differential cross section,
for scattering into a particular solid angle d¢2; and therefore with final momentum in a range dp;.

We therefore write the cross section for the final momenta in the momentum-space interval
as

In the case in which the initial particles have spins S; and s,, there will be a summation over spin
states, so for an initially unpolarised state we replace |M|? by

The formulae above hold for bosons. When (massive) fermions are involved, the normalisation
of our Dirac spinors is equivalent to p,/m particles per unit volume, so if the target is a fermion, the

target density is . For the final state fermion, the Lorentz invariant phase space d®p/(27)°2p,
is replaced by (m/p,)[d3p/(27)%]. Putting these things together, the cross section for pion—nucleon
scattering is given by

Let us now work in the centre of mass system

Then the phase space integral becomes

Invoking the formula

we then see that

so the differential cross section is

In the centre-of-mass system, where W = E; is the total energy of the system, so



The invariant amplitude My, is, by comparing equations (6.174) and (6.175),

We now have to evaluate a quantity of the form

where and A is a Dirac matrix operator. We have

with . Hence

Summing over spin, we now appeal to equation (2.145)

to give

where the trace is over the Dirac matrices. We also know that (see (2.147) and (2.151))

and that the trace of an odd number of y matrices vanishes ((2.150)). This gives

In the centre-of-mass system

At low energies, , giving

and hence, since W= M + m in equation (6.178),

if m is neglected in comparison with M.

If we know g we can arrive at a prediction, from first order perturbation theory, of the pion—
nucleon scattering cross section; g may be found by two distinct methods, and they give very
different values. First, it may be found from the deuteron binding energy. The Yukawa potential
between nucleons a distance r apart is

where , where is the pion Compton wavelength, 1.4 x 107> m. At a separation of r =
2.8 x 10715 m, the exponential term may be neglected, and the r dependence of the potential is the



same as the Coulomb law. We know from the theory of the deuteron that the potential well
between two nucleons at a distance of 2.8 x 107> m is about 20 MeV deep. On the other hand, the
electrostatic interaction is only about 0.5 MeV at the same distance. Hence

where e is the electric charge of the proton in e.s.u. Hence

Putting this value in (6.181), we predict®

which is an order of magnitude smaller than the low energy pion—nucleon scattering cross section
=~ a few mb.

A second determination of g can be made from a knowledge of the phase shifts in 7—N
scattering. By using a derivative coupling (m = pion mass)

it may be shown using a static theory with cut-off, that a resonant behaviour is to be expected for
the 7—N scattering amplitude. This is, of course, observed (see, for example, Fig. 1.2). Comparison
of the theory with the measured phase shifts gives a value for f (see, for example, Sakurai 1964, p.
215):

On the other hand, it may be shown (see, for example, Schweber, Bethe & de Hoffmann 1956, vol.
1, §26) that to first order, the pseudovector coupling (6.184) and the pseudoscalar coupling (6.162)
are equivalent if g = (2M/m)f (M = nucleon mass). This gives

The corresponding cross section is

which is far in excess of the experimental value.

In conclusion, neither value for g produces agreement with experiment. The value (6.186),
which tends to be taken more seriously by particle physicists, is so high that a perturbation series in
g° will diverge. It may reasonably be objected that this makes the theory meaningless. From a
contemporary perspective, however, g is not a fundamental parameter. The basic strong interaction
is the one between quarks and gluons, which is a gauge interaction. We shall start to consider these
interactions in the next chapter, and in Chapter 9 will see that the coupling constant concerned
actually changes, depending on the energy at which it is measured. The present exercise, then, is
seen to be a rather academic one, but has served the useful purpose of illustrating the application of
the Feynman rules.

Summary

IThe generating functional Z[J] for scalar fields is written down, and converted into a form
involving the Feynman propagator Ag, which is also written down in Euclidean space, *Functional
integration is introduced and it is shown how the results of §6.1 may be derived by use of it. 3Z,[J]
is shown to be the generating functional for the free particle Green’s functions and the relationship



is shown between the n -point functions and the vacuum expectation value of the time-ordered
product of n fields. Wick’s theorem is proved. “Interactions are introduced and the relation
between Z[J] in the interacting case, and Z,[J] in the free particle case, is shown. >These results are

applied to @* theory, whose 2- and 4-point functions are calculated to first order. Feynman
diagrams are introduced and the distinction between connected and disconnected diagrams made.
5The generating functional for connected diagrams is found. ’Grassmann numbers are introduced
and it is shown how the generating functional for a spinor field may be expressed using elements
of a Grassmann algebra. ®The S matrix is defined, and the reduction formula, giving S in terms of
functional derivatives of Z, obtained. Using this formula, Sthe pion—nucleon scattering amplitude is
obtained to second order, and the Feynman rules summarised for the case of scalar and spinor
fields. 1°The cross section for z"p is obtained.

Guide to further reading

Early papers on functional methods in quantum field theory are Matthews & Salam (1955), Higgs
(1956), Umezawa & Visconti (1955). Good accounts appear in Nash (1978), Amit (1978), Fried
(1972). For an account of Grassmann algebras, see Fearnley-Sander (1979). The application of
Grassmann algebras to Fermi fields is discussed in Berezin (1966), Ramond (1981), Lee (1981),
and Itzykson & Zuber (1980). The reduction formula and the S matrix are treated in Symanzik
(1961), Bjorken & Drell (1965), Faddeev & Slavnov (1980), and in Amit (1978), Fried (1972) and
Itzykson & Zuber (1980).

! In this section and for much of this chapter I have drawn on the lectures of J. Wess, Karlsruhe University, 1974
(unpublished), and Popov (1983).
For a more general proof that W[J] generates only connected diagrams, see J. Zinn-Justin, (1997), section
6.1.1. I am grateful to Dr B. Sheikholeslami-Sabzevari for bringing this reference to my attention.

3 The solution is equation (6.149) or (6.150), below. Readers who are familiar with, or too impatient to follow,
the proof are invited to skip to the solution.

4 It follows that in the Hawking effect, or in particle creation by an external electric field, this statement may not

. be valid.zg ar? grateful to Professor J. Anandan for bringing this to my attention.
1b=10""m



7
Path-integral quantisation: gauge fields

7.1 Propagators and gauge conditions in QED

We saw in the last chapter how the Feynman rules could be ‘read off from the generating
functional — more particularly, from the Lagrangian of the theory. As remarked in §6.7 (p. 216),
the propagator is the inverse of the operator appearing in the quadratic part of the Lagrangian. Our
aim now is to extend this work to the gauge fields, and in this section we restrict our attention to
quantum electrodynamics. It turns out that, because of the freedom to make gauge
transformations, we encounter difficulties which were not present with scalar and spinor fields.
We exhibit these difficulties in both the canonical and path-integral formalism, the former being
more transparent, the latter more succinct and formal. It is, however, the path-integral method
which has the greater power, and in the next section we shall show how to apply it to the case of
non-Abelian gauge fields.

We begin this section by outlining the difficulty in finding the propagator of the
electromagnetic field, using the canonical formalism.

Photon propagator — canonical formalism

We shall proceed, in our study of gauge fields, from a generating functional which in the case of
quantum electrodynamics takes the form

Z[J] = J@)A”expij(i + JA,)dx (7.1)

where J# is the external current source, and, in the absence of matter,
@~ _1 v
& = —3F, F*. (7.2)

This was our method of procedure for scalar fields (see (6.1)) and for spinor fields (see (6.130)),
and it stemmed from equation (5.15) in quantum mechanics. We should recall, however, that the
more fundamental expression for the transition amplitude (generating functional) is equation
(5.13), which reduces to (5.15) when H is quadratic in p with a constant coefficient (as in (5.8)). It
is true also in field theory that the only safe path integral is the one based on the canonical
formalism, that is, involving

”@:ﬂnexpi[(@ = #)dx.

After performing the integration over =, the canonical momentum, the simple ‘Lagrangian’ path
integral is not recovered unless there are no constraints and #€ is quadratic in the 7 with constant
coefficients. There are many field theories in which these conditions are not satisfied, and they
include the non-linear sigma model, non-Abelian gauge theories and gravity. In non-Abelian
gauge theories, however, the Faddeev—Popov technique gets one out of trouble, so at the expense



of some rigour it is justifiable to proceed from expressions like (7.1), introducing the Faddeev—
Popov ghost fields when the need arises. In the case of gravity, the Faddeev—Popov technique
fails to get one out of trouble -but we are not intending to quantise gravity. We shall therefore use
a simple ‘Lagrangian’ path integral for the generating functional in what follows. Students
interested in seeing the method based on the canonical path integral should consult Faddeev &
Slavnov (1980), Ramond (1981) and Itzykson & Zuber (1980).!

After these cautionary remarks, we return to equations (7.1) and (7.2). As we saw in §3.3,
variation of the Lagrangian (7.2) gives Maxwell’s equations

3, F™ = 3,(*A* - 3"A") =0
or

(80 - 3,3,)A* = 0. (7.3)

After partial integration, and discarding of surface terms, K4 may be written
£ = 3AMg,0 - 3,3,]A". (7.4)
According to our prescription, the photon propagator D, is the inverse of this operator

(g — 3,3) D" (x — y) = 8}8*(x — ). (7.5)

(Alternatively, and equivalently, we see that D"* is the Green’s function of Maxwell’s equation
(7.3).) Now we multiply (7.5) by the operator o*, giving

(0-3,) D™ = 3*&*(x - y),

from which we see that D¥* has no inverse, and is therefore formally singular.

(gD — 3,3

This is because the operator v) has no inverse; if applied to oA, for example, it

gives zero:
(8w = 3,8,)3"A = (3,0 — 03,)A = 0,

so the operator has a zero eigenvalue, and therefore no inverse.
Our straightforward attempt to find the photon propagator has failed. Some light is thrown on
the reason for this failure by appealing to the path-integral method.

Photon propagator — path-integral method

Here we simply consider the generating functional

Z = [24,eM%.

£ is invariant under gauge transformations AM - A“ + 3‘,/\’ but the integration is taken over
all A, including those that are related only by a gauge transformation. This clearly gives an
infinite contribution to Z, and therefore to the Green’s functions, obtained by functional
differentiation of Z.



Gauge-fixing terms

What must we do to get a finite value for Z? The obvious answer is to fix a particular gauge, so
that the integral over A, does not extend over values simply related by a gauge transformation. To

be definite, we impose the Lorentz gauge condition §,A* = 0. This gives the Lagrangian
£ =3A%g,O0A". (7.6)
The operator gw,D has an inverse, known as the Feynman propagator
De(x, y)u = —8uwAr(x, y; m = 0) (7.7)

The Lagrangian is then written

£ = —3F F* - 3,A%)
=% + Lgr (7.8)
where
Lor = —H3,A*)? (7.9)

is the ‘gauge-fixing’ term introduced on page 146 above.
It may be helpful to reproduce the above line of reasoning in momentum space. The operator

— - 2
g l“’D a!‘a" becomes — 8 ﬂ"k +k Mk", and it is easy to see that this has no inverse. If it did,
it would have to be of the form

Ag™ + Bk*Kk*, with (—k2g, + k.k,)(Ag™ + BK"k*) = &), 1y implies
A A
—Ak*8, + Ak, k* = &),

which has no solution. On the other hand, in the Lorentz gauge, the operator —gm,k2 clearly has an
inverse —g"(1/k?), and the Feynman propagator is

De(K),y = 52, (7.10)
More generally, instead of (7.8), we may add to the Lagrangian an arbitrary amount of K4 GF:
&= —LF, F" - L (3,4
2«
- %A"[g,,vlj + (l - 1)3,,8‘.]/1" (7.11)
o

with « finite. The ‘quadratic’ operator in momentum space is



—k2g,, + (1 - %)k,k‘.

whose inverse gives the propagator
1 kuk,
D(k)y = — x [g,,, + (o0 — 1)— E ] (7.12)

Particular nomenclatures associated with a are

a — 1: Feynman propagator (Feynman gauge), 3
(7.13)
a — 0: Landau gauge.

The physics, of course, is unaffected by the value of a.

Propagator for transverse photons

The propagator (7.10) applies to photons in the Lorentz gauge. This is a covariant gauge in which
photons have a polarisation vector &*, with k& = 0, so that only three of the four states are

independent. Physical photons, however, are described by only two polarisation states — those
with transverse polarisation. In this subsection, we calculate the propagator for transverse
(physical) é}hotons From §4.4, we see that we are working in the radiation (or Coulomb) gauge,
in which A=0, ¢ =0.

Recall that the relation between the propagator and the 2-point function is

(0]T(Au(x)ALY))I0) = iDyfx — y). (7.14)

We calculate the left-hand side by substituting for A,(x) from (4.64) (or from (4.80), but with the
sum over A = 1, 2 only). Hence



B 2
d3k 2 ().)(k)e(vl')(kl)
(2m)2ko (2m)*2kf Ad=1

X ([a(A)(k) e-lkx + a(/l)‘l’(k) elkx]
x [a® (k)X + a4 (k) X 10(x0 ~ ya)

+ [@®)(k’)e kY + aMI(k") ek
)

(0 T(A,(x)A(y))|0) = ( U

X [aP(k)e ™ + gV (k) e**]0(yo — x0)}
3k 3k: 2 ,
. (o [LEEE S P06l (k)
(2m)2kg2kj Ax=1
X [a®(k)a?)* (k') ekY = ) G(xq — y)

+ a*)(k")aP' (k) e~k 0(yg — xo)]

o)

The two terms in aa’ may be replaced by their commutators, given by (4.68). The delta functions
then enable one to integrate over k’ and sum over A’, giving

(O] T(A,(x)A(y))IO) = j s zs“’(k)e“’(k)

ko i=1
X [e"‘("’)o(xo = yo) + €4 M0(yq — xg)). (7.15)

Now, from equations (6.14) and (6.56), the Feynman propagator for massless particles is
&k
(27)*2k,

f d'k e ¥
2m)* k2 +ie

Ap(x,m =0) = -ij [6(xo) e '* + O(—x;)e'™]

Hence we may write

(0IT(Ax)ALy))I0) =i I (*; 1;4 e;z + ; Azem( eN (k)
T =

and the propagator for transverse photons is then

4 —ik(x-y) 2
(‘; ’)‘4 ekz zs‘*’(k)e""(k). (7.16)
g + i€ A=

DiiAx -y)=f



2 (A (APFAY)
What is zl-leu (k)ey"(k)? Now ¢, is orthogonal to k,, which is lightlike; ¢, is therefore
spacelike. We introduce a timelike vector . = (1, 0, 0, 0), which is orthogonal to g, in the

8(1‘2) -
# » My and one other spacelike vector, denoted k:

kp= k"'(k'ﬂ)'f‘ i
(k- n)* = k]2

radiation gauge. We then form a tetrad from

It is straightforward to verify that k is spacelike:

oK -2ken)’+ (ke
(k-n)’ = &

where we have used 77 = 1; and that k is orthogonal to &:

E-e= k‘f-(k"?)(’rf):()'
[(k-n)? - k%'

since k - € = 0 and n - € = 0. Having constructed a tetrad, we now have
2 A) A) i L
8w = Mul — 2 £ (K)EV(K) = Kk,
A=]
hence

—8uv t MMy — kukv

2
S eP(k)ek)
A=1

__ kuky (k) (kuny + muky)
(k-m)? = K2 (k-n)* = k2

= —gu

(k-m? =k '

2 (Y (A)
This is the desired expression for 21=l£u (k)ey (k), and when substituted in (7.15) it gives
an explicit expression for the propagator for transverse photons.

7.2 Non-Abelian gauge fields and the Faddeev—Popov method

We now want to extend what we have done to non-Abelian gauge fields (Yang-Mills fields). Our
aim is to discover the general rules for finding the gauge field propagator. We proceed by
developing the formal path-integral method referred to in the last section, based on making Z
finite. This method was first devised by Faddeev and Popov.

We saw above that Z is infinite because the functional integration extends over all A,, even
over those related by a gauge transformation, under which the integrand is invariant. In a
schematic way we may write each A, as



A,~ A, Ax) (7.18)

Au by a gauge

which expresses the idea that each potential A, can be reached from some fixed
transformation given by the function A(x). The different A# belong to different gauge classes —
they may not be obtained, one from another, by a gauge transformation. Then in the same
schematic way the integral for Z may be split up

z-= f@A,eis ~ f@ﬁ,eis I@A (7.19)

Since S is gauge invariant the integration over A separates out: and it is this last factor, I %A,
which gives rise to ‘overcounting’ and causes a divergerice in Z. Faddeev and Popov showed how
to achieve the desired separation in a rigorous way. Their argument is not easy to digest at first
sight, being (of course) based on functional methods, so it may be helpful to consider a simple
analogy in ordinary integration in two dimensions.

The example we take is the integral

I= f [ dx dy e~ (™) (7.20)

Here the integrand is rotation invariant. Changing to polar co-ordinates we have

I= j dof drre=" (7.21)

and the first factor, J dé(= 2”), is clearly analogous to I DA in (7.19). We want a more general
expression for this separation. Let us write (7.21) as

I= f de j dr dore="&(6), (1.22)

which is clearly equivalent to (7.21). The second integral in (7.22) has been reduced from a 2-
dimensional to a 1-dimensional one by the delta function §(6), which reduces the integration to
one along the x axis (6 = 0). Let us choose, however, to integrate instead along a path at fixed
non-zero 6 — which we may surely do since the integrand is rotation invariant. This path is given
by y cos@ = x sinf or

f(8) = ycosf — xsinf = 0. (7.23)

If we choose this path how is equation (7.22) changed? We invoke the formula

&6 - 6)) (7.24)

1
Xf(0) = —
2 daf(6;)

e



where 6, are the zeros of f(6). From (7.23) we see that f(6) = 0 at
6, =tan"'(y/x), 6, =7+ tan"!(y/x) (7.25)

and at these points

ifl = ViZey? (7.26)

6 o,
50 (7.24) gives
KFO) = —[&6 - 6,) + &6 — )]

hence

[acscey a6 = 2.2 (7.27)

r Vxl+y?
This may be written in the form
A(r) I &f(8))d8 = 1 (7.28)

where

A(r) = AVx: + y)) = —“22'”2 (7.29)

It is clear, however, that f(6) is simply obtained by rotation from the y axis, so we may write

y’' = ycos@ — xsin@
} (7.30)

x' = xc0s8 + ysinf
and of course x*? + y’2 = x?> + y?. Equation (7.28) then becomes
AV T+ y? )J'a(y')de =1 (7.31)
Viewed as an expression for the identity, let us now insert this into equation (7.20), giving

I= f doj dx'dy’ e " *YIAWV T + y2)&y'). (1.32)



This is the general expression which exhibits the separation of variables made possible by the
rotation invariance of the integrand. The second integral is independent of 6, so | d is simply an
overall multiplication factor in I. In the above expression A(r) may moreover be written as (see
(7.28))

A(r)! = j &(f(6))de

_ 40
= j 8(f(8)) det | ki

hence

47

A(r) = det (7.33)

f=0

We now turn to the problem of the generating functional in gauge theories, where the action S
is gauge invariant. We write the gauge transformation (3.162) as

Al = UAU' -i(3U)U', U =eN™T, (7.34)
whose infinitesimal form is
A'l= AL+ fALAC +3,A0, (7.35)

f°®¢ being the structure constants of the group G.
A gauge condition is written in the form

FI[A,] =0 (7.36)

where a is a ‘colour’ (non-Abelian) index. For example the Lorentz gauge in QED is given by
A, =0,s0 F = A, (no colour index). Now consider

AF'A,) = [aUsFelA])] (7.37)

U U 14
with Al‘ given by (7.34). The quantity F (AI‘) vanishes for some Aﬂ and JO[F] is a delta
functional

o F[A]] = [ISF(AGHD; (7.38)

x*.a

-1
a product of Dirac delta functions at each point of space-time. We first observe that Af [All] is



gauge invariant. We have from (7.37)
IIHE f@u&[r"[A,‘{'”]]. (7.39)

Now putting U” = U’U and using the result that (for compact groups) the volume element in
group space defines an invariant measure (see, for example, Hamermesh 1962, p. 313 or Talman
1968, §9.2):

U =2U"

then

AF' (Al = jgnu"a[F“[Aﬁ’"]] = AF'[ALl (7.40)

-1
so A [A.“] is indeed gauge invariant. Writing equation (7.37) in the form

1= Ada)[aud Fla)]] (7.41)

(which is analogous to equation (7.31)) and inserting this expression for the identity into equation
(7.19) gives

Z= IEI'A,,A,;[A,,] [@U&[F"[A,?]]eis. (7.42)

Ay DA)
Now perform a gauge transformation taking “*# to A, and use the facts that # is the same

as DA

M, the action S is gauge invariant, and so is Ag[A, ] (equation (7.40)). This gives
Z = [2A4,A6A,) IQIJU(S[F“[A Yl)ess

= f?l) UIQ{:'-A”AF[A,,]&F"[A"]] e’ (7.43)

.

where we have been able to take out the factor I DU gince the integrand is independent of U. The
isolation of this factor is exactly what we wanted to achieve. It contributes only an overall
multiplicative constant to Z and may therefore be ignored. The correct expression for Z is
therefore

z-= f BAAE[ALOFA,] 5. (7.44)

We now want an expression for Ag[A,]. In analogy with equation (7.33) we write



OF

Af[A,] = det = det M. (7.45)

F=0

Now change M to iM and use the formula (6.128) in the form
detiM = I?Dfﬁoqexp(—i j i Mo dx). (7.46)

This is to be substituted into (7.44). As a final modification, it is convenient to modify the gauge-

a _ Aupa9
fixing term 8[F,[A,]]. For example, instead of the Lorentz gauge condition F®=3 Aﬂ we may

consider
a
Fo = 3“A% + C*(x)
where CY(x) is an arbitrary function. The generating functional is then

Z= j@A,,AF[A,,]a[[F“[A,,] - C9]€,

We have already noted that Z may be multiplied by any overall factor (since only the
normalised form of Z has physical consequences). Since C is independent of A, Ag[A,] in the

above equation is still given by (7.45) and Z is independent of C(x). We may then multiply Z by
the overall factor

i
exp [-— j Cix) dx].
20
This gives the final form for Z, taking note of equations (7.45) and (7.46),

Z=N f @A, BifBnexp {i f [52 - ZLFZ - ﬁ‘Ma,,r,"]dx}. (1.47)
o

where N is an overall (and irrelevant) normalisation constant. Equation (7.47) can be written in
the form

Z=N f DA, ZTEnexp (i f.‘fc“dx) (7.48)

where the effective Lagrangian is

1 -
—F? - 'fMabﬂb
2«

= .(f + .(gcy + SBFPG' (7.49)

$eﬂ=5£—



K4 cr is the gauge-fixing term, encountered above, and 4 rpc is the Faddeev—Popov ghost term.

The Grassmann fields "> 7 are called ghost fields, since their unphysical spin-statistics allows
them only to appear in closed loops in Feyn-man diagrams, never as external fields.

After this heavy formal reasoning, we may now find the Feynman rules for QED and non-
Abelian gauge fields. They depend on the gauge. We shall consider first the Lorentz gauge and
then the so-called axial gauge.

Feynman rules in the Lorentz gauge

First, let us consider electrodynamics, in which there is no internal symmetry index. We have

F =34,
From (7.35) we have

A, = J,A
therefore

OF = 0A
Hence from (7.37)

M=% _p
SA

and

Z=N f?ﬂA,,exp {i f [seo - i(a-A)zldx} J@fﬂnexp(i j acmdx) (7.50)

—iFnF*
where -CBO is the gauge-field Lagrangian, ~ 4 The last integral in the ghost fields
contributes only an overall constant factor to Z. The photon propagator is obtained by finding the

inverse of the quadratic term in £y - (1/20')(3 A) , which has been found in (7.12) above.
The 2-point function is then

k,

k 1 [g,,v + (a — 1)Keke (1.51)
e e

U oy
Next, we consider Yang—Mills fields. The gauge condition
F° = Al
together with (7.28)
Al = foALef + 3,0

gives



= f93H(Apef) + O’
and hence

F° _
Su?

Re-introducing the coupling constant g, which was dropped in (7.34), the ghost part of the action
is

M, = —f3rAy - fe AR + &40

[armnexp (~if 2 )

= ?b"ﬁbnexp{-i [ron dx + igf [(rannta; + a"A;(r'fnb)ldx}.

(7.52)
This gives the ghost propagator and the ghost gauge-field coupling

k IS

(D) 1 _ 5"”,
a........... b k2
c
| (7.53)
abc
- gf Pu
ple ©O
q b

(Here we have not included the (2n)* and momentum conservation §-functions. They are to be
understood; cf. Table 6.1.) The ghost propagates like a scalar particle but has Fermi statistics.

The gauge-field term F? is like that above, so the gauge propagator is like the photon
propagator

a k
"/vwwwwvx ——[gm, + (o - 1)L "k" ]6"”. (7.54)

Besides the fact that the ghost couples to the gauge field, the other complicating feature of the
non-Abelian case is that the gauge field couples to itself. The physical significance of this was
discussed in §3.5. This means that we have at least cubic terms in A appearing in the Lagrangian.
To obtain the pure gauge-field Lagrangian, we define the field by (3.166)

Guw=09,A,-3,A,—ig[A,. A))

and the Lagrangian is then



¢ =-3TrG,G". (7.55)

! . WHY
It may, for example, be checked that in the case of SU(2), this gives —iWuy - W

, asin (3.132).
On expansion this is

£ = -G, G™

~i{3, A7 = 3,A[ + gf CALATJ[FA™ — 3"AM + gfM"AMTA™
= —.';[quadratic term + ng“b‘AzAf,(aﬂAm — 3¥AM)
+ gif b ImALALAMTA™). (7.56)

The quadratic term gives the propagator, which we have already found. The cubic and quartic
terms give the couplings

bev
4 aq —2&fabc[(ru - qu)gvp +(p, - 'v)gup
+ (Qp - pp)guv]! (757)
a4 1 c

+ fa“fbcd(gyagpv - guvgpa)
+ fofO (g B op — BupBav))- (7.58)

The coupling of spin '.l' matter fields with gauge fields follows immediately by replacing 6, in
the free matter Lagrangian by the covariant derivative

D, =3, - igA.T* (7.59)

where T are n x n Hermitian matrix generators of the group, the matter field y forming the basis
for an n-dimensional representation. This is easily seen to give the Feynman rules



b 10,
2 £ matter propagator ——2>——

y'p—m

gauge field—matter coupling —igy, (7). (7.60)

This completes our search for the Feynman rules for non-Abelian gauge fields and their
coupling with matter, in the Lorentz gauge. A crucial feature of these rules is the Faddeev—Popov
ghost. As we have mentioned before, ghosts only occur in the internal parts of Feynman diagrams,
and have the wrong spin-statistics relation. Their existence, however, is crucial, for without them
unitarity would be violated, as we shall see below. Nevertheless, the reader would be forgiven for
regarding them as something of a mathematical artifice, and asking, in consequence, if there is a
gauge in Yang-Mills theory, in which their contribution may be integrated out, as it is in
electrodynamics. In fact there is: it is called the axial gauge, and we conclude this section with a
brief consideration of it.

Gauge-field propagator in the axial gauge

The axial gauge is defined by the condition
t"A, =0, ', =-1 (7.61)
where t is a spacelike vector. The gauge-fixing term is then

Fo=(*A" (7.62)

and under the gauge transformation (7.35) we have

OF% = fHADIAC + 143,A°

= #3,A%.
Hence
z—ib = 3, (7.63)

a
This does not contain ‘" 4, so, inserting it into the ghost part of the action, we see that the ghost
decouples from the gauge field, and its contribution may be integrated out. This convenience is
bought at a price, however, for the gauge-field propagator turns out to be quite complicated in this
gauge. The effective Lagrangian, not including the ghost term, is

£ + Bop = —4GoGM - 2L(:"A,‘:)2.
1 4



The corresponding quadratic part of the action is, after partial integration,
1( 1 va
—|A¥|Dg,y — 8,8, — —t,t,JA™ dx.
2 a
The operator in brackets is, in momentum space,
2 1
—k°guy + kyk, — —1,t,.
¢ 4

It is straightforward to check that this has the inverse

2 A\ LV HyV uLv
_1[,,”_(: +ak)kk_kt+lk]' (7.64)
k2 (k- 1)? (k- 1)
In the limit @ — 0, we have the correspondence
k b : 2 BV upv
MWW —— g 4 * kﬂk'-u]o‘b. (7.65)
M v k2 (k- ’)2 k-t

7.3 Self-energy operator and vertex function

Having got the Feynman rules, we can now calculate the amplitude for any process to any order in
perturbation theory. A question which then naturally arises is, are there any implications of gauge
invariance for physical processes which hold true to all orders in perturbation theory — in other
words, which are exactly true? It turns out that there are, and they are called the Ward identities in
QED; they have generalisations to the non-Abelian case. The generalised Ward identities are
crucial in proving the renormalisability of gauge theories, and renormalisability, in turn, is crucial
in order that these theories make sense and are believable. The Ward identities and their
generalisations are stated in terms of complete propagators and vertex functions, and our job in
this section is to define these things.

We saw in the last chapter how perturbation theory was applied to calculating the 2- and 4-
point functions, and therefore to scattering processes, and saw how the mass of a particle, defined

as a pole in the 2-point function, was no longer the bare mass m, but m + dm, with ém? = — '.l'
gAR(0) in @* theory. We want now to consider the problem of summing to all orders, and
therefore (assuming that perturbation theory makes physical sense!) of obtaining exact Green’s
functions. We continue to refer, for the present, to @* theory, though, of course, we shall broaden
our outlook when we consider gauge invariance: @*is not a gauge theory!

Let us begin by recalling some results from Chapter 6 and introducing some new notation. Z is
the generating functional for the n-point functions #(x;, . . ., X,) or Green’s functions G™(x,, . . .,

Xp):

Wxre oo xn) = Gy . xp) = 192U

. (7.66)
i" 8J(xy) ... d8J(x,) ls=0

These contain connected (or irreducible) and disconnected (reducible) parts, for example (see
(6.100)),



GY= -3——-3ig=—-ig X +0(g); (767

the first two of these terms are reducible, the last term is irreducible. Only the connected Green’s
functions contribute to the scattering, and these are generated by W (where Z = e/%), so that the
connected Green’s functions are

id(x1s .. x) = G™(xy, .y %) = — SWlJ) . (7.68
A ) (x1 ) i1 8J(xy) . .. 6J(x,) |7=0 (7.68)

In @* theory, referring to (7.67),

GY = —ig X + 0(g}). (7.69)

) . e G'm
We saw that G®™ may be expressed in terms of G, entirely; it is @c¢  plus products of U¢
connected m-point functions of lower order, m < n. This was a useful simplification, based on a
classification of diagrams. We now introduce a further classification. If we ignore numerical
factors such as i, the (connected) 2-point function is, to all orders,

(;(3'=_.+g_Q_
+g’:-Q-Q+ 8 + O]
+g»:oQo .8_0_ Q.
.8 .8 oo
+0(g*). (7.70)

These are all connected (irreducible) diagrams, and we want to devise a method of summing
them. The sum is called the complete or dressed propagator and is denoted

x—QO—y = GO(x, y). (7.71)

The effect of the terms of order g and higher is to change the physical mass away from the ‘bare
mass’ m, and hence to give rise to ‘self-energy’. The graphs above all contribute to self-energy.

Consider the first graph of order g2, 00 1« may be written as a product

e 10 N e I !

The first and last factors are merely external propagators, which are common to all the graphs, so
we define truncated graphs by multiplying the external legs by inverse propagators. We denote
them then by dashed lines, for example,



The second graph in g? becomes ----8-.--, and the third graph -, we may similarly
deal with the g® graphs, and those of higher orders. Of the three graphs of order g, then, the first
is a product of graphs of lower order, but the other two are not; this is because the first graph
contains a propagator. It is called a 1-particle reducible graph. It may be cut into two by cutting
one internal line. This is clearly not true of the second two graphs, which are therefore called
1-particle irreducible (1 PI) graphs. Based on this classification, we define the proper self-energy
part as the sum of 1 PI graphs, denoted as follows:

+----8----+-~. (7.72)

The complete propagator (7.70) (in momentum space) may therefore be written in terms of the
bare propagator G,(p) = i/(p?> — m?) and the proper self-energy function X(p) as follows

GP(p) = Go(p) + Gulp) z‘i") Go(p) + de)@%(p)@co(m boo
= Go(l <+ —Z—Go + —E—GOEGQ + .- )
1 1 1

-1
= Go(l - £Go)
1

ey 21 -
=1Go (p) ;E(P)

= : (7.73)
p* — m’ — X(p)
or, in diagrams
O — ——
(7.74)

N @ Z| R

Defining the physical mass my;,, by the pole in the complete propagator

phys



i

Go(p) = 5——— (7.75)
P~ Mphys
gives, on comparison with (7.73),
My = m* + X(p) (7.76)

which justifies the appellation ‘self-energy’ term to X. It represents the change in mass from the
‘bare’ to the ‘physical’ value, calculated to all orders in perturbation theory.
From (7.73), we have

(GO = Golp)™! - %z(p). (7.77)

so the inverse of the 2-point function contains, apart from the inverse bare propagator, only 1 PI
graphs. This is an example of a vertex function, and may be generalised.
The 2-point vertex function I®(p) is defined by

GAp)r(p) =i. (7.78)
Together with (7.77) this gives
r®(p) = p* - m* - 3(p) (7.79)

We shall now show that there is a generating functional for ﬂ")(p). It is denoted IT ¢] and is
defined by the following Legendre transformation on W[J]:

WUJ) = IT¢] + [ del(x)(). (7.80)
This gives
W] _ orel _ _ 7.8
31x) &(x), 50(x) J(x). (7.81)

If we define the propagator by

Gc(x’ y) = —iM = —1M (7.82)
8J(x)dJ(y) 8J(y)

and the kernel by



e, y) = #rel  _ _dJ(x)
O(x)oe(y) o¢(y)

it is easy to see that in essence these are inverses of each other:

[ FW[J] & ¢|
Iz, y) = -
[dec(xv )z, y) = —i 8J(x)8J(z) d¢(z)d¢(y)

- i 4 2040 21
8J(z) 6¢(y)
=idx — y).

Now differentiate this equation with respect to J(x”), using

5 —jdz"m 0

oJ(x") 8J(x") 5¢Xz")
. o]
=i1[dz"G(z", x" .
fooic e
This gives (on relabelling y — z')
Idz W &r
8J(x)8J(x")6J(z) d¢(z)d¢(z")
+ ijdz d— Y G (2" x") &r =
8J(x)6J(z’) Op(2)6¢(2")6¢(2")
hence
de— Y% ez
8J(x)dJ(x")6J(2)
~ [d2dz"Gulx. 2)G(e", x7) °r
O(2)6¢(2")0¢(2")

Now multiply (7.87) by G.(x, z’) and integrate over z’, using (7.84), to give

. FwW
"8J(x)8J(x")8J(x")

= fdz dz'dz"G(x, 2)G(x’, 2')G(x", 2")

9 &r
op(z)69(2")0¢(2")

(7.83)

(7.84)

(7.85)

0 (7.86)

(7.87)

(7.88)



This says that the connected 3-point function is the same as the irreducible (1 PI) 3-point vertex,
with exact propagators in the external lines. It may be represented diagramatically by Fig. 7.1.
Equation (7.88) may also be inverted, using (7.84), to give

&r
6d(y)od(y')od(y")

= -fdx dx'dx"I(x, y)[(x', y")[(x", y")

FwW
8J(x)bJ(x")8J(x")

(7.89)

Since I'(x, y), etc., are the inverse propagators, the right-hand side of this equation is the truncated
connected 3-point function, which is therefore the same as the 1 PI 3-point function.

A A

(a) (b)

Fig. 7.1. Two representations of equation (7.88).

Differentiating (7.88) once more gives an equation for the connected 4-point function, which
is represented in Fig. 7.2. The connected 4-point function is seen to contain a 1 PI part (the first
term on the right), with exact propagators in the external lines, and three 1-particle reducible
parts, related to each other by ‘crossing’.

The 1-particle irreducible function I"are useful for stating the generalised Ward identities, and
also in connection with spontaneous symmetry breaking, as we shall see in the next chapter.

The relations we have derived, or alternatively Figs. 7.1 and 7.2, show that the theory can be

expressed either in terms of W[J] or I'[ ¢ ], where oW /o] = ¢, orjop=—1J , and

W=r+ fhp. (7.90)

This Legendre transformation has a simple geometrical interpretation, and is also commonly used
in thermodynamics. In fact, it would appear that there are fairly close analogies between quantum
field theory and statistical mechanics (thermodynamics) which are revealed by this formulation of
field theory. We close this section by considering these two topics in turn.

Geometrical interpretation of the Legendre transformation

For simplicity, consider the case of functions of only one independent variable, x. Suppose we
have such a function

f=fx); (7.91)

for example, f and x may be physical quantities and (7.91) is the relation between them; x is the
independent variable. Suppose now that we want to change the independent variable to df/dx = u.
The question is then: what dependent variable should we choose, so as not to lose any of the



information contained in (7.91)? Consider a graphical representation, and let f{(x) be represented as
in Fig. 7.3(a). This corresponds to (7.91). Now, when the independent variable is u = df/dx, if the
dependent variable is f, we have the graph in Fig. 7.3(b). Does this contain all the information in
Fig. 7.3(a)? To see if it does, try to reconstruct f(x) from Fig. 7.3(b). We arrive at Fig. 7.3(c),
which shows that the reconstruction cannot be done uniquely — some information has been lost.
So we ask again: if u = df/dx is to be taken as the independent variable, what should we choose as
the dependent variable?

Mo
YK

Fig. 7.2. See text.
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(a) (b)

()

@

Fig. 7.3. Geometrical interpretation of the Legendre transformation.

A tangent to the curve in Fig. 7.3(a) has the equation
f=ux+g

where g is the intercept on the f axis, and u is the gradient. So, if u is the independent variable,
choosing g as the dependent variable,

means that, from a knowledge of g = g(u), Fig. 73(a) may be reconstructed as the envelope of
tangents, as in Fig. 7.3(d). (7.92) is an example of the Legendre transformation. The
generalisation to more than one dimension is trivial: if f(x, y) is a given function, and we wish to
change the independent variables from (x, y) to (u, y) where u = df/dx, then the correct function of
u and y to choose is

g(u, y) = f(x, y) — ux. (7.93)

Equation (7.90) is of this form (though of course it is a functional equation), for we may write it
as



ne = Wy - [1¢ (7.94)
where @ = 6W/dJ.

Thermodynamic analogy

In a thermodynamic system, the internal energy U is a function of entropy S and volume V, U =
U(S, V). It may, however, sometimes not be convenient to express the energy of a system in terms
of a function of S, since the entropy is not easily measured! The temperature T is, on the other
hand, very easily measured (and is an intensive quantity, while S is extensive). What is the
corresponding function of T which provides a description of the system? It is the free energy F,
given by

F=U-TS
or
F(T,v)=US,V)-TS (7.95)
where
T= (w)
as/v

as follows from

dU = TdS - PdV.

It is clear that equations (7.94) and (7.95) have the same mathematical form, but actually the
analogies between field theory and thermodynamics — approached through statistical mechanics —
go much deeper than this. They start with the partition function Z, which is analogous to the
generating functional for Green’s functions, also denoted Z. The partition function is related to the
free energy F by

Z = e F/MT, (7.96)

These analogies are summarised in Table 7.1.

Table 7.1. Analogies between field theory and statistical mechanics

Field theory Statistical mechanics
Z . Z partition function
Z=eW Z = e FINAT

W =T(¢]l +[J¢ F(T)=U(S)-TS

Another example is magnetisation (Brezin, Le Guillou & Zinn-Justin in Domb & Green
(1976). Let Z be the partition function of a system in the presence of an external field H. Then it is
also the generating functional for the Euclidean Green’s function



Z[H] = 2-}&—'[@, L dxyH(x) .. Ha)G™M (. - .. xy). (1.97)

Similarly,
W([H] = In Z[H)

is the generating functional for connected Green’s functions. Also SW/JH is the ‘magnetisation’
M

_ 8W[H]

M
(x) SH(x)

and 1 PI vertices are generated by I'[M] where
MM] + W[H] = jdxH(x)M(x).

As a final example of a Legendre transformation we may cite the relation between the
Lagrangian and Hamiltonian formulation of classical mechanics. For point particles, L is a
function of x, x and ¢, and H a function of x, p and t, and we have

H(x,p) = —L(x, %) + ip, p= aa—’j. (7.98)
X

7.4 Ward-Takahashi identities in QED

The Ward identity and its generalisation by Takahashi are exact relations between 1 PI vertex
functions and propagators, true to all orders of perturbation theory. They follow from the gauge
invariance of QED, and play a key role in the proof of the renormalisability of this theory. We
shall prove these identities starting from the generating functional Z for a system of photons and
electrons, given by

Z= NJ'EE-A,,EIJ-Mwexp (ijifeﬁdx). (7.99)
2:“ = -%Fva"v + 'W(ap + ieA,‘)V’ - m'I"P

- %(am,,)2 +JMA, + iy + P (7.100)

This effective Lagrangian contains the free field photon part, the free field electron part, with the
ordinary derivative replaced by the covariant derivative to account for the interaction with the
electromagnetic field, a gauge-fixing term for the Lorentz gauge, and source terms for A,, y and

¥ What is missing is the Faddeev—Popov ghost term. Since, as we have seen, the ghost does not
couple to physical fields (in this gauge), its contribution to Z is only an overall constant, and may
be taken to have been absorbed into N.

We recall that without the gauge-fixing term (and source terms), the Lagrangian is gauge
invariant. This made Z infinite and the search for a photon propagator doomed. To find a finite
propagator, we were forced to introduce the gauge-fixing term (and ghost term, which in the



Abelian case we may ignore). This however, means that K4 off 15 Not gauge invariant. The physical

consequences of the theory, expressed in terms of Green’s functions, however, cannot depend on
the gauge, so Z must be gauge invariant. This is a non-trivial requirement, and leads to a
differential equation for Z, which we now find.

On performing an infinitesimal gauge transformation

A, > A, +3,A, Yo y—ieAy
Yo P+ ieAy (7.101)

(cf. (3.67) and (3.74), with A — eA; the electron has charge e(< 0)), the first three terms in
(7.100) are invariant, but the rest are not, so the integrand of Z picks up a factor:

exp {1] dx[-i(a“A,,)ElA + JH3,A — ieA(ijy — '7”1)]}
o

which, since A is infinitesimal, may be written
1+i j dx[-lcl(am,,) - 3*J, —ie(fiy — 17;1;)]/\(1'), (7.102)
o

where we have integrated by parts to remove the derivative operator from A. Invariance of Z
implies that this operator (7.102), when acting on Z, is merely the identity. Since A is an arbitrary
function, the operator may be written

-%D(am,,) — 31, - ie(iy — ¥m).

Making the substitutions

we find the functional differential equation

i F) F) F)
—o*—=_ -3, — el ai— - n— | Z[n. 7, J] = 0. 7.103
[a Y A (néﬁ nén)] [n. 9, J] ( )

Putting Z = !, this may be written as an equation for W:

0., oW (-aw 6w)=0’ (7.104)

-—3f— — i), — ie| j— — n—
a HJ¢ g 7 on n on

where W= W[n’ nJ ] Finally, we convert this into an equation for the vertex function I,
given by



Mv. 9. A= Win. 2. 2] = [y + g+ 4 (7.105)

which implies that
6A6,§x) = =J¥(x), 6_‘]5:;) = A¥(x),
6&’; = o). 6‘:::) = yx), | (7.106)
Equation (7.104) then becomes
_%al‘A,,(x) + i3, M"; S ie% _ ien}% =0. (7.107)

Now functionally differentiate this equation twice, with respect to W(x1) and w(y;), and put

y=y=A,= 0. The first term vanishes, and we obtain

YA = iedx — x)——2 N0
S 1) 5 y1)0A(x) Sy
- - — . (7.108)
e ) e ovn)

The left-hand side of this equation is the derivative of the (1 PI) electron—photon vertex, and the
two terms on the right are the inverses of exact propagators. The content of (7.108) becomes clear
if we express it in momentum space. We therefore define the proper vertex function I',(p, q, p’) by

jdx dx,dy, e P i=Pri—en) __ ()]
Sy(x)oy(y1)0A*(x)

=ieQn)'&p' = p - @T(p.q.p"). (7.109)

On the other hand, azr / ‘SV"SV’ is, as we have seen, the inverse propagator, which we denote Sf’
(to distinguish it from Sg, the bare propagator), so

D xv— 621-{0] 4 ' —1
dx,dy, el(Px—py1) =(2 - p)S . (7.110
j x,dye el Gy &p' - p)S¥(p). (7.110)



Multiplying (7.108) by exp i(p’%; — py; — gx) and integrating over x, x; and y; then gives

L q"T(p.q.p+q)=SF'(p +q) - S¥'(p). (7.111)

This is known as the Ward-Takahashi identity and it may be represented pictorially, as in Fig. 7.4.
Taking the limit g, — 0 yields the Ward identity

=1
. B~ rp.0.p). (.112)
apt
-1 -1
TN - P P

Fig. 7.4. Ward-Takahashi identity.

/g; I B T

Fig. 7.5. Expansion of I',p, g, p + q).
’—O—l - ——— + -& + see

Fig. 7.6. Expansion of S i’(p).

As stated above, this relation holds to all orders in perturbation theory. It is instructive,
however, to examine it to the lowest two orders; they are shown in Figs. 7.5 and 7.6. To lowest

order, Sk is simply the bare propagator Sg, so
-1
S (P) = Yup“ -m
and

3Sk'(p)

- =y, (7.113)

Let us now calculate I,(p, 0, p) to lowest order. First of all, from a generalisation of (7.89) to the
present case, noting that the I{x, y) are the relevant inverse propagators and W =—1iln Z, we have



&r _
Sy(x))oy(y)8A*(x)

- j du, do, duiS5'(u, — x1)iS5 (0 — )]

x {-io,j,'(u - 0)(-i)—2Z10] }
on(u,)6m(v,)6J"(u)
(7.114)

where D, is the photon propagator function (whose explicit form we do not need). We now need
to calculate the third derivative of Z, which itself is given by (7.99). Recalling the general theory

Iz
in Chapter 6, we separate out the interaction term, el/!}',, V"A , and write

. 1 6 1 61 o
Zn. 0. J,) = Nexp[ue dz- Y- - ]Z (7.115)
g ion(z) i6M(z)idJ*z) °

where the generating functional for free electrons and photons is

Z,= exv[-i f dx dyj(x)Sg(x = y)n(y)]
X exp [é j dx dyJ*(x) D(x — y)J"(y)]. (7.116)

This gives, to lowest order,

5 Z[0]
on(u,)6m(v,)6J*(u)

= —ie J' dzS(uy — 2)Se(vy — 2) Dl — 2)7*. (7.117)

Substituting this in (7.114) and the result in (7.109) gives, to lowest order,
rip.q.p+q)=v, (7.118)

which, in view of (7.113), satisfies the Ward identity (7.112). In fact, it ‘more than’ satisfies it,
for, in this case of lowest order the vertex function y, is independent of the photon momentum q.

We shall see, however, that this feature does not persist in higher orders; to second order (which is

order %) the Ward identity is satisfied, and q = 0 is an essential condition.
Before considering the second order, it is convenient to recast the first order Ward identity in a

-1 -
different form. Differentiating the identity Se(p)Sk (p) =1 with respect to p# gives

3Se(p) _ _ Se( p £'(p) 33k (P g p)
op* 8P
—Se(P)YuSe(p) (7.119)

where (7.113) has been used. The right-hand side of this equation has the correct factors to



describe the simplest vertex diagram — the first in Fig. 7.5 — in which the external photon has zero
momentum. Formally, then, differentiation of the propagator with respect to p* corresponds to
insertion of a zero momentum photon line into the internal electron line.

Now let us consider the next order in Figs. 7.5 and 7.6. We begin by writing out an expansion

for the complete electron propagator iSE in terms of the bare propagator iSg. In analogy with
(7.73) we write

St = iSg + iSpZiSg + iSp ZiSp=iSf + -
1 1 1

- iSF(l + —{iS%) (7.120)
1

from which follows
Syl=85'-2 (7.121)

Hence, using (7.113),

=y, - 22 (1.122)

op*
Writing the vertex function expansion, shown in Fig. 7.5 as
F(p.q.p+q)=v,+Alp.q. P+ q) (7.123)
where A, represents the truly 1 PI contribution to A, the Ward identity (7.112) now implies that

o
3p”

Aup.0,p)= - (7.124)

It is now our task to verify this explicitly to lowest order, i.e. when A, is represented by the
second term on the right of Fig. 7.5, and Z by the second term on the right of Fig. 7.6. Comparing
equations (7.120) and (7.121), it is clear that X is given by the self-energy bubble in Fig. 7.6,
without the external legs. From the Feynman rules this is

_z_= _ _igx). K i 3
i l)J(zn)‘ k? Yy-(p—k)-m
= - 'k L PSkp - k. (7.125)
@) k

Here we have taken the photon propagator in the Feynman gauge, i.e. with a = 1 in (7.54). Now



using (7.119), we have

3F _ . ,rdk 1, D
== = —ie?[ = —=—5e(p ~ ks
p* (2n)* k© 3p*

4
= ie2[ - LS - kINSep - B (1126)
Qm)* k?

To calculate A,p, q, p + q) we simply apply the Feynman rules to the propagators and vertices in
Fig. 7.5, and recall from our first order calculation above that these graphs add up to —iel’, (i.e.
that — iel', = — iey,, to first order). Hence, using the Feynman gauge for the photon propagator,

—ieA(p.q.p + q)

. ddk —i X i
= (—le)JI &t ! Yu

m)* Kk vy (p-k)-m
i
Yy (p-—k+q)—m

d*k 1
-e’ — Y Se(p — k)7, Se(p — k + q)y:.
e f o' F(p = k)v,Se(p )74

X

Hence

d*k 1
P FY‘Sr(p — k)Y Se(p — k + @)y (7.127)

Adp.q.p+q) = -iezf

It is now clear from (7.126) and (7.127) that the Ward identity (7.124) is satisfied.

As mentioned above, the Ward identity comes into its own when we consider renormalisation.
Let us briefly anticipate some of the work of Chapter 9. The integrals which we have exhibited
above are actually divergent, and so are all the other terms which contribute to Figs. 7.5 and 7.6,
so the vertex function and complete propagators are highly divergent quantities. In a
renormalisable theory, however (and QED is renormalisable), these functions may be represented
(at least near p> = m?) as infinite constants multiplied by the bare propagators and vertex terms.
So we put

S — Z,S8F,
r(p,0,p)— ley“. (7.128)
The Ward identity then implies that
Z, = Z,, (7.129)

so the renormalisation of the theory may be done with one constant, not two (actually, there is
another constant Zs, for wave function renormalisation).

The Ward identity holds for the simplest gauge theory, QED, and it is natural to enquire
whether analogous identities hold for non-Abelian gauge theories. They indeed do, and were first
derived by Slavnov and Taylor, but it turns out that the easiest way of arriving at the Slavnov—



Taylor identities is to introduce a rather clever transformation derived by Becchi, Rouet and Stora,
under which the effective Lagrangian (7.49) is invariant. This the subject of the next section.

7.5 Becchi-Rouet-Stora transformation

Our starting point for deriving the Ward identity was to observe that, although the generating
functional Z is required to be gauge invariant, the effective Lagrangian is not, because of the
gauge-fixing term; in the Abelian case, we could ignore the ghost term. In the non-Abelian case,
we have a similar, though more complicated, situation. From equations (7.47)-(7.50) and (7.52)
we have

Z=N j DA, DifDnexp (i f zeﬁdx)
where

Loy = —3FarF*™ + Lo + Lepg- (7.130)
For the gauge-fixing term we choose the Lorentz gauge

For = ——(3"A°)? (7.131)
2a

and the Faddeev—Popov ghost term may be written

Lrpg = (80 — gf** A, — gf** A3’
= —iFOn" + gfir (A, + AR
= i3, — gf **(3*iF) A n’ + total derivative
= 3P (3" + &f A1)
=3 D’
= —i'd"D,n" + total derivative. (7.132)

Here we have introduced total derivative terms twice. They may be ignored since they only
contribute surface terms to the action. We have also introduced the covariant derivative D, for

the general non-Abelian group, as a generalisation of (3.155) for SU(2).
We want now to investigate the behaviour of < ¢ under the gauge transformation (which is
the generalisation of (3.124))

A% = La A7 + b pabac
g

= LAy (7.133)
g



It was Becchi, Rouet and Stora (BRS) who noticed that if we choose
AT = —n°h (7.134)

where both A and 72 are Grassmann quantities (so that A2 = 0), and A is a constant, so that

64 = - LpP)x; (7.135)
8
and if we also demand that
o = —Afbubuca, (7.136)
8iff = ——(3"A%)4 (7.137)
ag

(remember that 7] and 7 are independent Grassmann fields, so have independent transformations),
then &L off 1S invariant. The three equations above constitute the Becchi-Rouet-Stora

transformation. We shall now prove that X4 off is indeed invariant under (7.135)-(7.137).

Py = —3Fp e
To begin, it is clear that the gauge field term <=0 4% uv is invariant, since (7.134) is
merely a reparametrisation of A% For the gauge-fixing term we have, under (7.135),

8%gr = 1349 LD A, (7.138)
a g

and the ghost term gives

8LppG = —(87F)3* D, — 7F3*(OD ). (7.139)
From (7.137) the first term is

- 1 ay3(av
—(87)3" Dy = —(3*AQAB* D i)
ag
= - L@ aneE nama (7.140)
ag

since n? and A anticommute. (7.138) and (7.140) cancel, so we have finally

8L e = —IFH(OD 1), (7.141)

and we must show that, under (7.135) and (7.136), 6Dl‘ = 0, and hence 4 off is invariant. This
turns out to be a rather long job. We have



& D) = 83,F + gf > Aur]
= 3,(01°) + gf " (BAN + &f > A (1)
= =3B R - f2 (3’ + gf*™ AL VAo
+ gf " A=A
Because 7 is a Grassmann quantity, the derivative in the first term is
F3,(P ) = @) + n(Bund)]
= £ = @un)n°]
= 2f @)
Hence
(D) = = @)+ An’) + gf > fo™ A" A
— Sgftfm g™ A,

The first term vanishes, since A and 7 are Grassmann quantities. In the last term, since the
structure constants f obey the Jacobi identity (3.148) we have

fabcfcmn = _famftnb — fancfcbm,
and so
6(0"1]”) = &fab(fbm"A:,nT)"ﬂ‘A + %gfamcfcnbAznmnnA + %gfa"cftbmAzﬂmﬂnl-

Interchanging the dummy suffixes m < n in the last term, this is seen to be equal to the second
term. On further relabelling the indices, we have

(D, 1) = g(foPfrbm + fomp fPiby Ay A

= g(—fPmfPn 4 fomP FO) A Lo
- 0. (7.142)

Hence 5F off = 0, and the Lagrangian is invariant under the BRS transformations (7.135)-(7.137).
Note in passing that (7.135) and (7.142) imply that

in highbrow language, the variation in is nilpotent.
We now perform a BRS transformation on Z to yield the Slavnov—Taylor identities, analogous
to the Ward identities in electrodynamics.

7.6 Slavnov-Taylor identities



It is convenient to introduce a generating functional dependent on five sources (Kluberg-Stern &
Zuber 1975b) rather than the expected three:

with

Of these sources, x, y and u are anticommuting sources. We shall subject Z to a BRS
transformation. Our first observation is that the coefficients of the sources u and v are invariant.
That the coefficient of u is invariant is the content of (7.142). To prove that the coefficient of v is
invariant, we have

where we have relabelled suffixes and used the Jacobi identity. Note, in passing, that from (7.136)
this implies that the change in 7 is also nilpotent:

Our second observation — or rather task — is to show that the Jacobian of the transformation is
unity. The Jacobian is

The only non-vanishing elements of this determinant are

where we have taken the differentiation as ‘right differentiation’ (see (6.121b)); next

and finally

So, in schematic form, the Jacobian is (where n is the number of generators of the group)

since A? = 0. Hence the Jacobian is unity.

As a result of these two observations it now follows that, since K4 off 1S invariant under the
BRS transformations, the invariance of Z implies that

(where ) hence



where A%, 6n? and ( are given by (7.135)-(7.137). It will be noticed that these quantities

are respectively the coefficients of u and v, and proportional to where is the
coefficient of s, so (7.148) implies

This equation contains only first order derivatives, which is a consequence of introducing sources
u and v for the non-linear terms SA and 7. Putting Z = €', a similar equation (in fact the same
one) holds for W

We now convert this into a condition on the generating functional I'. So we define in the usual
way (except that we do not transform the sources u and v)

Then

In addition,

so (7.149) becomes

To obtain a simpler form for this equation, note from (7.132) and (7.144) that the terms in Z
involving 71 and u are

SO

therefore

But , and , therefore

and (7.153) becomes

Finally, defining the functional by



(7.154) gives

This expresses the content of the Slavnov—Taylor identities, though in a different form from
that of the original authors. Written as they are here they are in a form which may most easily be
shown to imply the renormalisability of Yang—Mills theories.

7.7 A note on ghosts and unitarity

In this chapter we have seen the necessity of introducing ghosts; they were required in order to
have a gauge-independent and finite generating functional. As long ago as 1962, however,
Feynman saw that ghosts were required in order not to violate unitarity at the ‘1-loop’ level. In
this section we shall outline in rather general terms how this argument goes.

We begin by defining unitarity of the S matrix. The operator S is defined by the relation that

the probability amplitude that a particular state results, after interaction and scattering, from
a particular state , is . The states are orthonormal and complete:

The probability that the system ends up in some final state or other is, of course, unity, so

which implies that

where (7.157) has been used. And since the state is arbitrary, we have

the S matrix is unitary. Now put

R is called the reaction matrix. Unitarity then implies that

or,since R—Rf=2iImR

Let us take the matrix elements of this equation between the 2-particle states . We have

Putting , and writing the states in terms of the momenta k; of the particles in it,



however many there may be, gives

The summation on the right-hand side is over all real (not virtual) intermediate states consistent
with energy—-momentum conservation. This equation may be represented diagrammatically in the
following way

This is the import of unitarity, with the additional observation that it applies order by order in
perturbation theory.

Fig. 7.7. Electron—positron scattering to order €.

The idea is now to apply this fundamental constraint to particular processes, and we begin
with the process e*e” — e* e to order e? in QED, shown in Fig. 7.7. To this order, only 1-photon
exchange is involved, and the amplitude is

by a straightforward application of the Feynman rules, when the electron and positron have initial
and final momenta p;, . . ., py, and the virtual photon momentum is q. We have chosen the
Feynman gauge, where the photon propagator is —ig”/(q°+ig). Here we have deliberately left in
the ie to emphasise that A is complex, for unitarity is a condition on its imaginary part. It may be
shown (see, for example, Eden et al., 1966, §2.9) that

that is, the propagator is replaced by functions making the photon on mass-shell with positive
energy — i.e. ‘real’ except, as we are about to see, it is not quite real. For, from the covariant
propagator (7.10), we deduce that

(compare, for example, equation (7.16) for the radiation gauge propagator). Hence

where M* is essentially , and the other constants have been absorbed. The interesting thing
is that all four polarisation states occur in (7.166), whereas physical photons are transversely
polarised, with A =1, 2 only. So, in the imaginary part of the amplitude, the photons are not quite
real, since although they have g? = 0, they occur in unphysical, as well as physical, polarisation
states. Will this make trouble?

Fig. 7.8. Electron—positron annihilation.

The unitarity relation, (7.161) and (7.162), says that Im A is equal to the sum of the squares of
all relevant processes, to order €. In fact, there is (in this simple example) only one relevant
process, which is electron—positron annihilation, e*e~ — 7, shown in Fig. 7.8. The photon in this
process is entirely physical, of course. Call the amplitude for the process B; then in the same



notation as above

where 4 =1, 2, only, since the photon must be transversely polarised. Hence the ‘unitarity sum’ in
(7.162) is

and this should be equal to (7.166). This will happen if the contribution of the unphysical
polarisation states vanishes

or

From (7.165) and (7.64) with a = 0 (the axial gauge) (7.168) becomes

and this is obviously satisfied if

This, however, is a consequence of gauge invariance. The amplitude for Fig. 7.8 is ¢,M*, and this
must remain unchanged by a gauge transformation ¢, — ¢, + aq,, yielding (7.169). In fact, for a
general process, (7.169) is actually a Ward identity, which of course follows from gauge
invariance.

We conclude that, in the case of electrodynamics, at least to order e?, unitarity is satisfied by
virtue of gauge invariance. It may in fact be shown that it is satisfied to all orders. Turning to non-
Abelian gauge theories, however, the situation becomes more complicated — as, by now, we have
learned to expect! In fact, the complications are only those we are by now familiar with — the
interaction of the gauge field with itself and the occurrence of ghosts — but the interesting thing is
that they are all required if unitarity is to be satisfied. Here we shall merely sketch the argument.
The reader is referred to Aitchison & Hey (1982) for details.

Let us consider the process to order g# in QCD, illustrated in Fig. 7.9. It involves two
gluon propagators. We shall call the amplitude for this process A. According to unitarity, Im

where B is the amplitude for all possible processes ..., or order g, which make
‘half’ the Feynman diagram for (in the sense that Fig. 7.8 is ‘half of Fig. 7.7). Now the
totality of diagrams contributing to to order g* is given in Fig. 7.10.

Fig. 7.9. Quark—antiquark scattering to order g* in QCD.

Fig. 7.10. The four diagrams in QCD contributing to to order g*. Wavy lines are gluon propagators,
dotted lines ghost propagators.



Fig. 7.11. Unitarity and ghosts. The fourth diagram, featuring the ghost, contributes to the unitarity relation.

The first two diagrams contribute distinct amplitudes, as may be seen when the Feynman rules are
applied. The third and fourth diagrams contain closed loops, involving a gluon and a ghost. Their
contribution to the amplitude is easily evaluated by applying the Feynman rules (7.53), (7.54) and
(7.57). Hence B is the sum of the amplitudes for the processes in Fig. 7.11. Here it looks as if the
ghost is a real particle, but of course it is not. It only appears in Fig. 7.11 because it contributes
closed loops to ordinary physical amplitudes. It turns out, by virtue of gauge invariance (Ward
identities), that Im A = BB, and unitarity is satisfied, but only by virtue of including all the
diagrams of Fig. 7.11, including the ghost, in B.

We see, in conclusion, that when loop diagrams (as distinct from tree diagrams) are
considered, unitarity demands the existence of ghosts contributing to closed loops. This was first
noticed by Feynman. It is indeed remarkable, and doubtless of profound significance, that ghosts
solve, simultaneously, the problems of unitarity and gauge invariance.

Summary

1Tt is demonstrated in the canonical formalism how the usual procedure for finding propagators
does not work for the photon, because of gauge invariance. The impasse is avoided by adding
‘gauge-fixing terms’ to the Lagrangian. The

propagator for transverse photons is found. ?The analogous problem is considered for non-
Abelian fields, but using the path-integral method, rather than the canonical one. It involves
finding a well-defined way of taking out the (infinite) factor produced from integration over the
group space, and results in the introduction of the Faddeev—Popov ghost field. The Feynman rules
are displayed. 3The self-energy ¥ and vertex functions I" are defined, and the generating
functional for I" defined by a Legendre transformation on W, the generating functional for
connected Green’s functions. The thermodynamic analogy with field theory is briefly discussed.
4The Ward-Takahashi identities for QED are derived, in terms of I" and I. Their non-Abelian
generalisations, the 8Slavnov-Taylor identities, are derived by first introducing the >Becchi—
Rouet—Stora transformations. “The connection is exhibited, briefly for QED and even more
sketchily for QCD, between the existence of ghosts and the demands of unitarity.

Guide to further reading

The Faddeev—Popov method originated in Faddeev & Popov (1967). Detailed accounts appear in
Faddeev & Slavnov (1980, §3.3), Lee in Balian & Zinn-Justin (1976), Ramond (1981, p. 303),
Itzykson & Zuber (1980, p. 577), and Taylor (1976, ch. 11). Vertex functions and self-energy
operators are discussed in Itzykson & Zuber (1980, §6-2-2), and in Amit (1978, ch. 5), Bjorken &
Drell (1965, ch. 19), Lifshitz & Pitaevskii (1973, ch. 11), and Bogoliubov & Shirkov (1980, §28).
An elementary account of thermodynamics and Legendre transformations is to be found in Callen
(1961). For the analogies between statistical mechanics and field theory, see, for example, E.
Brezin, J.C. Le Guillou & J. Zinn-Justin in Domb & Green (1976), de Dominicis & Martin
(1964). For the Ward-Takahashi identities see Ward (1950), (1951), Takahashi (1957); also, for
example Bjorken & Drell (1965), Lifshitz & Pitaevskii (1973), Bogoliubov & Shirkov (1980).

The Becchi-Rouet-Stora transformation is to be found in Becchi, Rouet & Stora (1974). For
the Slavnov-Taylor identities see Taylor (1971), Slavnov (1972). Good reviews appear in Taylor
(1976, ch. 12), Slavnov (1975), ‘t Hooft & Veltman (1973) and Faddeev & Popov (1967, §4.6).

The necessity of ghosts in gauge theories was first seen by Feynman (1963). See also R.P.
Feynman in Klauder (1972, pp. 355, 377) and R.P. Feynman in Balian & Llewellyn Smith (1977,
p. 121).

The connection between ghosts and unitarity is very clearly outlined in Aitchison & Hey
(1982, §12.1). See also (for QED only) Nash (1978).

1 T am grateful to Professor P. W. Higgs for emphasising these points to me.



8

Spontaneous symmetry breaking and the Weinberg-
Salam model

The foregoing chapters have dealt with field theories, including gauge theories, and their quantisation. The
stage is now almost set for applying this knowledge to particle physics. One crucial bit of scenery,
10wever, is still missing — the idea of ‘spontaneous breaking of symmetry’. About 1960 Nambu and Gold-
stone realised the significance of this notion in condensed matter physics, and Nambu in particular
speculated on its application to particle physics. In 1964 Higgs pointed out that the consequences of
spontaneous symmetry breaking in gauge theories are very different from those in non-gauge theories.
Weinberg and Salam, building on earlier work of Glashow, then applied Higgs’ ideas to an SU(2) x U(1)
sauge theory, which they claimed described satisfactorily the weak and electromagnetic interactions
ogether, in other words, in a unified way. Serious interest was shown in this theory when ‘t Hooft proved,
n 1971, that is was renormalisable. It has met with notable experimental successes. These matters are the
concern of this chapter (with the exception of renormal-isation, which we deal with in the next chapter).
We begin by explaining spontaneous symmetry breaking, which, when applied to field theory, is a concept
hat refines our notion of the vacuum.

8.1 What is the vacuum?

We begin by considering two simple physical examples. First, consider the situation illustrated in Fig. 8.1.
Place a thin rod of circular cross section vertically on a table, and push down on it along its length, with a
force F. If F is small, nothing happens. If F exceeds a critical value, F_;, however, the rod bends, as
shown, in a plane which it ‘chooses at random’. The symmetric (unbent) configuration becomes unstable
when F > F;, and the new ground state is unsymmetric. Also, there are infinitely many possible new
'degenerate) ground states, which are related by a rotational symmetry. The rod can only, of course, choose
one of them, but the others are all reached by a rotation. The salient points of this example are

F

\

Fig. 8.1. A rod bent under pressure. The bent position exhibits spontaneous symmetry breaking.

(i) A parameter (in this case force F) assumes a critical value. Beyond that value,
(ii) the symmetric configuration becomes unstable, and
iii) the ground state is degenerate.

The second example we consider is ferromagnetism. The atoms in the ferromagnet interact through a
Spin-spin interaction

H = -2.’,’8, 'S,—
i



pins (within a domain) are aligned, as 1n Fig. 6.2, and this 1S clearly not rotationally invariant. Inhe
lirection of spontaneous magnetisation is random, and all the degenerate ground states may be reached
rom a given one by rotation. As Coleman (1985) points out, a ‘little man’ living in such a ferromagnet
would have to be very clever to realise that the Hamiltonian H is rotation invariant! The spontaneous
nagnetisation disappears at high temperature T, when the ground state becomes symmetric (that is, the
itoms become randomly oriented).

It is clear that the general situation here is the same as in our first example, the relevant parameter here
seing T. These two examples exhibit what is known as ‘spontaneous breaking of symmetry’. In both cases
he system possesses a symmetry (rotation symmetry) but the ground state is not invariant under that
symmetry; rather, it changes into one of the other (degenerate) ground states.

One subtlety about the ferromagnet is that it must, in principle, be an infinite system. The
nagnetisation has singled out a particular direction, and a (quantum-mechanical) measurement of direction
angle) will give a sharp answer. But the conjugate variable to angle is angular momentum (recall that J, =

ho/d @), so the angular momentum of the system is completely undefined”, and must therefore be an
nfinite sum of all possible values of J. The fact that the ferromagnet is infinite makes it an interesting

system to compare with field theory, since a field, of course, is a system with an infinite number of degrees
of freedom.
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Fig. 8.2. Spin alignment in a ferromagnet.

We therefore now look for a similar situation in scalar field theory, in which the symmetry of the
agrangian is not shared by the ground state solution. In a field theory the ground state is regarded as being

he vacuum, so we are in quest of a theory with a new type of vacuum. Since <£ must have a symmetry, we
“hoose complex ¢ * theory:

£ = (3,9)(3"9*) — m*¢p*¢ — A(¢*9)*
= (3,¢)(3"9*) — V(¢ ¢*). (8.1)

The A term is a self-interaction. In the usual scalar field theory, quantisation yields particles of mass m, but
1ere m? is regarded as a parameter only, and not as a mass term. This is because we shall shortly let it

recome negative. <L is invariant under the global gauge transformation

¢ — €9 (A const). (8.2)
The ground state is obtained by minimising the potential V. We have

% = m?¢* + 229"(9"$) 8.3)

50 that when m? > 0, the minimum occurs at ¢ * = ¢ = 0. If m? < 0, however, there is a local maximum at
@ =0, and a minimum at

2
g2 = —';7 = a?, (8.9)

.e. at |[@| = a. In the quantum theory, where ¢ becomes an operator, this condition refers to the vacuum
xpectation value of @
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The function V is shown in Fig. 8.3, plotted against ¢, and @, where ¢ = ¢; + ¢, (though it should be

borne in mind that @ is a field, not simply a pair of co-ordinates). The minima of V lie along the circle | @|
= a, which form a set of degenerate vacua related to each other by rotation. The physical fields, which are
xcitations above the vacuum, are then realised by performing perturbations about | ¢| = a, not about @ =
). Let us work in polar co-ordinates, putting

H(x) = p(x) e, (8.6)

50 the complex field ¢ is expressed in terms of two real scalar fields p and 6.

Fig. 8.3. The potential V has a minimum at | ¢| = @, and a local maximum at ¢ = 0.

et us choose the vacuum state
(019l0) = a (8.7)
where a is real; then

(0|p|0Y = a, (0/6.0) = 0. (8.8)

We see that this field theoretic example exhibits the same features as the ferromagnet. It has degenerate
vacua, which are connected by the symmetry operations of the theory. A particular vacuum involves a
articular choice for the values of the field ((8.8) in the field theory, direction of magnetisation for the
‘erromagnet), and is, of course, not invariant under the symmetry.

Now let us put

Hx) = [p'(x) + a]e®™), (8.9)

0 that p”and 6 both have vanishing vacuum expectation values. We regard them as the ‘physical’ fields,
and express & in terms of them. We have, from (8.1),

V = m2p'? + 2mlap’ + m*a® + Mp'* + 4ap’ + 6a%p? + 4a°p’ + a*)
= Ap" + 4adp” + 42a’p"? - Aa*
= N(p' + a)’ - a’) - Aa*
= Md*d — a’)? — int



(3.9)(3"¢*) = (3.0 )(3*0") + (0’ + a)*(3,6)(3"6)
vith £ = (6,9)( @) — V. We see that there is a term in p”, so p’ has a mass given by
mf,' = 4)a?,

ut there is no term in €, so @ is a massless field. As a result of spontaneous symmetry breaking, what
would otherwise be two massive fields (the real parts of @), become one massive and one massless field.
We may interpret this with reference to Fig. 8.3. It clearly costs energy to displace p’ against the restoring
forces of the potential, but there are no restoring forces corresponding to displacements along the circular
valley @ = a, in view of the vacuum degeneracy. Hence for the angular excitations @ of wavelength A, we

\ave 0 — 0 as A—> %, 80 @< A E o P, and the relativistic particles are massless. The @ particle
s known as a Goldstone boson. The important point is that this phenomenon is general: spontaneous
reaking of a (continuous) symmetry entails the existence of a massless particle, the Goldstone particle.
This statement, known as the Goldstone theorem, will be proved in the next section.

For future reference it is useful to display this result using a ‘Cartesian’, rather than a polar,
lecomposition of ¢ . If, instead of (8.9), we have

$1(x) + iga(x)
V2

Hx)=a+ (8.10)

50 that { @)y = ( @2)0 = 0, it is easy to see that (ignoring constant terms)
_ 1 2,1 2 41242 2, .0 A2 20
£ =33,¢)° + %3,02)° — 24a*p1 — V2Agn(¢1 + ¢)) Z(¢| +¢2)°. (8.11)

Hence the @, field is massless, but @, has a (mass)? of 41a?, the same result as above.

We conclude by noting the analogy of the above with the ferromagnet. Consider a ‘spin wave’ of long
wavelength A. It induces a slow variation in the direction of magnetisation, over the specimen, as indicated
n Fig. 8.4. Because the forces in a ferromagnet are of short range, it requires very little energy to excite
his situation, so the frequency of the spin waves approaches zero with increasing 2, i.e. @ = ck. In the
elativistic domain, this is equivalent to a massless particle. It is noteworthy, however, that this argument
oreaks down if there are long-range forces, like for example the 1/r Coulomb force; in other words if there
s a gauge field present. In this case, it still costs a finite amount of energy to excite a spin wave of even
very long wavelength, since work has to be done against the Coulomb force, so ® — finite as A — o, k —
), and the corresponding excitations are massive. What is more, so are the photons! It was this situation in
solid state physics, discussed in these terms by Anderson (1963), which led first Higgs (1964a, b; 1966)
aind then Weinberg (1967) and Salam (in Svartholm 1968) to consider the application of these ideas to the
elativistic domain and particle physics. The situation in particle physics, on the face of it, seems to offer
10 fruitful ground for the application of gauge theories or theories of spontaneous symmetry breakdown.
They both predict massless particles; the gauge particles, with spin 1, and the Goldstone bosons, with spin
) — and, apart from the photon, there are no massless particles in existence. The observation on the
ferromagnet above, that the presence of both effects together gets rid of both massless particles, is the key
o the Weinberg—Salam model of electroweak interactions, described below.

bttt s/
ttt S

Fig. 8.4. A spin wave inducing a slow spatial variation in the direction of magnetisation in a ferromagnet.



n the example above, the Lagrangian has a U(1) symmetry, and the two real fields in ¢ form a 2-
limensional representation of U(1). One of these fields has a non-vanishing vacuum expectation value, and
here turns out to be one massless particle (the Goldstone boson) and one massive one. It should also be

mphasised that the argument above is classical. So two questions arise: first, in the general case where g
s invariant under a symmetry group G, how many Goldstone bosons will there be? And second, what is
he status of all this in quantum theory — in particular, how do we prove the existence of massless particles
siven degenerate vacua? We shall tackle these questions in this order. The case of a general symmetry
sroup is best approached by considering a specific non-Abelian group, say SO(3). So let us consider an
xample like the above, except that @, (i = 1, 2, 3) is an isovector Lorentz-scalar field, and

w1 m _ m2 o \2
£ = 33,¢9,0"9; T¢.¢4 A9 (8.12)

'summation convention applies).
is invariant under isospin rotations, which generate the symmetry group G (in this case SO(3)):

G: ¢;— e Qg e 0m = (e7 Ny 9, = Upsp, = [U(g)Pli.  (8.13)

Here ¢, are the angles of rotation in isospin space, Q; are the generators of the group, and 7; a set of
natrices obeying the Lie algebra of the group, of the same dimensionality as the representation to which ¢
selongs — in this case 3-dimensional. The matrix U(g), corresponding to the group element g, is a unitary
natrix (if T is Hermitian), hence we have a unitary representation. Although essential in quantum theory,
his is not essential in the classical case, but there is no loss of generality in having one.

We look, as before, for the minimum of the potential V( ;)

y=m 2
= 7‘1’54’; + Meipi)”. (8.14)

When the parameter m? > 0, this occurs at @; = 0. When m? < 0, there is a minimum when

_a2\12
P = (@7 + ¢3 + ¢§)‘”=( 4';' ) =a. (8.15)

We again have degenerate vacua and we are free to choose which one is the physical one. We choose

-5

¢ = aé;. (8.16)

The vacuum value of @, @, points in the 3 direction in isospin space. This is sketched in Fig. 8.5. It is
“lear that @ is not invariant under the full group G, so that there are elements g & G for which

G: ¢ = U(g)do # ¢v; (8.17)
yut it is invariant under a subgroup H of G, in this case rotations about the 3 axis:

H: ¢o=U(h)p =
U(h) = T, (8.18)



=Y
Fig. 8.5. The vacuum value of ¢ points in the third direction in isospin space.

On the other hand, of course, V is invariant under the whole of G:
V(¢)=Vie). ¢ =U(g)e. (8.19)
nd it is this which gives rise to the Goldstone bosons. How many are there? Putting
¢ = x + a. (8.20)

he physical fields are @;, @, and y, and it is straightforward to verify (remembering (8.15)) that

Vv

"'T'w’i + @3+ (x+ @)l + M@} + 93 + (x + a)F

4a’ky’ + 4aky(@1 + 01 + X) + MOl + 61 + £V - Aa’
= H(o:0: - @)’ - a']. (8.21)

Only the field y has a quadratic term, and therefore a mass
2 _ g2 - —
ml=8a*A, my = my =0, (8.22)

50, after spontaneous symmetry breaking, we have two Goldstone bosons, and one massive scalar field.
Now we can understand this in a very general way. Expanding V( @) about its minimum, since

vl o
3¢, lo=a
we have
V)= Vi + 3(2) g+ o) (8.23)
2\ 3¢;39; /o=a
where y(x) = @(x) — @, and hence the mass matrix is
M, = (_3“’ ) >0, (8.24)
3¢i3¢; /e=0n



sroup transformation. The invariance of V, equation (8.19), gives

1{ 3%V
Vgy) = V(U( ) = V(gn) + _(
%o 8)%o ) 5039,

O¢;0¢;
2 )w¢6¢'+

aind hence

v
i 0, 8.25
(a¢,a¢,) 56,50, = (8.25)

where & @;, is the variation in @; under a group transformation. What is this? From (8.17) and (8.18) it

lepends on whether the group element g belongs to H or not. If g belongs to H, then ¢ = Poand s @ =
), or equivalently

¢ = (au) Pydas = 0 (8.26)
30’3 ay=0

50 (8.25) is satisfied already. If, however, g does not belong to H (if it is, in our example, a rotation about
n axis in the 1, 2 plane), then

a¢,,,=[( ) ¢o] da; # 0. (8.27)
aa, a;=0

Recall that (8.17), and therefore the above equation, are matrix equations.) In this case, from (8.24) and
8.25),

M[U*(0)gy); = 0

and the fields U'(0) @, have zero mass. These are the Goldstone bosons. It is now clear that the question of
he number of fields with non-zero mass and the number with zero mass is simply a matter of group theory.
A field whose mass is not required to be zero (though, of course, it may be zero ‘by accident’) obeys
8.26), and the number of such fields is simply the dimension of the Lie algebra (or order of the Lie group)
f H, the subgroup under which the vacuum is invariant. In our case, H = SO(2) ~ U(1) with one generator
'T3), so one field remains massive. The elements of G which do not belong to H, do not form a subgroup
they cannot, since the identity is in H), but a coset G/H may be defined; and the number of Goldstone
articles is the dimension of the coset space, which is the number of generators of G that are not also
senerators of H — in our case 3 — 1 = 2. These results agree with the explicit calculation above. The
nteresting finding, however, is that this result does not depend on what representation of G the fields
belong to — in our case it was the vector (regular) representation — nor on what form the potential V takes:
he number of Goldstone bosons is simply the dimension of G/H. This fact is of great importance when we
“ome to consider the spontaneous breaking of gauge symmetries.

Finally, to emphasise the generality of the conclusion, note that it also applies when the symmetry is
10t spontaneously broken. In this case there is a unique vacuum (a singlet under G) which is therefore
nvariant under G itself, so H = G, the coset is simply the identity, and there are no Goldstone bosons. At
he other extreme, if the vacuum is such that there is no subgroup H which leaves one of the vacuum states
@, invariant, then H is the identity and G/H = G, and the number of Goldstone bosons is equal to the order
f G. We have now answered the first question posed at the beginning of this section.

We therefore turn to the second question, and ask what the status of the above, classical, argument is in
juantum theory. Here the Goldstone theorem states that if there is a field operator @, with non-vanishing
vacuum expectation value (0| @ (x)|0) # 0, and which is not a singlet under the transformation of some
symmetry group, then massless particles must exist in the spectrum of states. There are some rather subtle
Juestions of existence raised by this topic, and for a careful treatment the reader is referred to Bernstein
1974) and Guralnik et al. (1964). Here we shall simply outline the proof.

We begin with some preliminary remarks about the symmetry group. If & is invariant under a group of
ransformations then (see £3.3) the currents
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1ave zero divergence, Ju =0, and the corresponding charges

Q" = jd’xja(x) (8.28)

re conserved, an/ dr = 0, and have the commutation relations of the symmetry group
b1 — be
[Q°. Q"1 = C™¢F

where C%¢ are the structure constants of the Lie algebra. The unitary operator corresponding to a group
ransformation is

U= e, (8.29)
f the vacuum is invariant under the group (i.e. a singlet), U]0) = |0), hence
Qo) =0 (8.30)

and the charges annihilate the vacuum. This is the usual case for a symmetry. If this is not the case, we may

' g
say that we have “degenerate vacua’; U 0> =10} # '0) or Q°|0) #0 Strictly speaking we should
say that Q7|0) does not exist in Hilbert space — in other words, its norm is infinite (Fabri & Picasso 1966).

Returning to the operator @(x), since it is not a singlet under the group, there must exist an operator ¢
x) such that, for some a,

4

(@ ¢'(x)] = &(x) (8.31)

nd, since (0] @ (x)|0) # 0,
(0l[Q°*, ¢'(x)]I0) = (0|Q"¢'(x) — ¢'(x)Q"|0) # 0. (8.32)

This means that (8.30) cannot apply, so we do not have a symmetry in the usual sense (of degenerate
nultiplets). (An example of one of the subtleties is that, from above (0| @'(x)Q%0) exists, whereas Q?|0)
loes not.) We now show that (8.32) implies the existence of massless particles. Substituting (8.28) into
8.32) and inserting a complete set of intermediate states we have

> I &y[(01ja(y)In) {nl¢'(x)|0) — (0l¢'(x)|n){n|j(y)|0)]| 0z yo # 0. (8.33)

The restriction x° = y° arises because this is necessary to prove (8.31).) Now translation invariance implies
hat

.a - —-ipy @ 1

Jjo(y) = 77 jy(0)e'”?

50 (8.33) becomes
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= (20)*T 8 (pA)[{01j5(0)|n ) ( n;¢'(x)'0) e'Poro

- (0|¢'(x)| n) (n.]S(O)IO) e-ipnuyollx‘)-w
= (27)*3 8} (p,)[(01j3(0) n) ( n|@'(x)|0) 'M~re

— (0|¢'(x),n)( "|j3(0)|0> e-iM'yo"x"= y°
#0 (8.34)

where we have performed the spatial integral, and, in view of the delta function in p,, put p,y = M,, the
nass of the intermediate state n. It remains only to show that (8.34) must be independent of y,; if we can
show this, we conclude that M,, = 0, so all the intermediate states have zero mass, which is the Goldstone

heorem. Moreover, these intermediate states must exist, in order that (8.34) be non-zero: it will be noticed
hat the vacuum (jn) = |0)) gives no contribution to the sum. To show that the above expression is

-q
ndependent of y,, we start from the fact that J F(y ) is divergenceless:
3*ju(y) = dojo(y) + V+j*(y) =0,

which on integration gives

3 3,2 _ 3 a
—|d = —-|d’yV- .
3 o y]O(y) I y j (y)

Hence, since (8.34) is the same as (8.32),

2 _(oj[*. ¢'(x)1I0)
aVO

8 fd’ y(0,[jo(y), ¢'(x)}|0)
dyo

- [d’y(onv -J(y), ¢'(x)]10)

- j ds - (0[[i*(y), ¢'(x)]0)

aind under fairly orthodox assumptions (Guralnik, Hagen & Kibble in Cool & Marshak 1968) this surface
ntegral may be shown to vanish. Hence the Goldstone theorem is proved.

In the 1960s a lot of effort was devoted to searching for a role for Goldstone’s theorem in high energy
bhysics. Although there are no zero mass hadrons, the pion has a seductively low mass and might be nearly
1 Goldstone boson. This would account for the success of the PCAC hypothesis (partially conserved axial
urrent). For accounts of this topic, the reader is referred elsewhere (Lee 1981, chs. 16, 22, 24; Taylor
1976, ch. 5).

8.3 Spontaneous breaking of gauge symmetries

Now let us see what happens when the symmetry in question is a gauge symmetry. Consider the simplest
nodel, that of equation (8.1), but now let us demand invariance under

¢ — g, (8.35)
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£ = (3, + ieA, )P — ieA")¢* — m*Q*e — MP*®) — {F.nF*". (8.36)

As before, we consider m? as a (positive or negative) parameter, so that in the case m?> < 0, and in the
bsence of a gauge field, the vacuum is at

o-e=(3)°

Then, as in (8.10), setting

d1(x) + igy(x)
V2

Mx)=a+ (8.10)

sives for the Lagrangian, in terms of the physical fields ¢, and @,:

= — FuF" + e’ A, A" + X3,¢1)° + 13,0
- 21024)% + V2eaA“3,¢, + cubic + quartic terms (8.37)

2
where we have taken account of (8.4). The interesting term is the second one, proportional to “*# It
ndicates that the photon has become massive. The scalar field ¢, is a massive field, and ¢, appears to be
1 massless one, but there is the odd mixed term in A*0, ¢,, which would seem to indicate that a
bropagating photon could turn into a @, field, so @, does not seem to be a very physical field. In fact, it
“an be eliminated by a gauge transformation. For infinitesimal A in (8.35), (8.10) gives

¢i=¢l—A¢29

. (8.38)
= P + A + \/2Aa.

This shows that @,, like A, undergoes an inhomogeneous transformation corresponding to a rotation and
ranslation in the (@;, @,) plane, and so does not have a direct physical interpretation. We may then
“hoose A to make @, = 0, and the mixed term above disappears. In this gauge, the Lagrangian (8.37)

becomes (putting ¢ rather than 4’;)
£ = —1F F" + ¢*a*A,A* + X(3,01)* — 2Aa*9] + coupling terms. (8.39)

This Lagrangian contains two fields only, the photon with spin 1, and ¢; with spin 0, and they are both
nassive. The @, field, which in the case of spontaneous breaking of the global symmetry became massless
‘Goldstone boson), has in this case disappeared. And in addition, the gauge field whose presence is due to
he fact that we have a local symmetry, has now acquired a mass — the ‘photon’ has become massive. This
bhenomenon is called the Higgs phenomenon. In this Abelian model it is summarised by saying that
spontaneous breaking of a gauge symmetry results, not in the presence of a massless Goldstone boson, but
n the disappearance of that field altogether, and the appearance, instead, of a massive, rather than a
nassless, gauge field. Spontaneous breaking of U(1) symmetry, then, yields the following particle
spectrum, depending on whether the symmetry is global or local.
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2 massive scalar fields — 1 massive scalar field
+ 1 massless scalar field. (8.40)

Higgs mode (SB of gauge U(1) symmetry):
2 massive scalar ﬁelds} . {l massive scalar field

+ 1 photon + 1 massive photon. @.41)

Note that the number of degrees of freedom is preserved under these transformations. In the Goldstone
“ase, this is trivial, since massless and massive scalar fields each have one degree of freedom: 2 =1 + 1. In
he Higgs case, a massless photon has two degrees of freedom, but a massive one has three, since it has a
hysical longitudinal polarisation state: 2 + 2 = 1 + 3. In a manner of speaking, we can say that the photon
1as eaten a scalar field and acquired a mass; or, more properly, we may compare the situation with the
Gupta—Bleuler mechanism (§4.4). In that mechanism, the longitudinal and timelike components of the
bhoton cancel each other, leaving the two transverse components. Here the timelike component of the
bhoton is cancelled by the scalar field, leaving three polarisation states for the photon, rendering it massive.

It should be remarked that although these conclusions about the particle spectrum were reached by
~onsidering the Lagrangian of (8.39), there is nothing otherwise special about this particular form. In fact,
when we come to consider renormalisation, it is much more convenient (and, of course, physically
quivalent) to consider (8.37). The gauge defined by (8.39) is called the physical or unitary gauge (or U
jauge), since in this gauge, only physical particles (i.e. those which would appear in the unitarity
condition) appear.

We now turn to the non-Abelian Higgs phenomenon (Kibble 1967) and for definiteness consider the
0(3) model discussed in the previous section. The Lagrangian (8.12), then, needs to be modified by
substituting a covariant derivative for the ordinary one, and adding the gauge field term. This gives

# = (Do) D"$) - "‘7'¢,-¢.- - Mo,): — LFL Fw, (8.42)

where, from (3.122) and (3.131) (making no distinction between upper and lower internal indices, so that
ik = )
3 ]k y

Du¢i = and)i + geijkA ﬁ,l¢k
Fi.=3,A, - 5,A, + ge*ALAY. (8.43)

The potential V has a minimum (for m? < 0) at

a2 \ 12
I¢ol=( 4';' ) =a (8.15)

and, as before, we choose the vacuum which points in the 3 direction

-

o0 = aés. (8.16)

The physical fields are then @, @, and y @3 — a. After some algebra, it follows easily that
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Tg[(A W+ (A%} - 3,A4L - 3,A4L)
— 4a’Ax* + cubic + quartic terms. (8.44)

We have shown explicitly only the terms quadratic in the fields, since for the present purpose they are the
only important ones. This Lagrangian is analogous to (8.37); it contains a mixed term in A¥ and @, so is
10t easy to interpret. To obtain a more ‘physical’ Lagrangian, we may now make use of the fact that we
1ave a local symmetry, so may perform independent gauge transformations at each _Boint in space-time.

We therefore select a gauge — the unitary gauge -so that at every point in space—time ? lies along the third
sospin axis:

(x) = 835 = &3(a + ). (8.45)

This gets rid of the fields ¢, and @,, and we have

D,,¢, = g(a + X)A.uzu
D2 = —gla + DA,
D,¢3 = 3,x.
50 that
(D) = @ [(AL? + (AL + B)* +
ind

¥ = - i3,A) - 3,4, — 10’ g(AL)? + (ALY
+ }(3,%)? — 4a*Ax? + cubic + quartic terms. (8.46)

The remaining particles, then, are one massive scalar, two massive vectors and one massless vector
article. In particular, the Goldstone bosons, present in the spontaneously broken global symmetry model,
1ave both disappeared in the local symmetry model, and two of the massless gauge fields have become
nassive. Thus, analogously to (8.40) and (8.41), we may summarise the results for spontaneous breaking
of an O(3) symmetric model as follows:

Goldstone mode (global O(3) symmetry):
3 massive scalar fields — 1 massive scalar field

+ 2 massless scalar fields. (8.47)
Higgs mode (local O(3) symmetry):
3 massive scalar fields 1 massive scalar field
— { + 2 massive vector fields (8.48)
+ 3 massless vector fields + 1 massless vector field.

We may also check that the number of independent modes is preserved: in the Higgs case 3+3x2=9=1
2 X3+ 2.
This 0(3) model contains all the features of the general non-Abelian case. It should be clear that one
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massive. 1hus, the number oI massless vector fields 1s dim f1. And on the other hand, the two vector 1ields
vhich have become massive have done so by absorbing the two Goldstone modes; so the number of
nassive vector fields is dim G/H. Thus the total number of gauge particles (massive or massless) is dim G,
1s expected, since the gauge field transforms according to the regular representation of the group. The fact
hat in the model above, there is also a scalar field remaining is because we chose the scalar fields to
elong to an isotriplet. We see again that the outcome of the Higgs mechanism is dictated largely by group
heory.

8.4 Superconductivity

Superconductivity provides a nice illustration of the Abelian Higgs model. As everyone knows,
superconductivity is the phenomenon, shown by many metals, of having no resistance at very low
emperatures. Such metals are therefore capable of carrying persistent currents. These currents effectively
screen out magnetic flux, which is therefore zero in a superconductor (the Meissner effect). Another way of
stating the Meissner effect is to say that the photons are effectively massive, as in the Higgs phenomenon
liscussed above. We shall show very briefly how these conclusions follow from the Lagrangian (8.36).

To begin, we consider a static situation, so d,¢ = 0, etc., and (8.36) takes the form

4 == (V—ieA)p-(V +icA)p* — m?|p? — Ag|* — XV x A)?

or

L =3V X AP +!(V—ieA)p? + m?|ol* + Alg|*. (8.49)

Now — £ is the Landau-Ginzburg free energy, where m* = a(T — T,) near the critical temperature T = T;

¢ is the macroscopic many-particle wave function, and its use is justified by the Bardeen-Cooper-
Schrieffer (BCS) theory, according to which, under certain conditions, there is an attractive force between
lectrons, and the field quanta are electron pairs, which, of course, are bosons. At low temperatures, these
fall into the same quantum state (Bose—Einstein condensation), and because of this, a many-particle wave
function 0 may be used to describe the macroscopic system. Now, at T > T,, m? > 0 and the minimum free

nergy is at | ¢@| = 0. But when T < T, m? < 0 and the minimum free energy is at

2
1M 0. 8.50
¢l o (8.50)

which is, of course, an example of spontaneous symmetry breaking. Now & is invariant under the usual
bhase transformation

Y 1
o—cMg A A+ —VA(x)
4
aind the associated conserved current is

J=-i(¢"Vo — pVo*) — 2e/p’A. (8.51)

When T < T, and ¢ varies only very slightly over the sample, the second of these terms dominates over
he first, and

2
j= i;'—A = —k2A (8.52)

where k is a positive constant. This is the London equation. The electric field E = —0A/0, = 0, and Ohm’s
aw defines resistance by E = Rj, so



and we have superconductivity.
The Meissner effect (expulsion of magnetic flux) is easily derived. Ampere’s equation is

VxB=j.
Taking its curl, remembering that V - B = 0, and using (8.52) gives

V2B = k’B. (8.53)

Confining ourselves for simplicity to one spatial dimension, (8.53) has the solution
B r = Bye™ kx '

50 that magnetic field only penetrates the specimen to a characteristic depth 1/k. When the numerical
factors are properly taken into account, we get 1/k = 107® c¢m. Finally, it is clear that (8.53) implies that
V2A = k2A, or, in a Lorentz covariant form,

OA, = —k*A,

which means the ‘photons’ have a mass k, which is the characteristic feature of the Higgs phenomenon.
Following this application of the Higgs phenomenon to a low energy example, we now describe its
pplication to weak interactions.

8.5 The Weinberg—Salam model

Spontaneous breaking of gauge symmetries was the crucial new ingredient in the model of unified weak
nd electromagnetic interactions constructed independently by Weinberg and Salam. The general idea was
hat weak interactions should be mediated by gauge bosons (W*), which are, ‘to begin with’, massless. The
Lagrangian for the theory also contains terms for mass less electrons, muons and neutrinos, and is invariant
inder an internal symmetry group, which is a gauge symmetry. A scalar field (the Higgs field) is then
ntroduced with a non-vanishing vacuum-expectation-value. The resulting spontaneous breakdown of
symmetry gives masses to e, g, and 7 and to the gauge bosons, but not to the photon and neutrino. It is
herefore ‘realistic’, and has indeed met with a good degree of success in describing weak interactions. The
nodel may also be extended to hadrons, but this will not be described here.
We start with the spinor fields. The Dirac Lagrangian

<= "I'Y“au'p - m’I’V’

becomes simply iyy-dyifm=0 Writing, as in Chapter 2,

_ 1')’5) =(1+)’s)

t follows that

1Yy 0P = iYrY QYR + iYLy 0y,
since ys anticommutes with vy,. The electron and muon have L and R components, but according to the 2-
“omponent neutrino theory, v, and v, have L components only, so the lepton Lagrangian is

£ = iégy-Oegr + ié Ly deL + iV, y 3V, + (e = ). (8.54)

t is clear that terms for the r and its neutrino may also be added if desired; there would then be three



‘What 1nternal symmetry does (3.04) possess: 1he transformations must be between particles whose
space—time properties are the same, so the only possibility is a mixing of e; and v,. We therefore write the

‘isospinor’

L=(" (8.55)
(o)

€y

3 _ 1
aind assign to this doublet a non-Abelian charge Iy = Iy = I, is ‘weak isospin’). v, has a third

3 1 3 _ 1
“omponent Iy 2, and ey, has 1w = =3 This is obviously in straight analogy with (strong) isospin. The

‘emaining particle
R =er (8.56)
s an isosinglet: Iy = 0. We have

£ =iRy-3R +iLy 3L (8.57)

ind K4 is invariant under

L—e e,

R— R,

(8.58)

which are rotations in weak isospin space. They generate the group SU(2). More explicitly, the
ransformations are

c_(i/z)r‘a : 0
V( : 0 Ve
SUQ: e |- ] le ) (8.59)
R 0 0: 1) \*®
The relation between electric charge Q, and I i is
L.Q=1I -% RQ=1,-1 (8.60)

When we come to gauge this symmetry (i.e. make a a space-time function) we will acquire three massless
sauge fields. The photon, however, will not be one of them, since eg, being a singlet, will not interact with

yur gauge fields, but does interact with the photon.

Note, however, that SU(2) is not the maximal symmetry of g . We could also have a simple U(1)
ransformation on ey

U(1): eg — e'’eg. (8.61)

How will this affect L? It can only be by an overall phase; in other words, v, and e; must pick up the same

bhase (as each other), since otherwise it would be a special case of an SU(2) transformation. This phase,
10wever, is not necessarily the same as that of R. We write, therefore,



Ye - v v Ye
U):le.|—=1|0 e 0 ||e (8.62)
er 0 0 e’ ) \er

where n is a number, which we must now find. This U(1) symmetry leads to a conserved charge, of which
>R POssesses one value, and v, and e, another value. It is clearly not Q, since v, and e; have different values

of Q. (In other words, the gauge field we get on gauging U(1) is also not the photon field.)
Weinberg suggested that this charge is ‘weak hypercharge’ Y,, defined by a quasi-Gell-Mann-

Nishijima relation

o=11+2 (8.63)
2
Comparing with (8.60), it is clear that
LhasY, = -1,
Rhas Y, = -2, (8.64)

50, in (8.62), n = "‘ the left-handed fields couple, with half the strength of the right-handed field, to the
1ypercharge gauge field. The U(1) transformation is then

v, e2 0 v,
UuQ):{e | =10 ¢ 0 |le | (8.65)
eRr 0 0 e’/ \egr

The Lagrangian (8.54) is then invariant under SU(2) ® U(1). (Note that the U(1) could be identified with
epton number, giving n = 1. This would then result in a different theory.)

i
We now gauge the theory. Gauging SU(2) means that we introduce three gauge potentials " # so that,
cting on the isospinor L, the ordinary derivative is replaced by the covariant derivative (3.153):

D,L=3,L - égt- W,L. (8.66)

Here g is the SU(2) coupling constant. Gauging U(1) introduces another potential X, and coupling constant
', and, from (8.65), since & has half the hypercharge of R, the covariant derivatives are

1,
D,L=3,L+>g'X,L,
2 (8.67)
D,R=203,R +ig’ X,R.
Putting (8.66) and (8.67) into (8.57), and adding the gauge-field terms (see (3.131)) gives the Lagrangian
¥, =iRy"(3, +ig' X, )R + il-.y“(a,, + %g'X“ - égt-W,,)L

- -!t(aywv - ava + gwy X ‘vv)2 - }I(ayxv - avxu)z- (8.68)



e
¢=(¢). (8.69)
From (8.63), it carries the quantum numbers
oI, =4 Y,=1 (8.70)
0 that both @* and ¢° are complex fields (the particle and antiparticle are distinct), and we may put
1 .
—(¢3 +i¢y)
V2

"

¢ = 0)= (8.71)
('¢ Lo +ig)

V2

where @4, ..., @4 are real. In addition, by virtue of (8.70), the covariant derivative of @ is
i i,
D, = (au - —gv-W,— ¢ X,,)cp. (8.72)
2 2
The Higgs field @ also interacts with e~ and v, with strength G, so the overall Lagrangian containing ¢ is
r t m? . Aoy 2 T PR
42 = (D) (D) - —2-¢ ¢ - 2(4’ ¢)" — G.(L¢R + Rop'L). (8.73)

The interaction term in £ 5, written out fully, is

—G(Verd™ + E epd’ + Erv.p™ + Ege d”), (8.74)

ind
P'0 = (97)*9" + (¢")*¢° = X7 + ¢3 + ¢5 + ¢)). (8.75)

As usual, in the case m? > 0, this describes a scalar field with mass m, and lowest energy state
orresponding to ¢ = 0. But if m? < 0, the lowest energy state is not at ¢ = 0, but at

2

(@' P)o = -'"T. (8.76)

We choose the isospin frame so that

2
(@20 = —2%, (@20 = ($3)0 = ()0 = 0,



2 2\1,2
(¢1)o = (“—) =V2y (8.77)
and

(P = (?’) nreal. (8.78)

We now have a degenerate vacuum, and spontaneous breaking of the gauge symmetry. For excitations of
@ above the vacuum, we might expect to have

$a(x) | . Oulx)
V2 V2
$i(x) . oa(x)
V2 V2

ut this is not the case. The fact that the symmetry is local means that we may perform a different isospin
otation at each point in space, so @(x) may be reduced to the form

P(x) =

n+

0

x) = o(x) (8.79)
n+ V2

at every point. (This is the same argument that led to (8.45).) From (8.72), D, @ is then

0
po=| 1 _[ig(Wu : ~+LX]
“¢ -V—,z-a”o [ 2 (W:‘ + IW‘Z‘ "‘Wz 2 #
0
g
+ —

gw! —iw?) + %(w,‘, -iwd)

V28,0 + n(—gW} + g'X,) + ;%(-gwi +8'X,)

Hence



(D) (D) = 3(3,0)° + = (W + (Wy]
+ %(ng, — g'X,)? + cubic + quartic terms. (8.80)

Now we define

gW?‘ -8'X, 3 .
Z, = PR NT = cos OwW;, — sin 0w X, (8.81)
(&° +g")
and the orthogonal field
Wi+ gX, |
A, =17 800 _Gingy W) + cosbuX, (8.82)
(88 + 8"

where the ‘Weinberg angle’ 6,y is given by

__ &8 g -
& 8'2)lf2 cos By, " tan By,. (8.83)

1 2
We see, from (8.80), that W‘,, W.u and Z, pick up masses

2 2 M2
My, = My, =ET, My ET__ M (8.84)
2 2cos” By cos’ By

ind A, is massless. A, is therefore provisionally identified with the electromagnetic field. The identification
nay be justified by noting that the lepton gauge-field coupling is, from (8.68) and (8.81)-(8.83),

iRy"(3, +ig’ X )R + il_.y“(a" + %g' X, - %g,.w”) L

= iéy*d,e + ivy'3,v — gsin OBwéy'eA,

+ L(Sil‘lz Owery'er — %cos20wé[_y"e[_ + %WV)Zp
cos Ow

- %[(i'y"eLWL) +h.c. (8.8

1, iur?
where h.c. stands for Hermitian conjugate, and Wo= (W, +iW)/V2. Note that the A, field couples only
o the electrons, and not to the neutrinos, and that it couples to left and right components equally strongly.

We are thus justified in identifying A, with the electromagnetic potential, and it follows immediately that

he pertinent coupling constant should be e, the proton charge:
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From the last term in (8.85) g is the coupling of the weak field to the electron-neutrino (and muon-
1eutrino) current. To second order, therefore, this interaction will account for muon decay,

u —e +v,+v,

hrough the diagram of Fig. 8.6, in which the gauge field W is propagated between the two vertices. From
8.85), then, the effective interaction is

Hiy = % MYR"L(PIOP)A'/IELYA%

2
= %w(l — y5)u(Prop) iy (1 = ys)ve. (8.87)

2
At low g, however, the propagator simply becomes & x)./ M W, s0 (8.87) becomes

2
Himw = -2l (8.88)

W
where
jn=lvi(1 = ys)v
s the lepton () current. (8.88) is, however, exactly the Fermi current-current interaction

_ G .

Hg = ﬁlu Jei (8.89)

where G is the Fermi constant. Hence we have the equality

2

G=—2E8 (8.90)
4v2My
V“ e
.
w- -
Ve

Fig. 8.6. Muon decay in an intermediate vector boson theory.

From muon decay (see, for example, Lee 198%, ch. 21), G has the value G = 1.43 x 107 erg cm3, which in

‘natural’ units h =c =1is G ~; 107 mp , a ‘small’ number (if the proton mass sets the scale). It is
vecause G is small that the weak interactions are called weak. In the Weinberg—Salam theory, however, the
fundamental coupling constant is g, and, from (8.86), if @, is not too small, neither is g. The weak
nteraction is then not intrinsically weak, but, from (8.90), only appears weak because M,, is large. In fact,
wmbers may be put to these quantities. From (8.85) both the neutrinos and charged leptons (e and )
“ouple to the neutral field Z, so we expect, for example, to observe v, — e scattering:



hrough the Feynman diagram of Fig. 8.7. This is an example of a ‘neutral current’ interaction typically
redicted by the Weinberg—Salam theory. This scattering has been observed, with a cross section a = (1.6
+ 0.9) x 107 (E,/GeV) cm? (see, for example, Lee 1981, p. 599). It is clear that this cross section gives a

value for @, (or, equivalently, for g). This is (Lee 1981, p. 686)

sin? 8y, = 0.225 + 0-00, 8.91
v - 0.05 (851)
Fquations (8.86) and (8.90) then yield
2 e?
My = = (78.6 GeV/c?)? (8.92)
4V/2G sin? Oy
and (8.84) gives for the Z mass
M, = 89.3 GeV/c?. (8.93)

The existence of the charged and neutral vector bosons with the above masses is a crucial prediction of
he electro weak theory, so the verification is all the more spectacular since these particles have now been
found (UA1 Collaboration, Physics Letters, 122B, 103; 126B, 398 (1983)) at the correct mass. It is worth
bointing out that neutral current processes (also observed) follow from any theory whose Lagrangian is
nvariant under a global SU(2) symmetry. It is only when the theory is gauged that it becomes
enormalisable and that intermediate vector bosons are predicted. For further details of the electro-weak
heory and its experimental implications, the reader is referred elsewhere.

Vu -

VA
V“ e’

Fig. 8.7. V e— scattering by 70 exchange.

Finally, an interesting speculation concerns the high temperature behaviour of the electro weak
nteraction. If the analogy with ferromagnetism holds good, the symmetry, which is spontaneously broken
it low temperatures should be restored at high temperatures, and above the critical temperature T, the W
and Z bosons, like the photon, would be massless, and the weak force would become long range like
lectromagnetism. Kirzhnits & Linde (1972) have speculated that this happens, with T, ~ 10'® K, and more
formal calculations seem to vindicate this idea. It is based on the prescription that the finite temperature
;hialar field 2-point function (for example) is obtained by taking the Gibbs average of the ‘ordinary’ 2-point

nction:

Tre™ 7 (0| T(¢(x)¢(¥))I0) (8.94)
Tre #H .

iApg(x — y) =

where B = (kT)™L. If this hypothesis is correct, it will have cosmological implications, since, on the standard
big bang’ model, there was certainly a time when the temperature of the universe was higher than T,. One

nteresting question is, when T cools below T, how does the spontaneous breaking set in? In a

ferromagnet, for example, the direction of spontaneous magnetisation characterises not the whole sample,
but only a domain, and domain walls separate regions magnetised in different directions. Does this happen
n the universe? Another interesting question is whether, when T > T,, the long-range weak force leads to

3
arge-scale repulsive effects between particles with the same Y, and Iy, (just as it does between particles
with the same Q in electromagnetism). For these and other related questions we refer the reader to the

e e e YT " 100™O\



'Ferromagnetism is shown to illustrate the phenomenon of spontaneous symmetry breaking (SSB), and a
nodel scalar field theory is exhibited with SSB, which results in the presence of a massless particle, the
Goldstone boson. 2In the general case, where the Lagrangian is invariant under a symmetry group G, but
he ground state (vacuum) is only invariant under a subgroup H, the number of Goldstone particles is
shown to be dim G/H. It is also shown that the above (classical) arguments also hold in quantum theory:
hat spontaneous symmetry breaking implies the existence of massless particles. This is the Goldstone
heorem. 3SSB of gauge theories, on the other hand, exhibits quite different phenomena: there are no
Goldstone particles, and some (or all) gauge fields become massive. This is shown in Abelian and non-
Abelian models. “It is shown that superconductivity is a theory with SSB of electromagnetism, an Abelian
sauge theory, and the SWeinberg—Salam model of unified weak and electromagnetic interactions is
gescribeg. It exhibits SSB of an SU(2) ® U(1) gauge symmetry. Some experimental implications are
iscussed.

Guide to further reading

The possibility of an analogy between the ground state in many-body physics and the vacuum in quantum
field theory was first entertained by Nambu (1960); Nambu & Jona-Lasinio (1961), and is reviewed by
Nambu, in Gtirsey (1964). Goldstone’s model appeared in Goldstone (1961) and is proved in Goldstone,
Salam & Weinberg (1962); see also Weinberg, in Deser, Grisaru & Pendleton (1970). Good discussions of
he Goldstone theorem appear in Bernstein (1974), Guralnik, Hagen & Kibble in Cool & Marshak (1968),
Lee (1981, chs. 16, 22, 24), Taylor (1976, ch. 5), O’Raigheartaigh (1979). For the Higgs phenomenon, see
Higgs (1964a, b; 1966), Englert & Brout (1964), Guralnik, Hagen & Kibble (1964). Good reviews are to be
found in Bernstein (1974), Guralnik, Hagen & Kibble in Cool & Marshak (1968), Lee (1981), Taylor
1976), O’Raigheartaigh (1979) and S. Coleman, in Zichichi (1975). For the non-Abelian case, see Kibble
1967), also Guralnik, Hagen & Kibble in Cool & Marshak (1968), Taylor (1976) and O’Raigheartaigh
1979). For readable accounts of superconductivity, see, for example, Tilley & Tilley (1974), de Gennes
1966). A good review of the Ginzburg-Landau theory is Cyrot (1973). Good accounts of
superconductivity for particle physicists are Kirzhnits (1978), Aitchison & Hey (1982, ch. 9). The
lectroweak unified theory originates in Weinberg (1967), A. Salam in Svartholm (1968); see also
Glashow (1961). For reviews, see Bernstein (1974), Lee (1981), Taylor (1976), O’Raigheartaigh (1979),
and the 1979 Nobel prize acceptance speeches; Weinberg (1980), Salam (in Svartholm 1968, p. 525),
Glashow (1961, p. 539). Up-to-date reviews, particularly of experimental data, are to be found in
~onference proceedings. The following papers deal with symmetry restoration at high temperatures:
Kirzhnits & Linde (1972), Weinberg (1974), Dolan & Jackiw (1974). For a review, see Linde (1979). For
inite temperature Green’s functions, see Kirzhnits & Linde (1972), Weinberg (1974), Shuryak (1980),
S.W. Hawking, in Hawking & Israel (1979, pp. 754-5) and S. Weinberg in Zichichi (1978).

" In fact, the uncertainty relation involving J, and ¢ is somewhat problematic since ¢ has only a finite range and

therefore a maximum uncertainty. See Constantinescu et al. (1976), pages 79, 91-2. I thank Dr B. Sheikholeslami-
Sabzevari for bringing this to my attention.
¥ In this example it has spin zero, but this is not always the case. For example in theories of spontaneous breaking of

supersymmetry, there are spin  Goldstone particles.



9
Renormalisation

If the doors of perception were cleansed everything would appear as it is, infinite.
William Blake, The Marriage of Heaven and Hell

We have seen in previous chapters that integration over internal loops in Feynman diagrams gives
divergent results. Since our approach to field theory is based on perturbation theory, however, it is
imperative that we make sense of the perturbation series — and that series is one in which higher
order terms involve more and more internal integrations, and therefore the possibility of
increasing degrees of divergence. It is obvious that, in order for a field theory to be at all sensible
or believable, the problems raised by the divergences must be satisfactorily resolved. In this
chapter we show how this is done for ¢* theory, electrodynamics (QED) and Yang-Mills
theories (QCD). Our general approach is to proceed order by order in perturbation theory
(actually in the loop expansion — see below), and show that at each order the quantities of
physical interest (masses, coupling constants, Green’s functions) can be renormalised to finite
values. Then (for QED and QCD) we show that this is, in principle, possible to all orders; these
the40ries are therefore renormalisable. (So is ¢ * theory, but we do not prove that.) We begin with
@ “ theory.

9.1 Divergences in @* theory

We saw in Chapter 6 that A(x — x) = A(0) is a divergent quantity, which modifies the free particle
propagator and contributes to the self-energy. In momentum space it corresponds to

d*q 1 0.1
J| (2n) q* - m* -

There are four powers of q in the numerator and two in the denominator, so the integral diverges
quadratically at large q (it is ultra-violet divergent; in this chapter we do not concern ourselves
with the problems of infra-red divergence (q — 0)). This diagram is of order g. Another diagram
to diverge is the O(g?) graph.

P, 21 d'q, d*q, &g+ q2— p1— p2)

@2n)* 27)* (g} - m*)g3 — m?)

4
P2 - g2 49 ! . 9.2)
I 2m)* (¢* — m)(py + p2 — q)* — m?]

Here there are four powers of q in both numerator and denominator, so we get a logarithmic
divergence.

How may we find the degree of divergence of a particular graph? It is clear that each
propagator contributes g to the denominator, and each vertex four powers of g to the numerator,
together with a momentum-conservation § function. Also, the number of independent momenta
(over which integration takes place) is the number of loops (1 in the two diagrams above). So



consider a diagram of order n, i.e. with n vertices, E external lines, I internal lines and L loops,
and, for future purposes, consider that space—time has d dimensions (so that vertices contribute d
powers of q to the numerator). We ask for the superficial’ degree of divergence D of this diagram.
It is clearly

D =dL -2I. 9.3)

In the above diagrams this formula gives D = 2 and D = 0, as required. We now want to express
D in terms of E and n, so we must eliminate I and L. There are I internal momenta; there is
momentum conservation at each vertex (of which there are n), but there is also overall momentum
conservation, so there are n — 1 relations between the momenta; hence the number of independent
momenta is I — n + 1. But this is L:

L=I-n+1. 9.4)

In @* theory, each vertex gives four legs, so there are 4n legs, some external and some internal.
In doing a leg count, however, the internal ones count twice, because they are connected to two
vertices, SO

4n = E + 21. (9.5)

Equations (9.3)-(9.5) give
D=d—(%— 1)E+ n(d - 4). ©9.6)

In the case d = 4, we have
D=4-E, ©9.7)

which gives the correct result for the diagrams above. It also indicates that diagrams with more
external legs than 4 will all converge; for example, if E = 6, D = — 2. Is this true? We shall
consider this question below.

For the present, consider the last term in (9.6). It conjures up a horrifying prospect, for if the
coefficient of n is greater than 0, D increases with n, so the complete theory (summed over all n)
will contain an infinite number of terms, each one more divergent than the one before, which is
hopeless. In @* theory in four space-time dimensions, however, (9.7) shows that D depends on E
only, not on the order in perturbation theory, so we have only a small number of divergent graphs,
and the hope is that the effects of these can be eliminated by (infinite) renormalisation of various
physical quantities. If this turns out to be true (which it does) the theory is called renormalisable.
Of course, we have not yet shown that ¢* theory is renormalisable — we do that in §9.3 below.
We have shown only that the perturbation series does not give an infinite number of different
types of divergent graphs, which is obviously a sine qua non for renormalisability. It is
instructive, finally, to write the analogous formulae for @' theory. Equations (9.3) and (9.4) are
unchanged. (9.5) becomes rn = E + 21, so (9.6) becomes

D=d—(%-1)£+n[%(d—2)-d] (9.8)

which, when d = 4, gives



D=4-E+n(r-4) (9.9)

This clearly reduces to (9.7) when r = 4. But in @9 theory, for example, D = 4 — E + 2n, so the
theory is unrenormalisable; ¢3 theory, on the other hand gives D = 4 — E — n, and is called
‘super-renormalisable’, since D decreases with increasing n, so there is only a finite number of
divergent graphs for given E. Equation (9.8) also gives the curious result that in two dimensions
D =2 -2n, so is independent of r.

Now let us return to equation (9.7), and enquire whether all graphs with E > 4 are convergent.
In @* theory, E is even, so consider the graphs in Fig. 9.1, with E = 6, which ‘should’ be
convergent: (a) is convergent, as may be seen by writing out the amplitude, but (b) contains the 1-
loop contribution to the 2-point function, as in (9.1) above, and this is always divergent. Similarly
(c) contains, as marked, two 1-loop contributions to the 4-point function, so is also divergent.
This happens with all Feynman diagrams; if they contain hidden 2- or 4-point functions with one
loop (or more) they will diverge, despite the formula D = 4 — E. This is why D is called the
superficial degree of divergence. The nice thing is that the converse of this is true. According to
Weinberg’s theorem a Feynman diagram converges if its degree of divergence D, together with
the degree of divergence of all its subgraphs, is negative. We shall not prove this.

r----

(a) ®) (©)

Fig. 9.1. Diagrams with six external legs in ¢* theory.

The two divergent diagrams G® and G“ in (9.1) and (9.2) above are called primitive
divergences. They are the only primitive divergences in ¢ * theory. In the next section we shall
consider explicitly how to cope with these divergences.

Dimensional analysis

Dimensional analysis provides some useful insights. The action (in d dimensions)
S = fddxi
is dimensionless (neglecting the 1/A factor). Hence
[£] = L™9 (L is length),
or

(€] = A (A is momentum).

The kinetic energy term in Zis 8“¢3‘,¢ (ignore the dimensions of g,), so since [0,] = L, we
have

[¢) = L'"9? or A%?, (9.10)

Now consider an interaction g @". If [g] = L% (or A9) then



-6+r(1—i)=-d
2

5=d+r-L2"-. ©.11)

So the coupling constant g has the following dimensions in the following theories.
gdt:6=4-4d [g] =A*",
gP:6=3- % (g] = A>92, (9.12)
get:6=6-2d [g] =A%

Substituting (9.11) into (9.8) (eliminating r) gives

D=d- (% - I)E - né. (9.13)

Hence a renormahsable theory must be one whose coupling constant g has a mass dimension 6 >
0. This is why Fermi’s theory of weak interactions, characterised by G, with dimensions (mass)~
2 is unrenormalisable.

It is convenient to know the dimensions (sometimes called ‘canonical’ or ‘engineering’
dimensions) of various Green’s functions and vertex functions. For ease of reference these are
shown in Table 9.1. The entries in the table are explained by the followin% notes. (1) This follows
from the definition. Each 6/8J(x) brings down a @(x). For example G@(x, y) ~ [dipePty)(p? —
m?)™! clearly has dimension d — 2; and G® = YG@G®. (2) The momentum-space Green’s
function is obtained by Fourier transform of G®™(x,). (3) By translation invariance, overall
momentum conservation allows us to define

G"(py, ... Pa) = G"(py, . . . Pa-1)XP)

and §(P) has (mass) dimension —d. (4) See equation (7.84), remembering that §(x — y) has mass
dimension d. (5) Follows from the definition, analogous to equation (7.89) for I'®(x,; x,, x3). (6)

Follows by Fourier transform. (7) Follows from overall momentum conservation, as G(")(Pi)
above.

Table 9.1. Canonical dimensions of various quantities in d-dimensional space—time, m and in 4-dimensional
space—time. For notes, see the text



Mass dimension in Mass dimension with

Note Quantity d-dimensional space-time d=4
d
— =1 1
¢ 2
1 G™M(xy, ..., x,) n(i - l) n
2
(n) d
2 G"p1. ..., pn) —nd+n;-l -3n
= —n(i + 1)
2
(M d
3 G"(py. ..., Pa-1) d—n(;i»l) 4 -3n
4 s -y) 2+d 6
5 rm(xy, ....x,) n(% + 1) 3n
n) d
6 ™ py, ..., pa) -dn+n?+l -n
2
r(m d
7 r'(py,...,pn-1) d+n(l-7) 4—n

9.2 Dimensional regularisation of @* theory

Regularisation is a method of isolating the divergences in Feynman integrals. It makes the task of
renormalisation much more explicit and easy to follow. There are several techniques of
regularisation. Perhaps the most intuitive one is to introduce a cut-off A in the momentum
integrals. In electrodynamics a particular example is to modify the free (photon) propagator

1 1 1 Al

—_— ) — - -—

E k2 K- A k(K2 _Az)'

Similar to this is the Pauli—Villars regularisation in which a fictitious field of mass M is
introduced. In both these cases the limit A — o« (M — )is taken, and the renormalised quantities
are independent of A(M). These methods become problematic, however, particularly when non-
Abelian gauge theories are considered. A trouble-free and elegant method is that of dimensional
regularisation, which has therefore become popular, and will be outlined in this section. The idea
is to treat the loop integrals (which cause the divergences) as integrals over d-dimensional
momenta, and then take the limit d—4. It turns out that the singularities of 1-loop graphs are
simple poles in d — 4. In this section we show how to apply this technique to ¢ * theory, and in
§9.3 we show how renormalisation is performed, to ‘get rid of the unwanted infinite expressions.
We first need to generalise the 4-dimensional Lagrangian



1

to d dimensions. Since @ has dimension 2d — 1 and L dimension d (see (9.10)) g is dimensionless
in four dimensions, but to keep it dimensionless in d dimensions, it must be multiplied by 4™
where . is an arbitrary mass parameter. So

4-d

2
£ = 3,03"¢ - -";—¢= - "—47%4. (9.14)

Now we use the corresponding Feynman rules to calculate the order g correction to the free
propagator. The loop integral (cf. (9.1)) is

. 9.15
f (Zﬂ)d 2 mZ ( )

1
The 2 is the symmetry factor, and we are working in d-dimensional ‘Minkowski’ (not Euclidean)
space. Throughout this chapter we shall be dealing with integrals like the one above, and they are
derived in the Appendices to the chapter. From equation (9A.5) the above expression is

_ g m’( 4ml )2-dnl-(1 - ﬁ) (9.16)
R \-m? 2

The gamma function has poles at zero and the negative integers, so we see that the divergence of
the integral manifests itself as a simple pole as d — 4. From Appendix 9B, we have

N-n+g=L 1)"[ +.p(n+1)+0(e)] 9.17)
£

.

where

uun+n=1+%+~-+l-y

n

and y = —y;(1) = 0.577 is the Euler—Mascheroni constant. Putting
e=4-d (9-18)

gives
[ =dfR)=[(-1+¢2)= -2 =1+ 7+ 0. (9.19)
&

So, expanding (9.16) about d = 4, gives (usinga*=1+¢lna+...)



)

—iom?
Zigm’| 2 _ 1+y+ 0(8)][1 + fln(
€ 2 \-m

327’

_ igm? | igm?[, _ y+ln(4’m2 )l + O(¢)
1622 3202 |

_ igm2
167%¢

+ finite. (9.20)

The finite part of the correction to the propagator is not very important, but note that it depends

on the arbitrary mass p.
Now let us calculate the 4-point function to order g°. The Feynman rules give (for the s-

channel contribution — see below)

P\ 4 "= A dj 2 : ] . (9:21)
Qa)? (p? — m?) (p —q)} — m?

The denominators in the integrand are combined by using the Feynman formula

1
1 dz (9.22)

ab  Jo[az + b(1 - D)

(which is obtained by observing that

1 1(1 1)=1b£

ab b-ala b) b-alex?

and putting x = az + b(1 — z); a and b are to be considered as complex variables, to avoid the
singularity at @ = b). Then

| 1 =‘ dz

pPP-mp-q@f-m Jo[p?-m’-2pg(l - 2) + ¢*(1 - 2)P

By changing variables to
p=pP—-4q(1-2)

we see that the denominator in the integrand is the square of p2 m? + g’z(1 — z). But d%’ = d’, so

relabelling p’ — p, (9.21) becomes
1 2¢,2\8-d 1
g(0)
f I(2ﬂ)" [p? = m? + g%2(1 - )P

The last integral is now in the form of equation (9A.5), so we get



lg 4-d TR=dfR2) ('« 2 0 _ N 2dp-2
£ (1) (ﬂ) @ dz[g*z(1 - z) = m’]

. df2-2
- Sl.zL;(,;)z-dﬂr(z —dp) J:dz[ "2‘(14;;) - '”2] . (9.3)

In the limit d — 4, equation (9.17) gives
r@-dp)=nreR)=2-y+ 0@ 9.24)
13

so (9.23) becomes

ig’u (2 0 ){ _E [qz(l—z)— ]}
32:#( -7+ 0){1 - 5[ eein pmp)

=i8M _ig“‘ dz1 [q Z(I-Z)-mzl}' 9.25
1677 322 {7+f0 on am? 035

Here, the leading term depends on g, and the finite term depends on the total momentum (p; +
P>)? = ¢ = s. Putting

F(s, m, p) = jo] dz ln[’z(1 ;:”)2 = "‘2] (9.26)

we have, finally, for (9.21),

ig’u _ g | p _ gl | . 9.7
16 32m2 [y + FGs, m, ] lente inite. ®-2)

We have now obtained in explicit form the lowest order corrections to the 2-and 4-point
functions of ¢* theory. We conclude by writing out the corresponding vertex (1PI) functions
I'®(p) and I'®)(p,). In the notation of (7.72), equation (9.20) is }/i, so to order g

2
=&

167°¢

+ finite

and I'@ is given by equation (7.79) (ignoring the finite part of }):

rp)=p*-m (1 - (9-28)

)

It is clearly infinite in the limit e— 0. The 4-point function I(p,, . . ., p,) is given by the



analogue of equation (7.92), but in momentum space I'® (p,, . . ., p,) = GO®,)%, ... GO®,)~
1G@(p,, . . ., p,) where the Green’s function G® is the sum of the order q term (equation

(6.111)), equation (9.27) above, and the ‘crossed’ terms, obtained by substituting the Mandelstam
variables t and u, for s, where

s=(p1+ p)’ t=(p1+ p3)’, u=(p1+ ps) 9.29)

The four functions G@-! have the effect of amputating the external legs in the usual way, so we
have (the amputated legs, as in Chapter 7, being denoted by dashed lines)

’ /
AN ’ N ’
(4) = v \ ’ .7
r (pl) - 7N * e N + * \4\
/’ A s N 2 ~
’ 7N ° ~

ighu' _ ig’u
167°c 3227
X [3y + F(s,m,u) + F(¢, m, p) + F(u, m, y))

= —igu’ +

. 3g .
= —i u‘(l - ——) + finite. 9.30
8 16m¢ (0.30)

This, again, is infinite. To be physically sensible, the vertex functions I'® and I'® should be
finite. We shall see in the next section how this renormalisation is achieved. Meanwhile, it is
worth remarking that the corrections we have made are not to the same order in the coupling ig
I'® is to order g, and I'® to order g2 The parameter which is the same in our calculation of I'?)
and I'® is the number of loops — in this case one. There are reasons for believing that an
expansion in the number of loops has more physical relevance than an expansion in powers of g.
We shall conclude this section by reviewing this argument.

Loop expansion

What we wish to show is that an expansion in L is equivalent to an expansion in A. To see this,

recall that j-(g dx has the dimensions of Planck’s constant, so the formula (6.66) for the generating
functional (of a scalar field theory) should properly be written

Z[J(x)] = j Gexp {% j [£ + hI()$(x)] dx}. (9.31)

Splitting up £ into “free’ and ‘interacting’ parts -2 ot X4 int (though actually, as we shall see
below, the distinction is somewhat artificial), we then obtain, in place of (6.76),

Z[J] = exp {%2‘“[%5_61]} ZolJ] (9.32)

where



Zo[J] = J ‘.’Ecpcxp[% j dx (%, + hl:p)]. (9.33)
Finally, in place of (6.13), we have
ZJ] =N exp[—iih f dx dyJ(x)Ap(x — y)J( y)]. (9.34)

It is now clear from (9.32) that each vertex contributes a factor h™!, and from (9.34) that each
propagator contributes a factor h, to a general graph in nth order perturbation theory. Hence such
a graph contributes a factor #" = A~ using (9.4), and an expansion in the number of loops is an
expansion in powers of 4 around the classical theory. Note that we have assumed that our general
graph has no propagators associated with the external legs. What we are expanding therefore is
the vertex function I'™ rather than the Green’s function G™. We shall calculate the loop
expansion of I"below, when we consider the case of spontaneous symmetry breaking.

9.3 Renormalisation of @4 theory

In this section I describe two approaches to renormalisation. The first is more intuitive, but the
second, the method of counterterms, is the one normally used in high energy physics. The
approaches, are, of course, completely equivalent, and to some extent illuminate each other. The
purpose of the endeavour is to render physical quantities finite.

We begin by considering the vertex functions I'® and I'*), equations (9.28) and (9.30) above.
To the (1-loop) approximation we are considering, they should be finite, so we put

where m; is a new parameter, defined by this equation. It is taken to be finite, and to represent the

physical mass (at least in this approximation). The original mass m is taken to be infinite, and to
have no direct physical significance. It is the mass the particle would have if no interactions were
present; and, since they always are present, it is an observable quantity. It is related to m; by

2

16me

=mi1+ g) 9.36
m’( 162%¢ (9:36)

where we have substituted m — m; in the loop correction. This is valid since the error involved is
of order g°. The physical mass, my, is also called the renormalised mass and is given by

m3 = —r(0). 9.37)

We now apply a similar treatment to '), First let us write (9.30) as



irYp,) = gu* - 32_’{[9 -3y —F(s,m,u) — F(t, m, u) — F(u, m, u)]-
32r’le

(9.38)
We now define a new parameter g;, the renormalised coupling constant, by
2,6
= g\
= o = EE 3y - 35, m. )] ©.3)
32n?le

Rearranging this expression by substituting g; for g and m; for m where appropriate (the error
involved being, as before, a 2-loop term) gives

. 3giu¥[2
g= g ¢+;§1;?;—7—F(0, ml.u)]. (9.40)

Here g, is regarded as finite, and g, the original coupling constant, as infinite. Now gi would be

the value of the measured coupling if @ theory were realistic (and the 1-loop approximation was
a good enough one to compare with experiment; otherwise a higher approximation would have to
be taken) and if measurements were taken at the (unphysical) point s = t = u = 0. The variable g
is the ‘bare’ coupling, which would be the measured one only if higher order interactions did not
contribute, which they inevitably do. So g has no direct physical significance. Expressing I'® in
terms of g; then gives

giue
3277
X [F(s, my, p) + F(t, my, ) + F(u, my, p) — 3F(0, m,, p)).

(9.41)

irp) =g +

It follows immediately that
irp;=0) =g (9-42)

since, when p; = p, =p; = p,=0,s =t =u = 0. So the coupling constant g;, by virtue of its
definition (9.39), is the value of iI™® when all external momenta vanish. It should be clear,

however, that if our objective is only to make the theory finite, there are other ways of defining
the renormalised mass and coupling constant. For example, a common alternative to (9.42) is to

2 _ 2 _ 2 . -
define g; by the value of I'® at the symmetrical point ?i = M~ PiPj = —Mm 3G+ L, so
that s = t = u = 4m%3. Note also that I{*p;) depends on p, the arbitrary mass it was necessary to

introduce when we embarked on dimensional regularisation. It is obvious that physical quantities
must also be independent of p this is what underlies the renormalisation group, to be studied
below.
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Fig. 9.2. Two loop terms in I'® and I'®.

We have now renormalised ¢* theory to one loop. What happens in the 2-loop
approximation? The relevant diagrams are shown in Fig. 9.2. By analysing the integrals involved,
it is found that (see, for example, Amit 1978), for I'® the addition of the 2-loop diagram changes
the renormalised mass m; (this is hardly surprising), but I® contains an additional divergence,
stemming from the second diagram in Fig. 9.2. The natural question then is, will this divergence
disappear on coupling constant renormalisation? Turning to I' it is seen that the 2-loop graphs
do indeed give extra divergent contributions. Some of these disappear when the mass
renormalisation is taken into account, and the rest can be made finite by redefining the
renormalised coupling constant g,. So I'® is finite to two loops, with mass and coupling constant
renormalisation. I® however, remains divergent — the coupling constant renormalisation does not
remove the divergence in the second diagram of Fig. 9.2. It is removed by absorption in a

(2)
multiplicative factor, and we define a renormalised 2-point function ry by

r'® = 7 (g, my, rp, m, p). (9.43)

r(z) Z 12
r is now finite, and Z, infinite; “ ¢ is called the wave function (or field) renormalisation
constant. Z, may be expanded in the number of loops, giving

Zo=1+giZy+ GiZo+
=1+giz,+ -, (9.44)

since there is no 1-loop contribution. Equation (9.43) amounts to renormalisation of the field
amplitude, but the value of this cannot be entirely arbitrary. Analogously to (9.37) and (9.42), we
demand that at some point — say p? = 0 — the field amplitude is unity, so that

r® =1. (9.45)

Clearly, the choice of the point p? = 0 is arbitrary. The fact that I'®(p, m,, u) was divergent
means, of course, that, in the 2-loop approximation, m; is infinite (in the limit € — 0). The

renormalised vertex function I r , however, now gives a finite mass m;, (r for ‘renormalised’)
2 _ 2,
m, = VA oM

2
that is to say, the divergences between Z , and 1 cancel. And, just as the introduction of Z , has
changed the renormalised mass from m; to m,, it also changes the renormalised coupling constant.
It is clear that the analogous equation to (9.43) is

Y = zyr9p, my, w), (9.46)



so that the new renormalised coupling constant, g, defined by an equation analogous to (9.42), is

irYp, =0) =g = Z3g,
g = Zig. (9.47)

Z, is a function of g, = gp®, so, writing in this dependence explicitly, the renormalised n -particle
vertex function is

(. geo me. p) = Z 3 (gu )" (p;, g. m) (9.48)
or
r'\(p,. g, my = Z ;" *(gu5)['"(p;, g, m,. p). (9.49)

We now have the result that, to two loops, the vertex functions (or, equivalently, Green’s
functions), mass and coupling constant in @* theory may be made finite by suitable
renormalisation. The question is, does this desirable property hold to all orders? This is the
question of renormahsability, but it is difficult to answer. We refer the reader to the literature. It
may be worth mentioning that the greatest trouble in proving renormahsability is caused by the
phenomenon of ‘overlapping divergences’. These are present in the second graph of Fig. 9.2,
which (putting m = 0 for convenience) is clearly given by

if d*k,d*k,
Kik3(p — ky = ky)?

There are two loops, so two integration variables. The overall degree of divergence is 8 — 6 = 2.
If, however, k; (say) is held constant and we integrate over k,, the degree of divergence is 4—4 =
0, so the graph still gives a logarithmic divergence. This is the phenomenon of overlapping
divergences — it is impossible to separate out the divergences in k; and k,. It turns out that
overlapping divergences give no trouble in QED because of gauge invariance, as we shall see
below. In this respect ¢ * theory is more difficult than QED.

Let us briefly survey what we have done. Starting from a Lagrangian (6.65), we find that the
Green’s functions which contain one or more internal loops are divergent. They can, however, be
made finite, by a renormalisation of the mass, coupling constant and field amplitude, from their
‘bare’ to their ‘physical’ values. This view of renormalisation has the merit of a clear physical
interpretation, and has analogies in solid state physics, where, for instance, electrons are ascribed
an ‘effective mass’ to take into account their interaction with the lattice. This corresponds exactly
with the above view of mass renormalisation.

An alternative view of renormalisation may be taken, however, and is, in fact, the one more
commonly adopted in high energy physics. This is to regard the parameters m and g in the
original Lagrangian as the physical mass and coupling constant. The fact that this Lagrangian
does not give finite Green’s functions then requires that extra terms be added to the Lagrangian,
to cancel the divergences. These terms are called counter-terms. They may be constructed at each
order in perturbation theory. We now outline how this is done.

Counter-terms

Consider mass renormalisation at the 1-loop level, given by equations (9.28), (9.35) and (9.36).
We may describe this as follows. The 1-loop modification to

the free propagator is
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O =" _ fnite,
167%¢

which diverges as ¢ — 0. We therefore add ¥ a term

58, = -8 2 M 9.50
1 32"28902 5 ¢ (9.50)

This is treated as an interaction, and gives rise to the additional Feynman rule

= —idm?. (9.51)

Then, to order g, the complete inverse propagator is (cf. equations (7.77) and (7.78))

—a— 1= + @) + x ]! (9.52)
or
r®p) =i[GPp)|™
2 _ 2 : 2 : 2
P (2 ) ]
i 1672 € 167
= p? — m?, (9.53)

ignoring, as before, the finite term (or including it in m?). Here m? is taken to be a finite quantity,
the physical particle mass, and is equal, in an appropriate order of perturbation theory, to -I'?)(0).
The Lagrangian is now £ + 8¥;, 0¥, being a counter-term, which is divergent. It may appear

strange to introduce what is clearly a ‘mass’ term (9.50) into the Lagrangian and call it an
‘interaction’, but, in fact, there is no contradiction. To see this, consider for example the free
theory given by

£ = }3,0)(3"¢) — im*¢?,

and regard it as describing a massless field ¢, given by the first term in &, with an interaction
given by the second term. The Feynman rules are then

and the complete propagator is

—o—-= +

X
+

X
X
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which is the usual propagator for a massive field.
A similar treatment may be made of I'®. As seen in (9.30), I'®), calculated to order g° from

the Lagrangian x4 , diverges as € — 0:

2 = ~ + \)O</ + (2 crossed)

= -igu‘(l -3¢ ) + finite.
16m2¢

So by adding a counter-term

- —l3_32£¢‘ = —BL“F.¢‘
4! 167 4!

to the Lagrangian, we get an additional interaction with Feynman rule

_ sighe
167

which will render I'® finite

N Id N Id \ 7 AN ’
\ ’ AY 4 \ p (N ’I
~ Id \ ’ \ 7 N
9 = >< + "Ol + (2crossed) + X
s, i * ~ / ’ S ~ ’ N\ 7 A ~
Vi N 4 ~ /7 N Ve (N
= —igu’ + finite. (9.54)

Finally, the divergence of I'® at the 2-loop level, described (but not proved) above, necessitated

R,
multiplying I'™ by a factor 4 ¢ . This is clearly equivalent to adding a counter-term
A
é'SgJ = ?(ap¢)z

to the Lagrangian, with 1 + A = Z ;. Finite Green’s functions may then be obtained by adding to

the original Lagrangian £ counter-terms £ CT



2 £
2= 30,07 - ¢ - E4, (9.55)

Sor = 2000 - ¢ - Zhog ©9-56)

The total Lagrangian, called the ‘bare Lagrangian’ X4 B» 1S

1+ A
2

2 2
$B=§£+.’;£CT=( (' om)gr —

)(am’ - (1+ B)i—‘j’eﬁ‘ (9.57)

so we see that the effect of the counter-terms is clearly equivalent to multiplying ¢, m and g by
‘renormalisation factors’ Z: that is, defining the bare quantities

te=VZyp, Z,=1+A4,

2 2
mg = Zym, 2z, =Tt om
m*(1 + A)
! 1+ B
8 = U Zg, Zy= ——o70, (9.58)
5 £+ Ay
the bare Lagrangian is
1 m% 2 _ 8B 4
s = 3(3,.98)° - T% - T¢B- (9.59)

In the language of counter-terms, a theory is renormalisable if the counter-terms, required to
cancel the divergences at each order in perturbation theory, are of the same form as those
appearing in the original Lagrangian. If this is the case, ‘bare’ quantities may be defined by
(infinite) multiplicative renormalisation factors, as above, and the bare Lagrangian is of the same
form as the original Lagrangian. The bare Lagrangian, moreover, is the ‘true’ Lagrangian of the
theory, in that it yields finite physical quantities to any desired order.

9.4 Renormalisation group

We have seen how to renormalise ¢ * theory. In the technique of dimensional regularisation, we
saw that it was necessary to introduce a new parameter y, with the dimensions of mass. The

n)
renormalised 1PI function # ¢ depends on x4, as shown in equation (9.48), through the
dependence of Z, on u In other words, the unrenormalised function I™ given by (9.49) is
independent of g, so is invariant under the transformation

u—e‘u. (9.60)

These transformations form the renormalisation group. Introducing the dimensionless differential



operator p(0/0p) we have

p2rm =0 (9.61)
ou
or, from (9.49),
d -n! r n
bl Ze gu I (pis 8rr My )] = 0 (9.62)
V4 n/2
where g, and m, depend on u. Performing the differentiation in (9.62) and multiplying by < ¢

gives

[—nu_a- anZ + ui + ”%i + ym r:_") =0. (9.63)
du ou ou 3g, du am,

n)
For simplicity, let us from now on write g for g, m for m, and I'™ for r(r , so that, despite
appearances, we are always dealing with renormalised quantities. Then, by defining the quantities

3 ]
v(g) = ualnv Z,,

3
Bg) = u=t, | (9.64)
3u
3
mym(g) = p22,
Su
equation (9.63) becomes
3 ] )
p— + B(g)— — ny(g) + my,(g)—|"'™ =0. (9.65)
ou 3g 3m

This is the renormalisation group equation (RG equation). It expresses the invariance of the
renormalised 7™ under a change of regularisation parameter .
Let us now write down a similar equation expressing the invariance of I™ under a change of

scale. Let P > Ip, m—>tm, p—1 (”) ™ has a mass dimension D given by (see Table
r(n
9.1 — where the 1PI function is denoted I )

D=d+n(l—-d—)=4—n+£(—n——l) (9.66)
2 2



where d = 4 — €. Then

r'(wp;, g.m,p) = "r'Yp, g, t 'm, 17"y

2,2
= u”F(g. ‘—”) (9.67)
my
SO
(!i +mo 4 ui - D)F(") =0. (9.68)
Jt 3m ou

Now eliminate p(0I'/0p) between (9.65) and (9.68):

3 3 3 n
[-t— +B— —ny(g) + m(ym(g) - 1)— + D]F‘ W, g. m, p) = 0.
ot og am

(9.69)

This equation expresses directly the effect on I'™ of scaling up momenta by a factor t. Note that if
B = %) = yu(9) = O, the effect is given simply by the canonical dimension D, as would be
expected from a naive scaling argument. It is the effects of interaction which give rise to the need
for renormalisation and therefore to non-vanishing functions B, »(g) and v,,(g), and thence to a
departure from pure scaling behaviour of the Green’s functions. Note particularly that if we start
with a massless theory, the Lagrangian is scale invariant, but the Green’s functions are not,
because B and y(g) are non-vanishing. They contribute to so-called ‘anomalous’ dimensions. The
origin of anomalous dimensions is therefore profound: renormalisation inevitably introduces a
scale, in the shape of a mass y in dimensional regularisation, or in the shape of a momentum cut-
off A in a cut-off regularisation, so even a scale invariant classical theory does not give rise to a
scale invariant quantum theory.

We now wish to find a solution of (9.69). The equation expresses the fact that a change in ¢
may be compensated by a change in m and g, and an overall factor. So we expect that there
should be functions g(t), m(t) and f(t) such that

I™(ip, m, g, w) = FIOT(p, m(1), g(e). ). 9.70)

Differentiating this with respect to t:

_a_[‘(")(gp, m, g, u= ﬂl‘"”(p, m(t), g(t), u)
ot dt

(n) (n)
+fm(amar , gar )

ot dm ot 3g

or



r'ep, m, g, u)
( 9 +f(r)r +f(r)rag : )r*"’(p,m(:), g(1), 1)

f gmi aga)l .
(dwm + 1f(1) T g )

hence

(_,2 tof ,m38 %3

™, m,g, 0. (9.Mn
3t f dt ot dm a:ag) tp 8 H = ©.71)

Now compare (9.71) with (9.69). The coefficients of &g give

aga(" Be): 9.72)

g(t) is called a running coupling constant. Knowledge of the function (g) enables us to find g(t);
and of particular interest is the asymptotic limit of g(t) as t — c. Along with (9.72) we have g(1)
= g. Comparing coefficients of 6/0m in the two equations gives

2™ = mlymlg) - 1] 9.73)
ot

and the remaining terms yield
rdsr
f dt

which, on substitution into (9.70) gives (using (9.66) and taking the limit £ — 0)
1
f(1) = ,oexp[_ [ nr(g(r))dr],
1 4

This is the solution to the RG equation (9.69), in terms of the running coupling constant g(t) and
running mass m(t). The exponential term is the ‘anomalous dimension’. The physics at large
momentum is governed by m(t) and g(t), and a particular use of the renormalisation group is to
study the large (or even the small) momentum behaviour of quantum field theory. An equation
like (9.74) allows us to speculate outside the domain of perturbation theory. Let us examine some
possible behaviours of g(t) as t — o i.e. at large momentum, and assume that (9.72) is still valid
there:

= D - ny(g).

™ (ip. m, g, ) = r""exp[—n [;M]r‘%, m(1), g(t), ). (9.74)

First, suppose that f(g) has the form shown in Fig. 9.3. The zeros of f, at g = 0 and g = go, are



called fixed points. Then we may see that as t — oo, a value of g near to g, tends towards g,. For if
g < gy, B> 0, so g increases with increasing t, and is driven towards g. If, on the other hand, g >
go, then B < 0, so g decreases with increasing t, so is driven back towards g,. Hence g(e) = gg; g

is called an ultra-violet stable fixed point. By an analogous argument, if g is small, then as t — 0,
g — 0, and g(0) = 0 is called an infra-red stable fixed point.

Second, suppose that f(g) has the form shown in Fig. 9.4. Again there are two fixed points,
but the sign of f is reversed, so g = g is an infra-red stable fixed point, and g = 0 an ultra-violet
stable fixed point. For this latter behaviour, perturbation theory gets better and better at higher
energies, and in the infinite momentum limit, the coupling constant vanishes. This is known as
asymptotic freedom.

Fig. 9.3. A possible form of the $ function; g, is an ultra-violet stable fixed point, and g = 0 an infra-red stable
fixed point.

£o R

Fig. 9.4. Another form of the f function; g, is infra-red stable, and g = 0 is ultra-violet stable, giving asymptotic
freedom.

As an example, let us investigate the asymptotic behaviour of @* theory, assuming that the 1-
loop calculation above for the renormalised coupling constant is a reliable pointer to the
asymptotic regime. Ignoring the finite corrections, we then have from (9.58), ignoring A which is
of order g2,

3g
gs = ”‘(14- ) (9.75)
B~ & l672e
so that
g e, 38 .
== = ggu* + —=_u".
du 1677

The p function is given by (9.64), where g in that equation refers to the renormalised coupling
constant, and the limit € — 0 has been taken; so we obtain

. d 3 2
g) t‘l oﬂa 1 2 ( )



From (9.72), or perhaps more directly by noting that if s = Inr, so that t&/& = J/é5, equation (9.72)
becomes

3 ¢(s) = Blg(s))- 9.77)
os

We see that the effective (running) coupling constant increases with s, i.e. with increasing

momentum, so @ * theory is not asymptotically free. In fact, it is easily seen that the solution to
(9.76) is

g= 8o
1 — agoln (u/u)

where a = 3/1672, so g increases with increasing u.

This chapter has so far been entirely devoted to renormalisation of @* theory, in the hope that
the ideas and techniques necessary for renormalisation may be learned on an example
unencumbered by other complications which the real world has to offer. Nevertheless, we have by
no means exhausted the subject of renormalisation and the renormalisation group. In particular,
the important topics of mass-dependent and mass-independent renormalisation prescriptions, and
the Callan—-Symanzik equation, similar in form to the renormalisation group equation, have not
been touched on. Because of the introductory nature of this book, I make no apology for this, and
press on towards the real world first of all in the shape of quantum electrodynamics.

9.5 Divergences and dimensional regularisation of QED

The only particles in QED are photons and electrons. Divergences occur in several types of
Feynman diagram, for example the electron and photon self-energy diagrams of Figs. 9.5 and 9.6.
We shall treat these diagrams in the same systematic way in which we analysed ¢* theory, and
shall show that there is only a finite number of primitively divergent diagrams, and hence that
QED s, in principle, renormalisable. We shall then regularise the Feynman integrals, using
dimensional regularisation again (Pauli—Villars regularisation does not preserve gauge invariance
in non-Abelian gauge theories, so it is simplest to use dimensional regularisation throughout). In
the following sections we shall see how to renormalise QED explicitly to order e? (one loop), and
how the Ward identity guarantees that QED is renormalisable to all orders. We begin, then, by
analysing the divergences of Feynman integrals.

k

£

-—>
P pk I4

Fig. 9.5. Electron self-energy diagram.

P

p-k

Fig. 9.6. Photon self-energy diagram.

The general formula for the superficial degree of divergence D of a Feynman graph in d-
dimensional space—time is analogous to equation (9.3):



D=dL - 2P, - E,
where

L = number of loops,
P; = number of internal photon lines,

E, = number of internal electron lines,

d = dimension of space-time.
In addition, let

n = number of vertices,
P. = number of external photon lines,

E. = number of external electron lines.

(9.78)

(9.79)

(9-80)

As before, L = number of independent momenta for integration = number of internal lines —n
(because of momentum conservation at each vertex) + 1 (because overall momentum

conservation holds in any case):

L=E,+P-n+1.

(9.81)

Now each vertex gives two electron legs. If they are external, they are counted once, and if

internal, twice, so
2n = E, + 2E,.
The analogous relation for photons is clearly
n=P.+2P,.

Equations (9.78) and (9.81) give
D=(d-1)E; +(d-2)P, - d(n - 1)

which, on substituting for E; and P; from (9.82) and (9.83), gives

2

D=4d+ n(% - 2) - ("—;1-)15e - (i'—z)Pe.

When d = 4 this yields

(9.82)

(9.83)

(9.84)



3E,

D=4-="°-p, (9.85)

showing that D is independent of n, the sine qua non for renormalisability.
Let us check (9.85) for the two self-energy diagrams. The electron self-energy diagram, Fig.
9.5, has E, = 2, P, = 0, so D = 1. The Feynman rules give

4 . —
-iBlp) = e[ oyt 9:86)

which has four powers of k in the numerator and three in the denominator, so D = 1, as predicted.
The photon self-energy diagram, Fig. 9.6, has E, = 0, P, = 2, so D = 2. The photon self-energy is

denoted I1,,, and is also called vacuum polarisation. Unlike electron self-energy, it has no

classical counterpart. The Feynman rules give

d‘pT( i, i )
e\ p=m p—f=-m)

(9.87)

iMP(k) = —(—ie)? f

The overall minus sign on the right-hand side comes from the closed fermion loop. It is clear that
this integral is quadratically divergent, as anticipated. Note that this graph gives a modified
photon propagator, so that, in the Feynman gauge, to one loop

iD (k) = —i8% 4 (_"ig"" )imﬂ(k)(—i'ig )
k2 % k?
= s v (9.88)

Actually, although the electron and photon self-energy graphs are superficially linearly and
quadratically divergent (respectively), they both turn out to be logarithmically divergent only, as
will be seen below.

These self-energy graphs are primitively divergent, and the question we must answer is what
other primitively divergent graphs there are in QED. There are in fact three more. The first one of
them is the vertex graph shown in Fig. 9.7. It has E, = 2, P, = 1, so (9.85) indicates D = 0, a

logarithmic divergence. The Feynman rules give (cf. equation (7.127))

d‘k —igpa i i a
4 2 Yu v
@) (k+pp K-d-m "f-m

—ieA(p.q.p + q) = (—ie)3f
(9.89)

which is indeed logarithmically divergent. This vertex graph, and the two self-energy graphs
above, all have the property that the removal of their infinities results in a redefinition of various
physical quantities, namely electron mass and wave function normalisation, and electric charge.
In other words, no extra terms in the Lagrangian are required of a type which are not there
already. But the two remaining primitively divergent graphs could pose a serious threat to the
renormalisability of QED. The first of these is the 3-photon coupling shown in Fig. 9.8. It has E,
=0, P, =3, so D = 1. It turns out, however, that this graph is cancelled by a similar graph with the

electron arrows reversed, and so may be ignored.? This is the content of Furry’s theorem, which



actually follows from the C invariance of the Lagrangian. ¥ is invariant under charge
conjugation:

y—oyf = CJ’Tv Au"" _Au"

g P+a

Fig. 9.7. Vertex graph.

and it then follows immediately that Green’s functions, with an odd number of external photon
lines, are zero. (In an analogous way, in 175 theory, & is invariant under @ — —¢, so Green’s
functions with an odd number of @ legs are zero.) The second diagram which could cause trouble
for renormalisability is Fig. 9.9, the scattering of light by light. Here E, = 0, P, = 4, so D = 0 and
the graph is superficially logarithmically divergent. It gives a non-zero cross section for photon—
photon scattering, a process for which there is no classical analogue. It turns out, however, that
due to gauge invariance, this graph is actually convergent, so causes no trouble.

Fig. 9.8. A 3-photon vertex.

Fig. 9.9. The scattering of light by light.

We have isolated the three primitive divergences of QED, so our task now is to calculate them
using dimensional regularisation. We must first generalise the Lagrangian (7.100) (with ¢ = 1 and
neglecting source terms, which are unnecessary here),

.= = = 1 1
L = ipy"d,p — myy — eA* Py, y — (3,4, — 3,A4,)" — (3,A*),
to d dimensions. Recall from above that the mass dimension of &£ is d, [¥] = d, so if

_4d-1 -4 _
(vl 7 (4.] 5 1,



then all the terms in & above, except the third one, have the correct dimension. To get the third
one right, we must multiply e by p?"%2, where p is an arbitrary mass. Hence we have

— 1 by -dR yy 1 2 1 2

£ =iyy,y — myy — e PAYy, Yy - 18,4, - 3,4,)° - (3,4,
(9.90)
Recall that the extension to d dimensions is to be made only for internal loops, so external wave

functions like u(p), for example, may be left in their 4-dimensional form. All we have to consider,
then, is the definition and algebra of Dirac matrices in d dimensions. We have

{Yw v} = 284 (9.91)
where g, is the metric tensor in d-dimensional Minkowski space (with signature + — — - ...), so
that O,’: =d, hence

Yvu=d. vy =Q@Q - dy.. (9.92)
In addition,
Tr (odd no. of y matrices) = 0, (9.93)
Trl = f(d). Tryuy,= f(d)gu (9.94)
Tr YuVx¥v¥a = f(d)(guxgvh = Suv8xi + gwlng)’ (995)

where f(d) is an arbitrary well-behaved function with f(4) = 4; its explicit form is irrelevant. What
we cannot do in d dimensions is define the analogue of ys.

In four dimensions, we have

i
Ys = Zem’m Yva}’me (996)

but the Levi—Civita symbol £*P¢ is specific to d = 4. This difficulty has a bearing on the problem
of chiral anomalies, mentioned in §9.10 below.

Now let us consider the primitively divergent diagrams, starting with the fermion self-energy
graph of Fig. 9.5. Expression (9.86), duly generalised to d dimensions, gives

—&— = = —i 2,4-d ddk 1 g_ﬂ'
X(p) = —ie‘u (ZH)JY“/—I(—mYVkZ
= —iezu“"‘j dk_ v — K+ myy*

@n)? [(p — k)? — m?)k?

Introducing the Feynman parameter z (see (9.22)) yields



it d?k Yu(/-y"'m)}’“
Hp) =~ I j(Zﬂ)" [(p — k)’z — m*z + K¥(1 - )P

Defining k’ = k — pz gives

= —iutde? dk’ v -z =¥ + my*
2(p) iy I I(zﬂ)d k' — m?z + p*z(1 - z)]z

The term linear in k’ integrates to zero, so

dik’ 1
Q@n)? [k'? — m¥z + p*z(1 - 2)]?

2(p) = —ip* e Zf dzy(f — #z + M)Y“f

Note that in four dimensions the momentum integral is, as claimed above, logarithmically, and
not linearly, divergent. The integral is performed with the help of equation (9A.5), giving

Ap) = e zf’((2 ,,):L/z) i dzy [#(1- 2) + mly*[-m?z + p?z(1 - 2)]**7?

As d — 4, T'(2 — d/2) develops a pole. Putting € = 4 — d, and using equations (9.24) and (9.92)
then gives

-_ ! Y — 4 — (] —
3(p) = 16,,2r(£/2)fo dz{2§(1 - z) — 4m — €[J(1 - 2) + m)}

9 ( -m2z + p?z(1 - 2) )_'!/2
aml

2
= ¢ 4 £ _lya -2m(1+2
( ’+ m)+l6n_z{/( +y) = 2m(1 + 2y)

1r2£
—-m? 2 -
+2f dz[(1 - z) - 2m]ln( mz+ p el Z))}
0 ampd
2
= £ (= + 4m) + finite. 9.97)
8me
Next, we calculate the vacuum polarisation graph. From (9.87) we get, in d dimensions,
p 1 1
(k) = ig~de? j vy ]
M —m K m

= iezul—dj d4 P Tl'[}',,(/"‘ m)}'v(./_ y+ m)]
@m? (p? = m)(p — k)* — m?]

Introducing the Feynman parameter, and putting p’= p —kz then gives



lezy" d[ J‘ddp' T"[Yn(/' + KZ + m)'}’v(/' -f1-2)+ m)]
m)? [p? - m* + k?z(1 - 2))?

Because of (9.93), and because the terms odd in p’ give no contribution to the integral (from
(9A.6)), the numerator N in the momentum integral is

= [p"*p* = kK 2(1 = D) Tr(vuyevvta) + m*Tr(y,y)
which gives, from (9.94) and (9.95),
N = f(d){2p.up, — 22(1 — 2)(k,k, = K?g,,) —gulp"? -

Hence (putting p” — p)

npv(k) ie “4 df(d)j I(z’r)d{[p 2pﬂpv

-m?+ k*z(1 - 2))?
_ 22(1 - Z)[kukv - guvkzl — Suv }
[p2 = m? + K*z2(1 = )P [p? — m? + kPz(1 - 2)]

From equations (9A.5) and (9A.7) the contributions of the first and third terms in the integrand
cancel. The middle term leads to a logarithmically (not quadratically — see above) divergent
integral, whose value is obtained from (9A.5) (using (9.24)):

2
M, (k) = Z—(kuk, — guk?)
“ 2”’2 u H

1 _ v _ _ -m? + k*z(1 - z)] }
x {SZ fdzz(l z)ln[ yo + 0(¢) ).

As expected by now, the divergent part is a pole in & The finite part contains terms depending on
k2, so for small k? we have

n.(k)=—ez—(kk,—g kz)(l+k_2+“_)
g 617-2 g " Ne  10m?
= € (kyky — uk?) + finite. (9.98)
6me #

Finally, we evaluate the vertex graph of Fig. 9.7. Equation (9.89) gives (note the change of
notation)



—iel AP, q. ")
= (—i -dp i i —igvp
(—iew? )j(zﬂ)“ /,_‘(_m)’u/_y_m}’p )
__(uzd/z)j v = K+ m)yy (¥ = K+ m)y"
@m)? K (p — k)* - m2[(p' — k)* — m?)

Now we introduce the 2-parameter Feynman formula, analogous to (and easily derived from)
(9.22)

=2 ax[ dy 1 (9.99)
abe I I [a(l—x-—y)+bx+cy]3 .

which gives

2,4-d 1-x
A, = =2eH fdx[ dy[ddk

(2m)?
Y =¥+ m)y(F = K+ m)y”

x .
(k2 — m¥(x + y) - 2k(px + p'y) + p’x + p%y?

Defining k’= k —px —p then gives (with k> — k)

2l€2 4—-d 1-x
Adp.q.p) = - fdxf dyfd"k
@m? o

YWFU—y)—px—K+mly[fl-x)— gy -K+ mly”
[k2 — m¥(x + y) + p*x(1 = x) + py(1 = y) = 2p- p'xy]}
(9.100)

X

This integral contains convergent and divergent pieces. The part of the numerator quadratic in k is
divergent, the rest convergent, so we put

A= AP + AD. (9.101)

The divergent part A®), may be written, from (9A.7), as

2 dn 1 1-x
A = “-d(L) rQe-dpyl dx| d
(p.q.p") 5 p ( /Z)ID fo y

YYeYu¥'Y"

X .
[-m*(x + y) + p2x(1 — x) + p2y(1 — y) = 2p - p’xy)* 4"

By some ‘Diracology’ similar to (9.92),



YYpYuYo? =@ = d)YpYuVo + 2(YuYoYp — YpYa¥u)
SO
YWY ?’Y' = 2 = d)y,.

Putting, as usual, € = 4 — d, so that (2 — d)? = 4 — 4¢, we get

2
AY(p.q.p) = 8"—2}’,, + finite. (9.102)
T E

The convergent part of A, is that part with no k in the numerator of the integrand. Since it is
convergent, we may put d = 4 and perform the integration over k using (9A.5), giving

2 1 1—x
A%p. q. ')=e—jdxj d
uw P q.p ] Rk y

Y (1= y) = px + mly[§(1 — x) = #'y + m]y" _
mi(x + y) — px(1 —x) — p’2y(1 = y) + 2p - p'xy
(9.103)

X

We now have explicit expressions for the three primitively divergent Feynman diagrams in
QED, and have found three divergent terms and one convergent term. We shall see in the next
section that the divergent terms may be cancelled by counter-terms in the Lagrangian, and
subsequent renormalisation; and the convergent term gives an anomalous magnetic moment to the
electron.

9.6 1-loop renormalisation of QED

We summarise, for convenience, the divergent quantities found above:

2
3(p) = S—(~F + 4m) + finite, (9.97)
87°¢
2
M, (k) = S—(k,k, — g, k?) + finite, (9.98)
6w
n ’ ez .
A, (p.q.p') = ——7v, + finite. (9.102)
8m¢

It is worth remarking, incidentally, that the divergent parts of X~ and A above satisfy the Ward
identity (7.124). We saw in §7.4, by explicit calculation, that the Ward identity is satisfied to
order e’ (that is, to the 1-loop approximation). Here we see that dimensional regularisation
preserves the Ward identity. ,

Now let us consider what counter-terms it is necessary to add to ¥ to make the above
quantities finite. We begin with the electron self-energy, which, as we saw in (7.121), modifies
the electron inverse propagator to



rp) = Si(p)™" = Se(p)™"' - 2(p)

=4- ,,,_#28(-/+4m)

2 2
= /(1 + e—) - m(l + -"—) (9.104)
87 2me

(Note that we are neglecting the finite corrections. This corresponds to ‘minimal subtraction’.)

Because the coefficients of / and m are not equal, we need two counter-terms; one for the overall
magnitude of the propagator, giving a contribution to the electron wave function normalisation,
and one for the electron mass. So to

L =iydy - myy
we add
(L)er = iBygy — Ayy (9.105)
giving the total (bare) Lagrangian

(£)s = i(1 + B)ydy — (m + A)yy (9-106)

where A and B are chosen to give a finite electron propagator to order e°.

O - RIS 2t SV R
—iZ(p) —iA iBp
(9.107)

(It is easy to check that the ‘interaction’ iB/ modifies the propagator from i// to i/(1 + B)/ .)
Hence

Lz-(—/ +4m) + A — By = finite, (9-108)
8m’e

whence, ignoring the finite terms,

2n’e (9.109)

and



e2

Z,=1+B=1--"*_ (9.110)
87

Defining the ‘bare’ wave function by
=VZ,p 9.111)
enables us to write the bare Lagrangian (9.106) as
(218 = iys@ys —mpysyp (9-112)

where the bare mass mgy is given by

mg=Z3;(m+ A)

( 2 ez
m{l — —)(1 + —)
pY of> 81
- m(l - 3—"2) = m + ém. (9.113)

8n¢e

Since the propagator is the Fourier transform of the vacuum expectation value of the time-ordered
product of fields, the ‘bare’ propagator is the Fourier transform of

(01T (waya)I0) = Z,(0|T(yy)|0),

so, recalling that in this ‘counter-term’ treatment of renormalisation, ¥ refers to the physical

-1
electron (i.e. with interactions included) and ¥y to the bare electron, we see that Z is the
probability of finding a bare electron propagating, in the propagation of a physical electron. In our
not entirely rigorous treatment, the renormalised electron wave function and the renormalised
electron mass may be taken to be essentially ¥ and m, the ‘original’ ones; but this is only true if
we ignore the finite correction terms, as we did above. Indeed, it follows trivially that, ignoring
these terms, the renormalised 2-point vertex is

-1 R
-O - L. I

1Xip) 1Bp

or

rp) = i(Se(p))™
=F-m-(2p) + A~ By
= § — m + finite terms (9.114)

where we have used (9.108). The finite terms will, in general, give a renormalised wave function
and mass, different from ¥ and m. They are determined by deciding the momenta at which the



various vertex functions vanish, as explained in §9.3. Apart from this consideration, however, the
philosophy of renormalisation by adding counter-terms to the Lagrangian is, in essence, the
reverse of the philosophy of renormalisation first discussed in §9.3, by redefining mass, etc., to be
finite when interactions are taken into account. This necessitates the bare mass (etc.) in the
original Lagrangian having an infinite value. In the counter-term procedure, we start off with a
physical (finite) mass, and this is kept finite by adding (infinite) counter-terms to £ The
resulting bare mass mg (defined, for example, by (9.113)) is what we ‘started out’ with in the first
renormalisation procedure.

Let us turn now to the vacuum polarisation tensor (9.98). From (9.88) it gives rise to a
modified photon propagator

D;w(k) = Duv(k) = Dua(k)mﬁ(k)Dﬁv +

_8uv _ Bua € [(k“k" aﬂkZ)( k_z)]&ﬁ+
k2 k? 6m £ 10m?*/1 k?
_@(,_ el _f_z"_z)_e_zL"" 4o (9.115)

k2 6m*e 60w m*/ 6mte kK Kk?

Here we have expressed D, in the Feynman gauge. Note (1) that the coefficient of the Feynman
gauge part of the new propagator contains an infinite (as e—0) part, and also a finite (e-

independent) part, proportional to k% (2) that the resultant propagator is not in the Feynman
gauge, because of the term in k k,. Physical quantities are, of course, gauge invariant, so are not

affected by this. Nonetheless, the infinite terms in D',, must be removed by adding counter-terms
to the original Lagrangian. The Lagrangian giving a Feynman gauge propagator was

$, = —3F, F™ - §3,A")? = }arg, 0A", (9.116)

so the required counter-term is

(22)CT = -%F‘WF“V - g(a,,A“)z. (9117)

C and E will be different because of observation (2) above. Then the bare Lagrangian is

(£5)p = -( 1 ': ¢ )F,,VF“’ + gauge terms
Z3 puv
== —2F,,F* + gauge terms (9.118)
with
&2
Zy=1-—. (9-119)

6m’e

(-(2 »)p then gives a finite photon propagator to order €.
The electron self-energy graph gave rise to a bare electron mass different from the physical



one. Will the same thing happen here? In other words, will the photon acquire a finite mass by
virtue of the self-energy effects of vacuum polarisation? Needless to say, this would be a disaster,
but, in fact, it does not happen, and the reason stems from the fact that 77,,(k) is of the form (cf.
(9.98))

mrP(k) = (k*kP — g*Pk*)I1(k?). (9.120)
This, in turn, follows because gauge invariance demands
k IT*P(k) = 0 (9.121)

and (9.120) is the most general Lorentz covariant structure consistent with this. Substituting
(9.120) into (9.115) gives, to one loop,

D,, = D,, — D, (k®kP — g*Pk®)[1(k?) Dp,.

and hence, putting D, = -g,,/k%,

D,, = ! ( —8uv — k"k'n(kz)) (9.122)
K1 + (k)] \ K?
II(k?) contains divergences. In dimensional regularisation
2 2 2
n(k2)=£-(1+ k ): € 4 Ik (9.123)
67\ 10m*/ 6m’e

where H,(kz) is finite and tends to zero as k? — 0. The complete propagator may then be written

r —8uv
D,, = + gauge terms
R+ TKY)

= "8 + gauge terms

2
k2[1+ i +n,(k2)]
6me
- —238,".
K*[1 + M k%))

+ gauge terms (9.124)

where we have used (9.119). The Lagrangian (9.118), however, which contains the counter-terms,
suggests the definition of the bare field

Al = ZVan (9.125)

whose propagator Dl’"" (OlT(AuBAvB)IO) -~ Z3(OI T(A#AV)|O) = Z3DI’"" where



D’uv is the renormalised complete propagator; from (9.124) it is

5' -g[l"

v = + gauge terms. (9.126)
R+ KD

(We are using the notations D', and D’IN of Bjorken & Drell (1965).)
We see, then, that the photon mass remains zero after renormalisation. In addition, as desired
and anticipated, renormalisation gets rid of the infinite terms in the propagator D’,; but it does

not get rid of the finite correction term in k?, which will give rise to physical effects. Ignoring the
gauge terms, the renormalised propagator is

N - 2 2
b, = Bur() _ e -k—+0(k‘)). (9.127)

K2\ 60 m?

The correction term (known as the Uehling term) gives rise to a modification of the Coulomb
potential in co-ordinate space. The potential between charges e a distance r apart is now

e’ + e’ &(r).
dnr  60mm?

The extra term modifies the hydrogen atom energy levels, and gives a significant contribution to
the Lamb shift, which splits the degeneracy of the 2S;, and 2P, ,, levels. QED predicts that the

2S;,; level is 1057.9 MHz above 2P, ,, of which -27.1 MHz comes from the vacuum polarisation
graph above. Since agreement between theory and experiment is better than 0.1 MHz, we have an
excellent confirmation of the above theory.

We turn finally to the vertex function, and its divergent part A(l)Fl given by (9.102). It is clear
that it may be eliminated by adding to the Lagrangian a counter-term

(£3)cr = — De~ P iphy (9-128)

with

82
D= Py (9.129)
so that
(£3)8 = —(1 + D)euP A*yy,y

= - Z,eu P A"y, (9.130)

with
Z,=1- 2 (9.131)

8m%¢



The total bare Lagrangian (to one loop) for QED is, from (9.106), (9.118) and (9.130),
g =iZ,yy*d,¥ — (m + A)yy

—Z,ey‘/zA“J;y,,w - %(a,,A, - a.,A,,)2 + gauge terms  (9.132)

with

2
Z,=2,=1--"*2_,

2 2
Z,=1-5_, aA=-1"¢ (9.133)

6me 2me

X4 B, as distinct from the original Lagrangian (9.90), gives (to one loop) finite self-energy and

vertex, and e and m stand for the experimental charge and mass. We may, alternatively, write x4 B

in terms of ‘bare’ quantities. From (9.111), (9.113), (9.125) and the following definition of bare
charge eg:

V4 _
ep = eu‘ﬂ—lm = eu?Z; 12 (9.134)
YAY 4

we have

Py = iypyY'yp — MpPayp — s ABVRY, VB
- 18,Ap, —3,Ap,)%. (9.135)

We have now absorbed all the infinite quantities into the definitions of bare quantities, and the
fact that we are able to do this, keeping a Lagrangian of the same form as the original ((9.135) is
the same form as (9.90)) means that, to this order, QED is renormalisable. The proof that it is
renormalisable to all orders is given in the next section. We close this section by making two
points of less formal, more physical, interest. First, the finite contribution A(Z)H to the vertex
function has the physical consequence that a Dirac particle has an ‘anomalous’ magnetic moment,
which we can calculate. Second, an application of the renormalisation group argument to (9.134)
will give a prediction about the asymptotic behaviour of QED.

Anomalous magnetic moment of the electron

Having removed the infinite part of the vertex function by renormalisation, we now turn our
attention to the finite contribution A(Z)Ll shown in (9.103). We recall that the complete vertex
function is given by (7.123) as 7, + A, and this expression must be sandwiched between spinors
a(p). - - u(p). To warm up, let us show that an electromagnetic current i(p)yu(p) describes a
particle with the ‘Dirac’ magnetic moment with g; = 2 (see §2.6). We have the definitions (2.99)
and (2.170)



Yu¥v + Yv¥u = 28w
YuVv = Vo¥u = =210,
and the Dirac equations (2.140) and (2.141)
YuP"u(p) = mu(p),
a(p')y,p™* = ma(p’).

From these it is simple to deduce that

yu(p) = %(p,, — i0,,p")u(p)

a(p')y, = ﬁ @(p" )Py + i0,p™).

Hence
a(p")y,u(p) = 5a(p)y,u(p)] + Ha(p' v, Ju(p)

zl (PN(pu+ P) +i0,0a"Ju(p)  (9.136)

where q = p”— p.By comparison with §2.6 it may be seen that it is the second term, in 0,,q", that
yields the magnetic moment g; = 2. We must now include the effect of A(z)ﬂ to calculate the total
vertex

a(p")Fu(p) = a(p' )y, + AP)u(p), (9.137)

with A(z)ﬂ given by (9.103). Sandwiched between the spinors, we may replace, in the numerator

of that expression, / ! by m on the left, and / by m on the right. Moreover, since (2.99) gives, for
example Py, = 2p, — , the numerator of the integrand of (9.103) becomes

2 2
—4m(y — xy — x*)p, —4m(x — xy — y“)p, + Dy,
where the term in y, is not exhibited explicitly, because it does not contribute to the magnetic
moment, so is not of interest here. (It is actually infra-red divergent, which is a problem we do not

go into.) In the denominator of the integrand, putting p> = pZ =m?, (p —p’)* = ¢°> = 0 gives an
expression m?(x + y)?, so, sandwiched between spinors, and ignoring the term in ¥, We have

AP = ;fm f dx f T [(y —xy = x)p, + (x — xy — y)pi]

+ pu).

16112m



Substituting this in (9.136):
a(p')(p + pu(p) = a(p')(2my, — io.q)u(p),

it turns out that the term in vy, cancels the one we neglected above, so (9.137) gives the total
vertex as

a(p" Fu(p) = a(p')[M " (1 + i)‘—"“iv]u(p) 9.138)
2m 2n] 2m

where a = e%/4x; /27 gives the lowest order correction to the magnetic moment of the electron,
which therefore has a gyromagnetic ratio

£ - ° a?). 9.139
5 1+2n+0( ) ( )

This was first calculated by Schwinger in 1948, and agreed with the contemporary experimental
results. Since then g has been calculated to order o, and a recent comparison of theory and
experiment gives, for the electron (Combley 1979)

ap =g - 2)
=(1159652.4 + 0.4) x 107°
Aep = (1159652.4 £ 0.2) x 107°. (9.140)

For the muon, agreement between experiment and this purely electromagnetic calculation is
not so good, but neither is it expected to be, since there are contributions from hadrons, W and Z
bosons, and the Higgs boson.

Asymptotic behaviour

The asymptotic behaviour of QED (in so far as the 1-loop approximation gives a reliable
prediction) may be inferred from equation (9.134), which, with (9.133) gives

2
)
£

In the limit e—0, the bare charge ey is independent of u, so we may deduce how e scales with .
Differentiating the above equation gives, to order e?

Letting £ — 0 then gives



3
u = € (9.141)

au  12m

But from (9.64), this is B(e). So we see that, like ¢* theory, p > 0 and the running coupling
constant e increases with increasing scale (i.e. with p), so asymptotically gets stronger. Despite
the smallness of the fine structure constant a = %4z = 1/137, then, perturbation theory in QED is
not good at large momenta.

The solution to (9.141) is

2 _ ez(l‘o)
e‘(u) = ez(yo) , (9.142)
1- Yk
Ho

from which we see explicitly the increase of e with p. We also see the so-called Landau
singularity,

= ep( )
o )

The increase of e with p, i.e. with decreasing distance, has an analogy in macroscopic
electrostatics in a dielectric medium. Here, the presence of an electric charge polarises the
medium, as shown in Fig. 9.10. If the free charge density is p; and the polarisation charge density

is p,, we have the equations (in Heaviside-Lorentz units)
V - E = p¢in vacuo,
V - E = ppf + p, in medium.

Putting
V. -P=-p,
gives
V- (E+P)=p;
or
vV -D= Pt

where D =E + P. If P = oE, then D = (1 + @)E, so finally

V-E= ( )p,, (9.143)

®+@
®T®
®

Fig. 9.10. Polarisation of a dielectric medium by a charge, or of the vacuum in QED.



and we see that the effect of the medium is to ‘screen’ the original charge. From a distance, the
charge (as measured by E) is measured to be less than it is nearby. At a distance much less than
molecular or atomic dimensions, the ‘bare’ unscreened charge is seen.

The same situation holds in QED. Here the photon self-energy graph (Fig. 9.6) may be
interpreted by saying the vacuum is ‘filled’ with virtual e*e™ pairs which screen a bare charge, in
the manner drawn in Fig. 9.10. So the charge e increases with decreasing distance, i.e. with an
increasing momentum (or mass) scale. We shall see below that the situation in this regard is very
different in QCD.

9.7 Renormalisability of QED

In this section we shall prove that quantum electrodynamics is renormalisable to all orders of
perturbation theory. The proof follows closely that of Jauch & Rohrlich (1976, ch. 10), which in
turn is based on the key paper of Ward (1950).

We have seen above that the complete propagators and vertex functions S'g, D’ and I are all

divergent (to second, and to all orders). We have the equations (cf. (7.121), (7.123), (7.124))

Se(p)~' = Se(p)~! — Xp) (9.144)
D'(k)™' = D(k)™! —II(k), (9.145)
r(p.q9.p+q)=v,+AAp,q,p + q), (9.146)
~32P) _ 5 p,0, p). 9.147)

ap*

where

D,/(k) = g.,D(k), D,/ k)= g,D'(k), (9.148)
(k) = — g, JIk). (9.149)

(We are working in the Feynman gauge.) In (9.144) X(p) is the proper self-energy, and similarly
I(k) in (9.145) represents the proper vacuum polarisation diagrams. (9.147) is the Ward identity.
%, II and A are given by relevant Feynman diagrams. The idea is to analyse the divergences of
these to show that the corresponding divergences in the propagators and vertex function can all be
removed by a multiplicative renormalisation, i.e. that we can define finite propagators and vertex
functions

Dg, T,= 2z, (9.150)

which obey the correct functional equations, so that all the infinities of the theory are absorbed
into Z; Z,, Z, and mass renormalisation.

We are concerned with divergencies of Feynman diagrams. In Chapter 7 we defined the class
of proper (1-particle irreducible) Feynman diagrams. We now define a subclass of them, called

irreducible. The lowest order graphs for X and IT (__x'ﬁ_ s WACOMA) are examples of self-

energy graphs, and the lowest order graph for A, ( ) is an example of a vertex graph.
Consider, now, an arbitrary Feynman diagram, say the one in Fig. 9.11(a). It is proper, and
contains self-energy and vertex parts. To this diagram corresponds another diagram, called its
skeleton, which is obtained by replacing every self-energy part by a line, and every vertex part by
a corner (i.e. a ‘bare’ vertex). The skeleton of Fig. 9.11(a) is drawn in Fig. 9.11(b). A graph which



is its own skeleton is called irreducible. Otherwise it is reducible. Actually, the irreducible graph
in Fig. 9.11(b) is convergent (see equation (9.85)), and, by the same formula Fig. 9.11(a) is
superficially convergent, but it is actually divergent, because of the self-energy and vertex

insertions.
(a) (b)

Fig. 9.11. (a) An arbitrary Feynman diagram, (b) Its skeleton.

AR

Fig. 9.12. Examples of irreducible vertex diagrams.
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To analyse these divergences, consider first irreducible graphs. The only irreducible self-

energy graphs are ™ and WWKOWV, which have already been analysed. There is,
however, an infinite number of irreducible vertex diagrams, three of which are shown in Fig.
9.12. From (9.85) D = 0 for all of them, so they are logarithmically divergent, and only one
infinite constant appears in the expression for A, so, as in the second order case we have

where L is infinite and A(f)# is finite and has the definition

which is true to second order, as readily seen in the last section. We conclude that for all
irreducible graphs, the divergences may be isolated.

Now consider reducible graphs. Any reducible graph is obtained from its skeleton by inserting
the relevant self-energy and vertex parts in place of the propagators (lines) and bare vertices.
First, consider the vertex part V, with skeleton V. Writing A, as a functional of S, D, y (the Dirac

matrix) and e, as well as a function of p’ and p, we have (subscript s stands for skeleton)

Hence

With regard to self-energy parts the situation is more complicated, because of overlapping
divergences, mentioned in §9.3 above, which do not occur in vertex functions. The graph of Fig.
9.13(a), for example, gives a contribution to X(p) of

The integral has a superficial degree of divergence D = 1, so is linearly divergent. But if k; is held



fixed, D = 0 and it is still logarithmically divergent over k,, so the divergences from each

integration cannot be separated out. Fig. 9.13(b) also has overlapping divergences. They are a
major obstacle in the separation of divergences and therefore in the proof of renormalisability, but
were overcome in a paper by Ward (1950), by using the Ward identity. The general idea is,
instead of separating out the finite part in X{(p), separate it out in O¥/¢p* = — A, a vertex part —
this has been done already. For the fourth order self-energy diagram in Fig. 9.13(a), since
differentiation with respect to p is equivalent to insertion of a zero momentum photon, we get
three diagrams for 0%/0p, shown in Fig. 9.14. These diagrams must be added. Mathematically,
this is summed up in the Ward-Takahashi identity (7.111):

Equations (9.154) and (9.155) are coupled equations for the electron propagators and self-energy
diagrams All the terms are infinite, but the problem of overlapping divergences in self-energy
diagrams has been obviated by an appeal to the Ward—Takahashi identity.

Fig. 9.13. Examples of overlapping divergences in QED.

Fig. 9.14. The three diagrams obtained by differentiating Fig. 9.13(a) with respect to p.

Now the situation is similar with regard to photon self-energy diagrams I1. They also possess
overlapping divergences — for example, Fig. 9.13(b). So we proceed in an analogous way. Define
the operator A, (analogous to A,) by

(analogous to A, = -6%/¢p#). This results in 3-photon vertex graphs; on differentiation, Fig.

9.13(b) gives the two graphs in Fig. 9.15. (Note, by the way, that these are not zero, despite
Furry’s theorem. This states that for every diagram with an odd number of external photon lines,
there exists another diagram, with the electron momenta reversed, such that the sum vanishes.
Here we do not take the sum.) Like A,, A, is logarithmically divergent. If A, is analogous to A,

what is analogous to I',? It is denoted W, and defined by

We can now find a relation between the complete photon propagator Dz and W, analogous to the
Ward-Takahashi identity (9.155). From (9.115), (9.148) and (9.149) we first verify (9.145):

and then, putting D = —1/k,

Fig. 9.15. The two diagrams obtained by differentiating Fig. 9.13(b) with respect to k.

hence



where we have used (9.156), (9.157). This is the relation we wanted between D’ and W,,. Finally,
we have, analogous to equation (9.153) (A, = skeleton of A),

and (9.157) then becomes

We are now in possession of a set of coupled functional equations (9.154), (9.155), (9.158)
and (9.160). They all refer to divergent quantities. We want the corresponding set of equations for

finite functions. First, we may find the finite vertex functions Image AP, p) and Image (k). Since

A and A are logarithmically divergent, only one subtraction is necessary to define convergent
functions:

where |1 is an invariant photon mass and p, is the momentum of an on-shell electron, so that p?, =
m?. Remember that A, is to be sandwiched between spinors 4(p) . . . u(p); the instruction / o="

means that / o is to be commuted through to the right, and then put equal to m. From (9.151) and
(9.152),

where L is an infinite constant. We now define finite propagators and vertex functions, denoted ~,
by equations analogous to (9.154), (9.155), (9.160), (9.158):

The electron and photon propagators are normalised to

We shall now show that and are related to and W, by the relations (9.150),
provided that the charge e is also renormalised to

To show this, first consider I', — more particularly A,. Suppose that, apart from the original
(bare) vertex, it is of order (e?)". Then it contains 2n propagators Sg, n propagators Dy and (2n +
1) factors y,.. So, introducing the transformations (9.150) and (9.170),

we have



(where we have used the Ward identity Z, = Z,), or

Now, from (9.164), (9.161) and (9.163),
which becomes, using (9.172),

with Z; = 1 — L. So the renormalisation (9.171) is the correct one to yield (9.164). We see that a
subtraction (equation (9.161)) is equivalent to multiplicative renormalisation, as first expressed
by Dyson.

Similarly we may show that (9.166) holds if

This is shown by considering a typical graph for A,. A term of order (é?)" contains (n — 1) Dg

functions, and (2n + I)I" and Sy functions (consider, for example, , of order (e?)3), so under
(9.171)

or

To show that equations (9.166) and (9.174) are consistent, recall the definition (9.162), which,
together with (9.166), implies

1
where Z; = 1 + 2A(1?) (we have put A, = k, A, which is reasonable since a photon vertex < k).

This is (9.174), so we have again shown the equivalence of subtraction and multiplicative
renormahsation. This concludes the proof that QED is renormalisable to all orders.

9.8 Asymptotic freedom of Yang—Mills theories

In this section we shall perform calculations analogous to those in §9.6, with the aim of showing
that at high energies the running coupling in Yang-Mills theories approaches zero, a property
known as asymptotic freedom. It turns out that asymptotic freedom is a property possessed by all
non-Abelian gauge theories, and, so far as is known, only by non-Abelian gauge theories
(Coleman & Gross 1973). We shall not study the general case, but confine ourselves, for
definiteness and because of the physical relevance of QCD, to SU(3) gauge symmetry. We shall
work, as in §9.6, in the 1-loop approximation.

The key to asymptotic behaviour in the quantity f(g) defined by (9.64), and g is the Yang—
Mills coupling constant (charge), whose physical and bare values are related by an equation
analogous to (9.134):



Here Z, is the renormalisation constant for the quark—gluon—gluon vertex, Z, that for the quark
wave function, and Z; that for the gluon wave function (self-energy). We could perform the

calculation without referring to quarks, for example finding the renormalisation of the 3-gluon
vertex, but it is a bit simpler, and also instructive, to follow as closely as possible the calculations
we performed in QED.

We begin, then, by calculating the quark self-energy diagram, shown in Fig. 9.16; a, b, ¢ and
d are SU(3) labels. Applying the Feynman rules (7.54) and (7.60) and putting ¢ = 1 (the Feynman
gauge) gives

It is seen immediately that this is simply (T°T¢),, multiplied by the corresponding self-energy
expression in QED:

where we have used (9.97). It remains to calculate the purely group theoretic factor (TT%),, (c is
summed over), where T¢ = 12, and the A matrices are displayed in (3.180). It is simple to see that

where 1 is the 3 x 3 unit matrix, so

It is common to denote this quantity C,(F), and by some group theory it can be shown that for
the group SU(N) it has the value

Fig. 9.16. Quark self-energy diagram.
From (9.178) we then have

The fermion (quark) wave function is then renormalised by (cf. (9.111)), where Z, is given
by (cf. (9.110))

Next, we turn to vacuum polarisation in QCD, or gluon self-energy. The complete gluon
propagator is

the internal loops corresponding to gluons, ghosts and quarks. The last term is actually zero, since
the loop gives a contribution proportional to



but in the method of dimensional regularisation we have

We have, then, three loops to calculate. The first is displayed in Fig. 9.17, and gives a
contribution

Fig. 9.17. Gluon loop contribution to vacuum polarisation in QCD.

where

1
The factor 2 in (9.186) is the symmetry factor. Using =d, (9.187) becomes

The procedure is now standard. Introduce the Feynman parameters, put k’ = k + pz, and use
the formulae (9A.4)—(9A.6) (actually, the terms linear in k' integrate to zero). Finally, the pole
terms are extracted using (9.19) and (9.24) and we finish up with

The ghost contribution is shown in Fig. 9.18. Applying the Feynman rules (not forgetting the
minus sign for the ghost loop) we have

and by straightforward application of the techniques used above, we get
Adding the ghost and gluon contributions together we have

Finally, we come to the quark contribution, shown in Fig. 9.19. This is

Fig. 9.18. Ghost loop contribution to vacuum polarisation in QCD.



Fig. 9.19. Quark loop contribution to vacuum polarisation in QCD.

This expression is simply (T%);(T?),q = Tr(T°T?) times the corresponding expression for QED —
see below equation (9.97). Hence, from (9.98), we get

We now calculate the group theoretic factors appearing in (9.191) and (9.193). The A matrices
(3.180) are normalised such that

Hence, with T9 = A\%/2,

This is what would be substituted in (9.193) if only quarks belonging to one representation of
SU(3) contributed to the vacuum polarisation; or, in other words, if there were only one ‘flavour’
of quark carrying the SU(3) colour label. But we know this is not true; to date (2000) six flavours
of quark have been found. So if ng is the number of quark flavours, we have

Finally, turning to (9.191), it may easily be checked from (3.182) that

This number 3 is a Casimir operator of the group, commonly denoted C,(G), and the above
equation is more generally written

Gathering our results together, the vacuum polarisation tensor becomes

The renormalisation constant Z; required to cancel this divergence in a counter-term follows
immediately by comparing equations (9.98) and (9.119):

An interesting feature of (9.198) and (9.199) is that the contributions of the ‘pure Yang-Mills’
terms (gluons and ghosts) and of the quarks, to IT,,, are opposite in sign. We shall see below that

a consequence of this is that asymptotic freedom depends on the number of quark flavours.

Fig. 9.20. Correction to the quark—gluon vertex.

Fig. 9.21. Correction to the quark—gluon vertex involving the 3-gluon vertex.



We must now calculate the quark—gluon vertex function. Two distinct Feynman diagrams
contribute to this, and are shown in Figs. 9.20 and 9.21. Figure 9.20 is analogous to Fig. 9.7 in
QED, but Fig. 9.21 is definitely non-Abelian in character, with its 3-gluon coupling. The
contribution of Fig. 9.20 to the vertex function is

On comparing this with the corresponding equation for QED (below equation (9.98)), we see
(hardly surprisingly) that it differs only by a group theoretic factor

The group theoretic factor is easily evaluated:

where we have used T = A%2, the commutation relations (3.181), and (9.181). Using the
commutation relations again, and (9.196), gives finally

Substituting (9.201) and (9.102) into (9.200), we get

We now evaluate the vertex contribution of Fig. 9.21. It is

or

where

I, is evaluated using (9.99) and putting k"= k — px — qy, which gives

In this integral, the terms linear in k’integrate to zero. Those with no k”in the numerator are
finite (convergent) in the limit d — 4, so may be ignored. The divergent part comes from terms in
the numerator quadratic in k', which are

and by a simple bit of ‘Diracology’ this becomes



Hence the divergent term is

which, by applying the relevant formulae (9A.7), (9A.8) and (9B.1) from the appendices and
putting £ = 4 — d, gives a pole part

Now the group theory factor in (9.203) is, from (9.196),

so putting (9.207) and (9.206) into (9.203) gives finally (putting p — 1, and d = 4)

Adding the two vertex contributions (9.202) and (9.208) gives

using (9.197) and (9.182). The corresponding renormalisation constant Z; is

We now bring together equations (9.177), (9.184), (9.199) and (9.210) to give

from which follows (in the limit £ — 0)

If the number of quark flavours is np < 16, then p < 0 and g decreases with increasing mass
(momentum) scale , so the theory is asymptotically free. It seems likely that in nature np < 16, so

asymptotic freedom is a property possessed by QCD, and is the justification of the parton model
(see §1.10) according to which partons behave almost like free particles when interacting at high
momentum transfer with photons, inside a hadron.

Finally, we may deduce the form of the running coupling constant o, = g%/4x. Writing

where t = In (W/p,), equation (9.212) may be written as

Writing this as

the solution is clearly



or

where o, = g%/4x. Now t = In p, which in deep inelastic scattering experiments we may represent

1
as 2 In (QA?), so we write

and we see that a,(Q?) goes to zero like (In Q?)L. Ignoring the 1/, in the denominator, and using
(9.213), (9.214) may be written

where A is a scale ‘chosen’ by the world in which we live.

9.9 Renormalisation of pure Yang—Mills theories

In this section we give a brief outline of the proof of renormalisability of pure Yang—Mills
theories; that is, non-Abelian gauge theories with no spontaneous symmetry breaking. The case of
spontaneous symmetry breaking is postponed to §9.11. The treatment in this section is based on
the lectures of Lee (in Balian & Zinn-Justin 1976) and the book by Taylor (1976), to which the
reader is referred for further details.

Before embarking on the proof proper it is useful to check that the power counting argument,
presented above for ¢ * and QED, indicates renormalisability. For simplicity let us deal with the
case when no spinor fields are present. Then there are three types of vertex: 3-vector particles, 4-
vector particles, and vector-ghost-ghost. Let

The equation for the superficial degree of divergence is analogous to (9.78)

Here we have put d = 4, and n; and n, are present because these vertices contain one power of
momentum (see the Feynman rules). Analogous to (9.81) we have, for the number of loops

since ng = G;. Finally, analogous to (9.82), we have
Substituting (9.219) and (9.218) into (9.217) easily gives

showing that the number of primitively divergent graphs is finite. Hence Yang-Mills theory
should be renormalisable. (We shall see, when we consider spontaneously broken theories, that



the above argument does not hold because the vector propagators are different, and the possibility
of disaster looms.)

We return now to the task of showing that the theory is indeed renormalisable. The crucial
physical objects are the 1PI functions T. What has to be shown is that we can rescale the gauge,
ghost and source fields (see equation (7.144)) and coupling constant

so that the generating function I" is finite as € — 0, and gauge invariance is preserved at each
order. This requirement is contained in the Slavnov—Taylor identity:

Defining

we write (7.156) in the symbolic form

We now perform a loop expansion (= expansion in powers of A) on I

and also on the renormalisation constants, so that Z(¢g) = 1 + X,-; Z,(¢), etc

Substituting (9.224) into (9.223) gives, up to nth order,

The problem which faces us is that I" turns out to be divergent. It is made finite by adding
counter-terms to the action. This suggests the following notation. The action with no counter-
terms (CT) is (apart from finite additions) the renormalised action, so we put

where SB is the bare action.
Now Iy(Sy) is finite, because it is the zero-loop functional, which contains no divergences.

Actually, as we shall see in §9.11, I'y(Sp) = S,. I'1(Sp), however, diverges, and may be split into
finite and divergent parts:

To zeroth order (9.225) reads

and to first order, with (9.227),



We now have to find a counter-term (S;)cr such that I';(S;) is finite, and

in parallel with (9.228). (Our technique is clearly a recursive one, and the action must always
satisfy this identity.) To order A, the new action is

and the renormalised generating functional is

which, by construction, is finite. To show that S; defined by (9.232), obeys (9.231), we observe
that

where we have used (9.228) and (9.230). So, to order A, (9.231) is satisfied.
We have thus made the zero- and one-loop functional finite, by counter-terms which respect
the Slavnov-Taylor identities. The proof that this is possible for I';, is made by induction; I',; is

assumed to be finite, and one shows how to construct a finite I',,. To nth order, (9.225) reads

Since all terms on the right-hand side are finite (by hypothesis) the divergent part of I, satisfies

which is, from (9.222),

We write this as

with

Now & has the important property, which can be proved, that it is nilpotent:

which means that a special solution to (9.237) is where F is some function. In fact, the
general solution (9.237), first conjectured by Kluberg-Stern & Zuber (1975a, b, c), and later
proved by Joglekar & Lee (1976), is



where G(A) is a gauge-invariant functional

Explicit results may be obtained from (9.240) and (9.241), and these yield explicit expressions, in

the loop expansion, for the renormalisation constants Z, and X, of equation (9.221).
Finally, it should be mentioned that the renormalised action (9.226) is invariant under the non-
Abelian symmetry group (Zinn-Justin 1975).

9.10 Chiral anomalies

In QED and QCD, the only type of interaction between matter and gauge fields is a vector
interaction, of the form g,J ,W* where W* is the gauge field and is the vector current
(internal indices being suppressed) of the Fermi matter field. The vector current is conserved:

and this leads to a Ward identity for the vertex function: for the graph of Fig. 9.22, for example,
whose amplitude is

current conservation implies

which is the Ward identity.
In the Weinberg—Salam theory, however — more generally, in a gauge theory of weak
interactions, commonly called quantum flavour-dynamics or QFD — there is also an axial vector

coupling between matter and gauge fields, with

Simple use of the Dirac equation shows that

Js may be called the chiral density. The axial current is not conserved unless m = 0, but (9.246)
does give rise to an axial Ward identity, even in the case m # 0. To keep matters simple, we shall
consider below the situation when m = 0, so the axial current is exactly conserved. This
simplification is amply justified because the complications which arise in the massive case remain
unaffected by putting m = 0.

The statements above are of course purely formal. What we now do is to set about verifying
them in perturbation theory. For the vector coupling, this was done in Chapter 7; an expansion of
the vertex function I, to order 3 gives the two diagrams of Fig. 9.22, and it is found that the
Ward identity

is indeed satisfied.

An analogous expansion of the axial vertex is shown in Fig. 9.23, up to order €°. In each
diagram in the expansion, the lowest vertex is y,ys, an axial coupling, and the others are vector
couplings. What we find is that the last graph, containing a ‘triangle’ closed loop of Fermi fields,
fails to satisfy the axial Ward identities, giving rise to the so-called axial, or chiral, or triangle



anomaly. The serious nature of this anomaly lies in the fact that, as has been emphasised already,
the Ward identity (and its appropriate generalisation in the non-Abelian case) is essential to
proving the renormalisability of gauge theories; so the triangle anomaly threatens
renormalisability of the Weinberg—Salam model, which would be a disaster! The only way of
saving renormalisability is to ensure that the total contribution of the triangle graphs is zero, so
the anomalies cancel. This is a condition on the fermion content of the theory, which, remarkably,
turns out to be satisfied in the Weinberg—Salam model if there exist quarks as well as leptons, and
if the quarks carry an additional SU(3) (colour) label.

Fig. 9.22. Expansion of the vector coupling between gauge and matter fields to order 3.

Fig. 9.23. Expansion of the axial vector vertex between gauge and matter fields to order e°.

This is the sequence of arguments on which we shall now embark, but before doing so it is
worth noting that the chiral anomaly is actually rather an old problem, and was first encountered
in an analysis of n° — 2y decay by Steinberger in 1949 and Schwinger in 1951. It was ignored for
some time but resurfaced in the work of Sutherland in 1966 who showed that application of
current algebra and PCAC to n° decay gave a very small rate (actually a vanishing rate in the
unphysical limit m, — 0), in contradiction with experiment. It was Adler, and Bell and Jackiw,
who later realised the important role of the axial anomaly in the Sutherland paradox, and, in fact,
the anomaly is sometimes called the Adler-Bell-Jackiw or ABJ anomaly. The Sutherland
paradox disappears when the anomaly cancellation condition is applied.

Let us now consider the fermion triangle in Fig. 9.23. (Actually, it is not only the AVV triangle
(A = y,ys vertex, V = y, vertex) which contributes to I'Sﬂ, but also the AAA triangle, and also
square and pentagon configurations, which occur in higher orders. It turns out, however, that
when the anomaly is cancelled in the VVA graph, it disappears in all of them, so it is sufficient to
consider the VVA triangle. It also turns out that the anomaly is unaffected by radiative corrections.
So, again, we need only consider the simplest VVA graph. For details of these matters, the student
is referred to the literature.) There are two contributions to it, shown in Fig. 9.24. The fermion
contribution to the amplitude (i.e. we ignore the gauge field propagators) is

since the second graph in Fig. 9.24 is obtained from the first by interchanging K < A, p; < p,.
The Feynman rules give (ignoring the coupling constants, which in a real process will depend on

6w)

Putting m = 0 (see above) gives

Fig. 9.24. The triangle graphs.

The expected Ward identities, following from conservation of the vector and axial currents at the
three vertices, are



The (V) identities follow from conservation of charge, and what we shall show is that, if these two
hold, then the (A) identity (9.249a) does not hold, unless we impose extra conditions.

Note, incidently, that S is a linearly divergent integral. Also, it is symmetric under the
intercharge (p;, k) < (p,, A), so that the presence of the crossed graph in (9.247) simply results in
a factor 2. Hence the identities (9.249) should apply to S,;,, alone.

We shall proceed to show, following a naive and incorrect argument, that equations (9.249)
ﬁ“ appear to hold.> We shall then have to investigate the fallacy. First, consider (9.249a). We

ave

Using the identity

(9.250) becomes

By a symmetry argument, this must vanish. For S,;,, is a rank 3 pseudotensor (i.e. with abnormal

parity), so the left-hand side of (9.251) is a rank 2 pseudotensor. Each integral on the right-hand
side, however, depends only on one momentum, so the equation is impossible, and the right-hand
side must be zero — verifying (9.249a).

Now consider (9.249b). We have

Introducing the change of variable

and using the cyclic property of traces (and being careless) gives

Now observing that

gives

which must vanish, by the same argument as above. This verifies (9.249b). Similarly, (9.249c)
may apparently be verified by making the change of variable k” = k — p;, and putting . We
now appear to have demonstrated the truth of the three Ward identities (9.249), but our proof
contained a fallacy.

The source of the fallacy is that changing the variable of integration (as in (9.253)) in a
linearly divergent integral changes the value of the integral by a finite amount. The divergent part
of Sy, is



If k is shifted to k"= k + a, the change in S,,, is calculated using the following considerations

The last term is changed into a surface integral by Gauss’ theorem. In our calculation, F ~ k3, so
since the hypersurface ~ k™, the surface integral is non-vanishing. To find its value, putting
in (9.255), gives

where

Now we use the trace formula

which gives

Hence

We transform this integral to a Euclidean space, so that k, = ik,. Then we observe that if a # v the
integral vanishes, since it is odd in k; and if @ = v we have (k%? = 4k? (a = 1,. . ., 4). So,
transforming to a 3-dimensional surface integral yields (using Image dQ = 2z for S%)

Referring back to the change of variable introduced in (9.253), we see from (9.256) and
(9.260) that S,;,, should be replaced by

and therefore the Ward identity corresponding to (9.249b) should now read

Similarly, (9.249c) becomes

whereas the axial Ward identity (9.249a) remains satisfied. We see that it is impossible to satisfy
both the vector and the axial vector Ward identities, but of the two the V identity has more right to
be regarded as sacrosanct because it corresponds to conservation of charge. In order to retain
(9.249b, c), then, we redefine the amplitude for the triangle graph to be (cf. (9.247))



which satisfies the Ward identities (cf. (9.249))

The vector Ward identities are now satisfied, whereas the axial Ward identity contains an
anomaly, which no method of regularisation can avoid. Indeed, in dimensional regularisation the
existence of the anomaly is already hinted at by the impossibility of defining a suitable
generalisation of y5 in d dimensions, as mentioned above.

On reworking the above calculation in the case of massive fermions (m # 0), it is seen that the
axial anomaly is unchanged. On the other hand, in the massless case, the fact that the Ward
identity (9.264c) contains an anomaly indicates that the axial current is not conserved, i.e.
there should be an additional term in (9.246). In fact, it is not difficult to see that amending
(9.246) to

where 1V (the dual of F*) is defined by (2.234), yields (9.264c), since

Further, since this term is a total divergence the ‘new’ axial current

is divergenceless in the limit m = 0:

but is not gauge invariant, so cannot be considered as a physical current.

Cancellation of anomalies

The discovery of anomalies in gauge theories is particularly unpleasant because the fact that the
Ward identities are not all satisfied means that gauge theories involving axial, as well as vector
currents are not, after all, renormalisable if there is only one type of fermion contributing to the
triangle diagram. The only hope for retaining renormalisability lies in the possibility that if there
are several fermions their separate contributions may cancel. The Weinberg—Salam model
involves axial vector currents, and so is an obvious testing-ground for this idea.

There are many processes in this model which would involve the triangle graph, and it turns
out that the same cancellation condition emerges from every example, so, to keep matters as
simple as possible, consider the diagram in Fig. 9.25, which shows a contribution to neutrino—
neutrino scattering, with W', W~ and Z° coupling to the legs of the triangle, round which
propagate the fermions of the theory. In practice, of course, since this process is of such a high
order it gives an extremely small contribution to neutrino scattering, but it is crucial in principle
that its contribution vanishes exactly, otherwise renormalisability is lost. Let M,, M, and M, be
the coupling matrices at the three vertices of the triangle for the fermion-gauge boson interaction.
It is characteristic of the Weinberg—Salam model that left-handed fermions couple differently
from right-handed fermions. In fact, the right-handed particles have no weak isospin, so do not
couple to W™ and W~ (which is what makes this example simple). In general, however, the triangle
contribution of the left-handed fermions is proportional to

the two terms coming, of course, from the two diagrams of Fig. 9.24. Similarly, the right-handed
fermions contribute a term proportional to



The chiral anomaly vanishes if the terms in y5 cancel

Turning to Fig. 9.25 and labelling the W-, W' and Z vertices a, b and c respectively, we have,
from the Lagrangian (8.85),

where , and and are the components of weak isospin.

Fig. 9.25. A contribution to v-v scattering in the Weinberg—Salam model, involving the triangle diagram.

To find , we rewrite the coupling of the Z boson in (8.85) (with 8= 6,) as

Hence

Since the right-handed fermions do not couple to W*, the right-hand side of (9.270) is zero, and
the equation becomes

1
Since {I,, I_} = 1, and Trl; — 2Tr:3 = 0,, this condition becomes

that is, the sum of the electric charges of the left-handed fermions should be zero. In the
Weinberg-Salam model with leptons only, this is not satisfied. When hadrons — quarks — are
included as well, however, we have, for the case of one generation, and quarks with three colours

the chiral anomaly disappears, and renormalisability is restored. This condition clearly remains
intact if other generations of particles are added with the same charges as the first generation.
This is the case for (u, Vs G, S) and (1, v,, t, b). The anomaly-free condition (9.274), then,
appears to shed some light on lepton-hadron symmetry, but allows for an arbitrary number of
generations. A solution to the generation problem must be sought elsewhere.

9.11 Renormalisation of Yang—Mills theories with spontaneous symmetry
breakdown

We come now to the final topic of importance for the application of gauge theories to particle



physics, which is the proof that Yang-Mills theories with spontaneous symmetry breaking are
renormalisable. Formally, what this amounts to showing is that the divergence structure of non-
Abelian gauge theories is unaffected by spontaneous symmetry breakdown. On the face of it, the
presence of massive vector mesons, which is, of course, a consequence of these theories, seems to
destroy renormalisability, but a clever choice of gauge (the ’t Hooft gauge) may be made, which
restores it. We shall first describe the ‘t Hooft gauges, and then show more formally, by using the
effective potential, that spontaneous symmetry breakdown does not affect the renormalisability of
gauge theories. Finally, some consequences of the effective potential will be mentioned.

’t Hooft’s gauges

We saw in Chapter 8 that spontaneous breaking of a gauge theory makes the gauge field quantum
massive. It is sufficient for our purposes to consider the Abelian case, where this conclusion
follows from the Lagrangian (8.39). By comparison with the Proca Lagrangian (4.95), it describes
a vector meson (‘photon’) of mass

We shall now show why we expect theories containing massive vector mesons to be
unrenormalisable. The proof follows simply from finding the propagator. We do this, as usual, by
finding the inverse of the quadratic (in A,) part of L. Dropping surface terms, then, we write

(4.95) as

In momentum space, the operator in square brackets is

Writing its inverse as Ag'P + Bk'kP, we have

so the vector meson propagator is

The disastrous property of this propagator is that as k, — o, D,, — const, whereas, for

example, scalar particles and photons possess propagators scaling as k™ at large k. It is easy to
see, by the power counting argument, that we have apparently lost renormalisability, since if the
vector particles have propagators, given by (9.278), the superficial degree of divergence of an
arbitrary Feynman diagram will be, instead of (9.217),

Equations (9.218, 9.219) are unchanged, so (9.220) becomes replaced by

Since D increases with nz and ng, the theory is not renormalisable.
We must recall, however, that (8.39) was obtained from the original Lagrangian (8.37) by
performing a particular gauge transformation to get rid of the unwanted mixed term A", @, in

(8.39). This is equivalent to adding a gauge-fixing term. To be more general, however, this
unwanted term disappears if we add to (8.37) a gauge-fixing term of the form



where § is a parameter determining the gauge. Depending on the value of &, we get a class of
gauges called the 7 Hooft gauges. Adding (9.281) to (8.37) gives

The term quadratic in A* is

The vector meson propagator follows by repeating the argument which leads from (9.277) to
(9.278). We get

For finite &, as k, — o, D,, — k™ so renormalisability is restored. We have a renormalisable
gauge (or R gauge). On the other hand, the fa field has reappeared in (9.282), and will have a
propagator with a pole at k* = EM?. We know that the @, field is unphysical (there are only four

degrees of freedom -see (8.41) — so as well as the massive spin 1 field we are only allowed one
more scalar field, which is @) and it may be shown that this pole cancels the other pole in the

vector propagator (9.283), also at k? = £M?; they are both unphysical.

Particular choices of & are, for example, £ = 1, which we call the Feynman gauge, since it
gives a propagator analogous to that in QED, and & = 0, which for the same reason we call the
Landau gauge. The choice § — oo gives back the propagator (9.278), which suggests non-
renormalisability, but the ( @, field becomes manifestly unphysical.

To summarise, we have a class of gauges. Gauges with  finite are manifestly renormalisable
(R gauges) but are complicated by the presence of five field components, rather than the desired
four. Gauges with & — oo are not manifestly renormalisable, but are physical in the sense that only
four fields contribute to the unitarity condition (U gauge). Since S-matrix elements are gauge-
independent, they are independent of &, and so will be physically sensible, and give rise to
renormalisable theory.

Finally, we should mention that the above analysis, carried out for an Abelian gauge theory, is
also applicable to the non-Abelian case. For details, the reader should consult the literature.

The effective potential

The notion of the effective potential has been found to be a very useful one in connection with
theories exhibiting spontaneously broken symmetry. It enables them to be viewed in essentially
the same way as theories with unbroken symmetry, and allows one to calculate quantum
corrections to the classical picture of spontaneous symmetry breaking which was given in the
previous chapter. This has led to interesting results concerning the connections between radiative
corrections and spontaneous symmetry breaking, which we will touch on at the end of the
chapter.
For simplicity, consider the case of a real scalar field, with Lagrangian and classical action

The Lagrangian is invariant under ¢ — - ¢, but this symmetry is not shared by the solution

where @, # 0. The symmetry has been spontaneously broken. These statements are classical.

Quantum considerations enter with loops (remember the loop expansion is an expansion in h),
and the divergences which they introduce necessitate renormalisation. The renormalisation



conditions — see, for example, (9.37) and (9.42) — are stated in terms of I'™ the 1 PI functions.

The generating functional for the I™(x;, . . ., x,) is I'[@], so, in short, to take full account of
quantum effects we must work in terms of I'[ ¢ ]. It is called the effective action, a name which
will be justified below.

The connected generating functional W is defined by (see (5.68), (6.66) and (6.105))

The classical field @ (see (7.81)) is defined by

and is seen to depend on the source J(x). The vacuum expectation value ( @) is defined as

From (7.80), r[(p.] is defined as

and from (7.81) it obeys

When J(x) —0, @.(x) becomes a constant, which, from above, is { @), so (@ is a solution of the
equation

The usual expansion of I'[ ¢ ], in powers of ¢, is

or, equivalently, by Fourier transform

An alternative expansion is one in terms of ¢  and its derivatives, as follows:

The function (not functional) U(¢ ) is called the effective potential. We shall see below that in
the classical limit it is equal to the potential V. In the case where @.(x) = (@) = a, a constant, all
terms in the above expansion vanish, except the first one, so

where (21is the total volume of space—time.
Comparing the expansions (9.292b) and (9.293) we have



Renormalisation conditions, such as (9.37) and (9.42), on I®(p; = 0) and I'(p; = 0) may then be
stated in terms of U:

In addition, the condition (9.291) on the vacuum expectation value becomes

To investigate the properties of the spontaneously broken theory, we now define a new
quantum field ¢ ’:

which has vanishing vacuum expectation value. So, in the words of Coleman (in Zichichi 1975),
‘We have recreated the entire structure of our study of spontaneous symmetry breakdown in
classical field theory. The only difference is that, instead of working with the classical potential V,
we work with the effective potential U.”* Moreover, since all the divergences of the theory have
been taken up by the counter-terms before the renormalisation conditions (9.296) and (9.297) are
applied, it is clear that no new divergences occur in a theory with spontaneous symmetry
breaking, over and above those in an unbroken theory. So, again in Coleman’s words, ‘The
divergence structure of a renormalisable field theory is not affected by the occurrence of
spontaneous symmetry breakdown.” The physical implication of this important result is that the
Weinberg—Salam model is renormalisable, since, although there are massive vector particles,
which in the ordinary way would destroy renormalisability, the existence of these is due to the
spontaneous symmetry breaking of a non-Abelian gauge theory. ‘Pure’ non-Abelian gauge
theories are renormalisable, as we saw in §9.9, and we have just seen that spontaneous breaking
of the symmetry does not affect renormalisation. These results are the climax of a beautiful and
important chapter in twentieth century physics.

Loop expansion of the effective potential
We come to the final task, which is to calculate the effective potential. We employ equation

(9.289), and begin by calculating W[J] by the method of saddle-point evaluation of the path
integral. Suppose we have an integral of the form

and f(x) is stationary at some point x,, then by expanding f(x) about x,:

the integral is seen to be

Hence the integral becomes a Gaussian, and is easily evaluated.
Restoring Planck’s constant to the definition of W[J], we have (ignoring overall
normalisation)



where

From (9.284), (9.285) we have

Now we expand the action around ¢ :

where (9.305) has been used. By functional differentiation of the action (9.284), it is easily seen
that

By putting @' = @ — @, (9.306) then becomes

Substituting this into (9.303) and appealing to saddle-point integration (9.302) gives (relabelling
p'as @)

To obtain the loop expansion (equal to the expansion in ) we rescale the field ¢ into h'? ¢, so
the A in the final exponent above vanishes. To evaluate the integral in this exponent, we go over
to Euclidean space (which eliminates the i), and use the functional formula (6.30), giving

Using the general formula

gives

This is the loop expansion of W[J]; corrections terms (or order 1) have been ignored.
To find the loop expansion of I'[ ¢ ], we substitute (9.311) into (9.289), but first we need to

find S[ @ (] in terms of S[ @ ], which is easily done. Putting ¢ (= @ .— @4,

Substituting (9.311), (9.312) into (9.289) then gives, on putting the source J — 0,

Now we put @.(x) = a (constant). Then I'[a] is given by (9.294), and it follows from (9.284) that



Sla] = -QV(a), so (9.313) implies that

This shows that in the classical limit, which is the tree approximation, the effective potential U(a)
becomes the same as the classical potential V(a) — as indeed (9.313) shows that the effective
action becomes the same as the classical action.

Since the trace of an operator is the sum (integral) over its eigenvalues, equation (9.314), on
going into (Euclidean) momentum space, may be written,

Now consider the following question. When m? > 0 (in ¢ * theory) the vacuum is non-degenerate,
and when m? < 0 it is degenerate; what sort of vacuum do we have when m? = 0? The answer is
provided by appealing to the effective potential. Imposing the condition that the renormalised
mass is still zero (equation (9.296)) it turns out that the minimum of the effective potential occurs
for (@ )+ 0, so there is spontaneous symmetry breaking, induced by radiative corrections.’

Appendix A: integration in d dimensions

We work in d-dimensional ‘Minkowski’ space, with one timelike and (d — 1) spacelike
dimensions. We are interested in integrals of the type

where p = (py, r). We introduce polar co-ordinates
so that
Then

Now we use the formula

1 1
and put m = 2 (remembering that I{2) = Vx), giving
and hence

This integral is ‘Lorentz’ invariant, so we evaluate it in the frame g, = (g, 0). Then 2pq = 2up,.
Changing variables to , which implies that we have



The Euler beta function is

(valid for Re x > 0, Re y > 0), so putting

we have

Substituting this into (9A.2), with , gives

To evaluate this integral, we invoke (9A.3) again to obtain

Hence (from (9A.1))

Differentiating this with respect to g*:

Using and putting a + 1 — o gives

Differentiating again with respect to q* yields

Hence, contracting, we have

Note that the naive use of these formulae requires some mathematical justification. Equation
(9A.1) only converges if d < 2a. It has to be shown that this integral may be analytically
continued into one which is convergent for any d (actually d < 6 will do). Details are given in ’t
Hooft & Veltman (1972a).

Appendix B: the gamma function®

The purpose of this appendix is to prove that



where

and v is the Euler—-Mascheroni constant. We need the formulae

II is a definition of w;(z), and III is the Weierstrass representation of I'(z); y, the Euler—
Mascheroni constant, is

Formulae II and III appear in standard texts, for example, Morse & Feshbach (1953, p. 422).
From III

therefore

Hence from II

When z = n = integer

By a Taylor expansion (& 1)

Hence from I

Using I again

Similarly

and in the general case



which is (9B.1).

Summary

I'rhe formula for the superficial degree of divergence shows that the only primitive divergences in
@* theory containing 1 loop are the 2-point and 4-point functions. *These divergences are made
explicit by dimensional regularisation, and are seen to be poles in £ = 4 — d. °It is then outlined to
one and two loops how ¢ * theory is renormalised; first, by regarding the original parameters in
the Lagrangian as ‘bare’ (and infinite), and the (finite) renormalised ones as ‘physical’; and
second, by regarding the original parameters as physical, and therefore finite, counter-terms being
added to L at each order to keep the physical quantities finite. “The renormalisation group is
introduced and is shown to give some indication of the asymptotic behaviour of field theories at
high energy. Asymptotic freedom is explained, and @* theory is seen not to be asymptotically
free. The power counting formula for the superficial degree of divergence of Feynman diagrams
in QED is derived, and the primitively divergent diagrams isolated. The electron self-energy,
vacuum polarisation and vertex graphs are evaluated using dimensional regularisation. 5QED is
renormalised to one loop, and the anomalous magnetic moment of the electron is calculated. It is
shown that QED is not asymptotically free, but that at smaller distances (large momenta) the
effective charge increases, as it does in macroscopic dielectrics (‘screening’). “It is shown that
QED is renormalisable to arbitrary order. By explicit calculation of the relevant Feynman
diagrams, QCD is shown to be asymptotically free if the number of quark flavours is less than 16.
%It is briefly shown that non-Abelian gauge theories are renormalisable. °The chiral anomaly,
which threatens renormalisability, is explained and the condition for cancellation of the anomaly
derived. The cancellation condition holds if quarks, carrying colour, are included in the
Weinberg—Salam model. 'In general, theories involving massive vector particles are not
renormalisable, but it is shown how, by choosing a particular gauge, the ’t Hooft gauge,
spontaneously broken gauge symmetries (with massive vector particles) may be made manifestly
renormalisable. The formalism of the effective potential is introduced to show how the divergence
structure of gauge theories is unaffected by the occurrence of spontaneous symmetry breaking.
The effective potential, evaluated in the loop expansion, indicates interesting connections
between spontaneous symmetry breaking and radiative corrections.

Guide to further reading

Renormalisation is treated in many standard textbooks, for example, Bogoliubov & Shirkov
(1980), Schweber (1962), Bjorken & Drell (1965), Itzykson & Zuber (1980), and Nash (1978).
Good modern surveys are provided by the lectures of C.G. Callan, B.W. Lee and D.J. Gross in
Balian & Zinn-Justin (1976). An excellent introduction to renormalisation is Coleman (1985).
Weinberg’s theorem on the convergence of Feynman diagrams is in Weinberg (1960); see also
Itzykson & Zuber (1980, p. 405) and Bjorken & Drell (1965, p. 322).

The original papers on dimensional regularisation are Bollini & Giambiagi (1972), Ashmore,
(1972), ’t Hooft & Veltman (1972a). For a review see Leibbrandt (1975). Renormalisation of ¢4
theory to all orders is treated in Bogoliubov & Shirkov (1980), by Callan and Gross in Balian &
Zinn-Justin (1976), by W. Zimmermann in Deser, Grisaru & Pendleton (1970) and Rouet (1980).
The renormalisation group is discussed in Bogoliubov & Shirkov (1980) and in Gell-Mann &
Low (1954). For an early review, see Landau in Pauli (1955). For the Callan-Symanzik equation,
see Callan (1970), Symanzik (1970). Good reviews of the renormalisation group and the Callan—
Symanzik equation are to be found in Coleman (1985), Politzer (1974), Peterman (1979),
Vladimirov & Shirkov (1980), Iliopoulos, Itzykson & Martin (1980), Higashijima & Nishijima
(1980), Ramond (1981). An excellent account, though written more with condensed matter than
fields in mind, is Amit (1978). Dimensional regularisation of QED is outlined in Zichichi (1973)
(particularly by ’t Hooft and Veltman). For reviews of this, as well as of renormalisation and the
renormalisation group in QED, see Coquereaux (1980), Narisan (1982). The anomalous magnetic
moment of the electron was calculated by Schwinger (1948), and measured by Kusch & Foley
(1947, 1948). For an account of (g-2) see Combley (1979). The muon magnetic moment is
discussed in Combley (1979) and Taylor (1976, §16.2). Good textbook accounts of the
renormalisability of QED are to be found in Jauch & Rohrlich (1976, ch. 10), Schweber, Bethe &



de Hoffmann (1956), Huang (1992, ch. 9). The paper by Ward on which our approach is based is
Ward (1950). The discovery of asymptotic freedom in Yang-Mills theories was made by Politzer
(1973), Gross & Wilczek (1973a, b; 1974). See also Coleman & Gross (1973). For a review, see
Politzer (1974). 1-loop renormalisation of non-Abelian gauge theories is partially reviewed in
Narisan (1982). Good accounts appear in Itzykson & Zuber (1980), Balian & Zinn-Justin (1976),
Taylor (1976), Faddeev & Slavnov (1980), Leader & Predazzi (1982), Coleman (1985). Important
landmarks in the study of the renormalisability of pure Yang-Mills theories are the following
papers: ’t Hooft (1971a, b), Slavnov (1972, 1975), Taylor (1971), Lee & Zinn-Justin (1972a, b); ’t
Hooft & Veltman (1972b).

Reviews appear in the lectures by Lee in Balian & Zinn-Justin (1976) in Chapter 14 of Taylor
(1976), in §12-4 of Itzykson & Zuber (1980), and in Abers & Lee (1973), Marciano & Pagels
(1978), Costa & Tonin (1975). The chiral anomaly first appeared in work on 7% — 2y decay by
Steinberger (1949), Schwinger (1951). The Sutherland paradox on n® — 2y is reported in
Sutherland (1966), (1967). This stimulated further work on the chiral anomaly: see Adler (1969),
Bell & Jackiw (1967). For reviews, see Adler in Deser et al. (1970) and Huang (1992, ch. 11),
Jackiw in Treiman, Jackiw & Gross (1972), Wess (1972). ’t Hooft’s gauges originate in ’t Hooft
(1971b). The effective potential was introduced by Goldstone, Salam & Weinberg (1962), Jona-
Lasinio (1964). Its significance was further explored by Coleman & Weinberg (1973). See also
Coleman (1985). Good textbook accounts appear in Itzykson & Zuber (1980, p. 448), Ramond
(1981, p. 99) and Huang (1992, p. 200).

! See the paragraph below (9.9) for an explanation of ‘superficial’.

2 Arrows in a Feynman diagram correspond to the direction of charge flow.

31 follow here the argument of Frampton (1987).

4 Coleman denotes the classical potential by U, and the effective potential by V.

5> Actually, as pointed out by Coleman & Weinberg (1973), this is slightly misleading, since in ¢ * theory ‘the
new minimum lies very far outside the expected range of validity of the 1-loop approximation’. This
criticism does not apply, however, to, massless scalar electrodynamics.

51 am grateful to Dr W. A.B. Evans for his help with this appendix.

7 See, for example, Abramowitz & Stegun (1965, §6.2).



10
Topological objects in field theory

Un fourmi de dix-huit métres
Avec un chapeau sur la téte,
Ca n’existe pas;

Pourquoi pas?

Robert Desnos

No-one can deny the success which quantum field theory, in the perturbative approximation, has
enjoyed over the last half century. One need only mention the interpretation of quantised fields as
particles, the description of scattering processes, the precise numerical agreements in quantum
electrodynamics, the successful prediction of the W particle, and the beginnings of an
understanding of the strong interaction through quantum chromodynamics. Yet despite these
successes, the question of how to describe the basic matter fields of nature has remained
unanswered — except, of course, through the introduction of quantum numbers and symmetry
groups. As far as field theory goes, the matter fields are treated as point objects. Even in classical
field theory these present us with unpleasant problems, in the shape of the infinite self-energy of a
point charge. In the quantum theory, these divergences do not disappear; on the contrary, they
appear to get worse, and despite the comparative success of renormalisation theory the feeling
remains that there ought to be a more satisfactory way of doing things.

Now it turns out that non-linear classical field theories possess extended solutions, commonly
known as solitons, which represent stable configurations with a well-defined energy which is
nowhere singular. May this be of relevance to particle physics? Since non-Abelian gauge theories
are non-linear, it may well be, and the last ten years have seen the discovery of vortices, magnetic
monopoles and ‘instantons’, which are soliton solutions to the gauge-field equations in two space
dimensions (i.e. a ‘string’ in 3-dimensional space), three space dimensions (localised in space but
not in time) and 4-dimensional space—time (localised in space and time). If gauge theories are
taken seriously then so must these solutions be. It will be seen that they do give rise to new
physics and there is even the hope that they may solve the problem of quark confinement.

Not the least interesting feature of this subject is the branch of mathematics which it involves;
for the stability of these solitons arises from the fact that the boundary conditions fall into distinct
classes, of which the vacuum belongs only to one. These boundary conditions are characterised
by a particular correspondence (mapping) between the group space and co-ordinate space, and
because these mappings are not continuously deformable into one another they are topologically
distinct. The relevant notions in topology will be developed as we go along. We begin our survey
with the ‘sine-Gordon’ equation which has no relevance to particle physics but whose soliton
solutions are quite well understood, and therefore form a good introduction to the subject.

10.1 The sine-Gordon kink

The sine-Gordon equation

2 2
¢ 9%, Gabg)=0 (10.1)
ok axr b

describes a scalar field in one space and one time dimension. It possesses moving, as well as
stationary, solutions. To find moving solutions, we want a field of the form



P(x. 1) = f(x — vt) = f(§).

It is easy to check that

f(&) = %arctan exp [£(y/V b)E] (10.2)

is a solution, where y = (1 — v’)"2. The appearance of this wave is shown in Fig. 10.1. It is a
solitary wave, which moves without changing shape or size, and therefore without dissipation, in
strong contrast to the waves set up when, for instance, a stone is thrown into a pond. These waves
spread out and the energy is dissipated. Solitary waves (solitons) have been observed, for
example, moving along canals. In this case they are solutions of the Korteweg de Vries equation.
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Fig. 10.1. A solitary wave (soliton).

Since solitons are solutions of non-linear wave equations the superposition principle is not
obeyed. This means that when two solitons meet the resultant wave form is a complicated one,
but the surprising thing is that, asymptotically, the solitons separate out again — they ‘pass
through’ one another. This property is, of course, of interest to particle physicists, though we shall
not develop it any further here. Another consequence of the fact that the superposition principle
does not hold is that the quantisation of solitons becomes non-trivial. We shall not follow this
matter any further either. Instead, we turn to the stationary solutions of the sine~Gordon equation,
which possess an interest of a different type.

It is clear that (10.1) possesses an infinite number of constant solutions (which, as we shall
see in a moment, have zero energy):

0= n=0,%1,%2,...; (10.3)

b

that is, the sine-Gordon equation possesses a degenerate vacuum.! (‘Vacuum’ here does not, of
course, mean the state in Hilbert space, but simply a classical field configuration of zero energy.)
The Lagrangian for the sine-Gordon equation is

_1! _az)’ _ 1(_83)2 _v 10.4
* 2(3: 2\ ax (@) (10.4)

with



V(e) = %{1 — cos (b¢),

where the constant has been chosen so that the solutions (10.3) have V = 0. They therefore have
zero energy since the energy density of the field configuration is

2 3 2
% = %(2—‘:’) + i(f) + V(9). (10.5)
Note that we may write
V(g) = 2¢? - —’idf +ooe, (10.6)
2 41
or, with y = b? and unit mass m
m? A
Vig) = 74’2 - Z‘f" +- (10.7)

and m stands for the ‘particle’ mass and A for the self-interaction coupling.
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Fig. 10.2. The sine-Gordon potential V( @).

The potential V in (10.4) is shown in Fig. 10.2 with the (zero energy) ground state given by
(10.3). Now construct the following configuration. Let ¢ approach one of the zeros of V (say n =
0) as x — — oo, but a different zero (say n = 1) as x — . Between these two there is clearly a
region where

¢¢_2ﬂ. a_‘p;eo,
b ox

and therefore, from (10.5), where there is a positive energy density. We assume the configuration
is static, so @/ = 0. Because of the boundary conditions on ¢, we expect the total energy to
be finite. Let us find what it is. For a stationary solution to the sine~Gordon equation we have

2o _av
axz ¢

which gives on integration

1{30) _



the integration constant being zero. From (10.5) and (10.8), the energy of the stationary soliton is

E= J?(’dx
_ ([1(3¢Y’
J’[2( ax) * V(¢)]dx
= jsz)dx
2n/b
= jo [2V ()] do

where we have put in the integration limits given by (10.3) between n = 0 and n = 1. This integral
is now easily performed on substituting (10.4). We have

@/
E= % : b[l — cos(b¢)]2d¢

27
= %f (1 - cosa)da
0

E=21 (10.9)

where in the last step we have used the substitution in (10.7). So this soliton has a finite energy,
with the interesting property that the energy is inversely proportional to the coupling constant.
This may indeed be a useful property for particle physics.

There is a simple model which makes this soliton easy to visualise. Consider an infinite
horizontal string with pegs attached to it at equally spaced intervals, and connect each peg to its
neighbour with a small spring (the ‘coupling’). Each peg is also acted on by gravity. The ground
state corresponds to every peg hanging vertically. The soliton we have found, with n =0 — 1,
corresponds to the situation in Fig. 10.3. This soliton — and others of this type (see below) — is
called a kink. It should be clear from the peg model that the kink is stable, and cannot decay into
the ground state with E = 0. This would involve a (semi-) infinite number of pegs turning over,
which would need a (semi-) infinite amount of energy. But what is the mathematical reason for
the stability of the kink? It is to be found in the boundary conditions. ‘Space’ in this model is an
infinite line, whose boundary is two points (the end-points). At these two points the 1-kink
solution has n = 0 and n = 1, and this is not continuously deformable into n = 0 and n = 0 (the
ground state). The kink, then, is a ‘topological’ object. Its existence depends on the topological
properties of the space (in particular, its boundary, which in this case is a discrete set). This
conclusion is a general one; that is to say, the stability of soliton solutions in non-linear field
theories is a consequence of topology.

AN

Fig. 10.3. Pegs on a line representing the kink (soliton) solution to the sine~Gordon equation.

Finally, the stability of the soliton (kink) obviously signals a conservation law: there must be
a conserved charge Q, equal to an integer N (the difference between the two integers in (10.3)),



and a corresponding divergenceless current J¥ (12 = 0, 1). They are easy to construct. With

JH = ZLE“Vavqb (10.10)
4

(&9 is antisymmetric, with €°! = 1), we have the identity ,J* = 0, charge is

0 =f J0dx
b ("3,
27 J-= 3x
= b [p() = ¢(=)] = N. (10.11)
2n

The interesting thing is that the current J* does not follow from the invariance of £ under any
symmetry transformation. It is therefore not a Noether current. Its divergencelessness follows
independently of the equations of motion.

We consider, in the following sections, examples of solitons in gauge theories, beginning with
one in two space dimensions — the vortex.

10.2 Vortex lines

Now consider a scalar field in 2-dimensional space. The ‘boundary’ of this space is the circle at
infinity, denoted S’. We construct a field whose value on the boundary is

$p=ae" (r— ) (10.12)

where r and 6 are polar co-ordinates in the plane, a is a constant, and, to make ¢ single-valued, n
is an integer. We propose this form, rather than simply ¢ = a, because it is a generalisation to
two dimensions of (10.3). ((10.3) is a solution of the sine—-Gordon equation, whereas it is yet to be
seen what equation describes the 2-dimensional solitons we are in the process of developing.)
From (10.12), we have

Vo = L(inaei)®. (10.13)
r

The Lagrangian and Hamiltonian functions are

2
¢ = 1(3—4’) - Vel - V(9). (10.14)
2\ Jt
2
% = l(a_“’) + Vel + V(9). (10.15)
2\ar

Now let us consider a static configuration with, for example,



V(¢) = [a> - ¢*¢) (10.16)

so that V =0 on the boundary. Then as r —

2,2
n-a
X =3Vel = ——
2r
and the energy (mass) of the static configuration is
E= j ¥rdrdé = nnzazf Lar.
r

This is logarithmically divergent; the kink, as it stands, cannot be generalised to two dimensions
— nor to more than two, for it turns out that in all these cases the energy is divergent.
To proceed, we add a gauge field, so that what counts is the covariant derivative

D,¢ = 3,0 + ieA 0. (10.17)
By choosing A, of the form

= 1V(n0) (r— ),
e

i.e.
A,—0, Ag— -2 (r- =), (10.18)
er
we find that at r =
Do = l(%) +ieAyp=0, D,p=0 (10.19)
r\d¢

so D, @ — 0 on the boundary at infinity. The Lagrangian is now
12
¢ = —3F;, + |D,¢* - V(9). (10.20)
Since (10.18) is a pure gauge,

A, -3 x (r—>x), (10.21)

then F,,, — 0. For a static configuration ¥-_2 , and with V() given by (10.16) we have E4
— 0 as r — oo, making possible a field configuration of finite energy. We shall now see that the

effect of adding the gauge field is to give the soliton magnetic flux. Consider the integral ‘ﬁA -dl



round the circle S at infinity. By Stokes’ theorem, this is I B-dS = ¢, the flux enclosed, hence

¢=§Aocn=§,49rdo= _2an (10.22)
(4

and the flux is quantised. So we have, after all, constructed a 2-dimensional field configuration,
consisting of a charged scalar field and a gauge field (the electromagnetic field!). It carries
magnetic flux, and since D, ¢ — 0 and F,,, — 0 on the boundary at infinity, it appears to have
finite energy. It is clear that by adding a third dimension (the z axis) on which the fields have no
dependence, this configuration becomes a vortex line. Apart from the presence of the scalar field,
it is the same as the solenoid discussed in §3.4 under the Bohm—Aharonov effect; and just as that
effect was attributable to the topology of the gauge group U(]), so here also we shall see that it is
this same topology which ensures stability of the vortex.

It will not have escaped the reader’s notice that the Lagrangian (10.20) with V(@) given by
(10.16) is that of the Higgs model — see (8.36) and (8.4) — that is, scalar electrodynamics with
spontaneous symmetry breaking. Actually, we saw in §8.4 that this Lagrangian is the relativistic
version of the Landau-Ginzburg free energy, which describes superconductivity. It is known that
on the occasions when magnetic flux does penetrate superconductors (that is, in type II
superconductors), it does so in quantised flux lines, called Abrikosov flux lines. It is these that the
present solutions are describing, the field @ in superconductivity being the BCS condensate.

To be a little more systematic, let us start from the Higgs Lagrangian (8.36):

F = —3F, F" +|(3, + ieA,)9? — m*¢p*p — A(¢*9)*. (8.36)

Spontaneous symmetry breaking is signalled by m? < 0, and the vacuum is then given by (8.4)

2\12
-m
vae = @ = . 8.4
Pl ( 21 ) 4
The equations of motion obtained from (8.36) are
D*(D,¢) = —m’¢ — 2i¢|9f, (10.23)
ie(§0,0* — ¢*3,9) + 2¢2A,|¢|* = 3"F,,. (10.24)

We must first check that these equations allow the solutions (10.12) and (10.18) at infinity. Since
by construction (see (10.19)) D, @ = 0 as r — o, the left-hand side of (10.23) vanishes; and so
does the right-hand side if ¢ takes on its vacuum value (8.4). Since A, is a pure gauge (see
(10.21)) F,, = 0 as r — oo, so the right-hand side of (10.24) vanishes. In view of (10.12) and
(10.18) the left-hand side vanishes identically when p = r, and when g = @ it vanishes when ¢
assumes the vacuum value (8.4). Hence our particular choices for A, and ¢ are allowed by the
equations of motion.

As r becomes finite, and particularly as r — 0, of course, the values of A, and ¢ change. Let
us now treat the problem as one in three dimensions, with cylindrical symmetry about the z axis.
Then, since there is magnetic flux, the magnetic field component B, must be non-zero, which
means that A cannot be a pure gauge everywhere. Also, continuity requires that ¢ — 0 asr — 0;
since this is not the vacuum value, the 2-dimensional soliton will have an energy, and the vortex
will have a corresponding mass per unit length. The forms of A and ¢ are found from the
equations of motion. Taking B with a z component only, and A with a # component only, we have



B=B,=L90A40n]. A(r)=As=A. (10.25)
r dr

In addition, ¢ is of the form
¢ = x(r)e"? (10.26)
with
x(r) =0, xr)s=2a. (10.27)
In the static case, the equation of motion (10.23) then becomes
(3; +ieA))’¢ — (m* + 2A¢[)p = 0

which, on summing over the r and 6 components, gives

2
1 d_(,_dx) - [(l - eA) +m+ 2Azzlx =0. (10.28)
rdr\ dr r

On the other hand, taking the 6 component of (10.24) gives (recall equations (2.217)-(2.221))

—1€ 2in)y + 22 A = —3,Fa:
r

and hence

d (i-d_(m)) - 2e(l + eA)xz =0. (10.29)
r

E—rdr

One should now solve the coupled non-linear equations of motion (10.28) and (10.29). No exact
analytic solution, however, has yet been found. In the approximation where y == a a constant (i.e.
for r — o0); Nielsen and Olesen (1973) found (with ¢ a constant of integration and K; and K,

modified Bessel functions)

12
A= —ﬁ - LK'(lela’):?—ﬁ—i(_n_) c-|f|ar+ P
er e e e \2le|ar
with magnetic field
c ma \"?
B, = cxKo(lelar) —» —( ) elelar (10.30)
e \2le|r

To obtain the variation of the scalar field, we put



x(ry=a+ p(r);

then
p(r) = e~ V-m'r (10.31)

(recall that -m? > 0). These solutions are sketched in Fig. 10.4.

Why are these solutions stable? As with the kink, the reason is topological. The Lagrangian is
invariant under a symmetry group — in this case U(1), the electromagnetic gauge group. The field
¢ (with boundary value given by (10.12)) is a representation of U(1). The group space of U(1) is
a circle S!, since an element of U(1) may be written exp(i0) = exp[i(0 + 2x)], so the space of all
values of @1is a line with @ = 0 identified with 8 = 2z, and the line becomes a circle S!. The field
@ in (10.12) is a representation basis of U(1), but it is the boundary value of the field in a 2-
dimensional space. This boundary is clearly a circle S’ (the circle r — oo, § = (0 — 2m)). Hence @
defines a mapping of the boundary S in physical space onto the group space S':

¢: S' - S, (10.32)

the mapping being specified by the integer n. Now a solution characterised by one value of n is
stable since it cannot be continuously deformed into a solution with a different value of n (a
rubber band which fits twice round a circle cannot be continuously deformed into one which goes
once round the circle). This is to say (see §3.4) that the first homotopy group of S!, the group
space of U(l), is not trivial:

m(ZY) = 2. (10.33)

Z is the additive group of integers.
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Fig. 10.4. The variations of the scalar and magnetic fields in the Nielsen—Olesen solution.

The status of a topological argument like this is that it provides a very general condition
which must be fulfilled in order that solitons exist in a particular model. If, as in the model above,
the topological argument indicates that soliton solutions are possible in principle then one goes to
the equations of motion to find them. Topology therefore provides existence arguments. As an
example, let us enquire whether stringlike solutions to (spontaneously broken) gauge theories
exist when the gauge group is SU(2). This is the group of 2 x 2 matrices.

3
U= Uy + lzlujoi
’=



where o; are the Pauli matrices, and the condition that U is unitary and has unit determinant is

wh+w+ud+ui=1. (10.34)

Now this is the equation for the unit sphere S® in 4-dimensional Euclidean space E%; that is, the
group space of SU(2) is S3. There will exist stable vortices in an SU(2) gauge theory if the
mappings of the group onto the S! boundary of the two-dimensional parameter space fall into
distinct classes; that is, if z,(S%) is non-trivial. But z,(S°) is, in fact, trivial, for S® is a simply
connected space; every closed curve S! on S® may be shrunk to a point, so the boundary
conditions may all be shrunk to the trivial constant condition ¢ = const., and no vortices exist.

The group O(3), on the other hand, is not simply connected but doubly connected. For
example, corresponding to the O(3) matrix

cosa -sina O
sina cosa 0], (10.35)
0 0 1

which corresponds to rotation about the z axis through an angle —¢, is the SU(2) matrix

iaf2 0o
(eo e-i“ﬂ)‘ (10.36)

Now a = 0 clearly gives the identity matrix in both cases, but @ = 2z gives the identity again in
O(3) and minus the identity in SU(2). This is the origin of the well-known statement that vectors
do not change sign on rotation through 2z but spinors do. In other words, corresponding to two
elements of SU(2) (the identity, and minus the identity) there is only one element of O(3):

o 1)

1 0 0
0 1 0
0 0 1

-1 0
( 0 -1
SU(Q2) 0(3)

There is a two-to-one mapping of SU(2) onto O(3). The group space of O(3), accordingly, is
obtained from that of SU(2) by identifying opposite points on the 3-space S3, since they
correspond to the same O(3) transformation. This space is doubly connected, as we shall now
show. We consider closed curves S' in the group space of O(3). Each curve corresponds to a
continuous set of rotations, starting (say) from the identity 0, and returning there. One possible
type of closed curve is the path ¢, in Fig. 10.5. This corresponds to a series of rotations, the angle
of which nowhere exceeds it. If the angle does exceed 7, then the path in group space becomes
like c,. On reaching the angle z at the point A, the path reappears at the opposite point A’, and
eventually returns to the origin 0. It is clear that ¢, is homotopic (may be shrunk) to a point,
where c, is homotopic to a line. Readers may convince themselves that a closed path in which the

angle of rotation exceeds 27 reappears at opposite points on the surface of S twice, and is



therefore homotopic to a point. Similarly, one in which the angle exceeds 37 is homotopic to a
straight line. Consequently, there are only two types of closed path S! in the group space of O(3):
those homotopic to a point and those homotopic to a line. This means there is one non-trivial
vortex in an O(3) gauge theory. The vortices may have ‘charges’ (flux) 1 or 0, with the algebra 0
+0=0,1+0=1,1+1=0, so two non-trivial vortices will annihilate each other. (It may be
parenthetically remarked that whether the gauge g{ouga iss SU(2) or O(3) depends on what

particles exist: if there are particles with ‘isospin’ of 2+ 2* 2s etc. then the gauge group is SU(2),
but if all the particles have integral isospin the group is O(3).)

One way of making lines of magnetic flux is to place two opposite magnetic charges close
together. So an obvious question is: if gauge theories allow flux lines, do they also allow
magnetic charges? In fact they do, and these are called ’t Hooft—Polyakov magnetic monopoles,
after their discoverers. Like vortices, these monopoles owe their stability (and therefore
existence) to the non-trivial topological properties of the gauge group. In this respect they are
completely different from the ‘ordinary’ magnetic monopoles, which are point magnetic charges,
and which may be introduced into Maxwell’s equations to make them symmetric between
electricity and magnetism. Dirac showed that the prescriptions of quantum theory imply a
remarkable quantisation condition for point magnetic charges, and for this reason they are
sometimes referred to as Dirac monopoles. We shall study Dirac monopoles in the next section,
and ’t Hooft-Polyakov monopoles after that. This will serve to acquaint the reader with the idea
of magnetic charge, as well as to demonstrate the difference between the two types of monopole.

Fig. 10.5. Two types of closed path in the group space of O(3).

10.3 The Dirac monopole

Consider a magnetic monopole of strength g at the origin. The magnetic field is radial and is
given by a Coulomb-type law

B=Er= —gV(—l-) (10.37)

(we are using Gaussian units). Since V2(I/r) = —4n53(r), we have
V-B = 4ngd(r) (10.38)

corresponding to a point magnetic charge, as desired. Since B is radial, the total flux through a
sphere surrounding the origin is

& = 47’ B = 4ng. (10.39)

Consider a particle with electric charge e in the field of this monopole. The wave function for a
free particle is



i
v =|ylexp [;(P T = Et)]-
In the presence of an electromagnetic field, p — p — (e/c)A, so

v wexp(-—ie—A . r);
hc

or the phase @ changes by

e
a—->a——A-" r.
hc

Consider a closed path at fixed r, 6, with ¢ ranging from 0 to 2z. The total change in phase is
e
Aa = —3§A ~dl
hc

=—e—jcurlA~dS
hc

=f:jn.ds

= i(Flux through cap) = i¢.’l>(r, 6); (10.40)
hc hc

d(r, 0) is the flux through the cap defined by a particular r and 0, as shown by the shaded area in
Fig. 10.6. As @ is varied the flux through the cap varies. As § — 0 the loop shrinks to a point and
the flux passing through the cap approaches zero:

@(r,0) = 0.

As the loop is lowered over the sphere the cap encloses more and more flux until, eventually, at 6
— zwe should have, from (10.39),

d(r, w) = 4mg. (10.41)

However, as 6 — = the loop has again shrunk to a point so the requirement that ®(r, =) is finite
entails, from (10.40), that A is singular at 8 = z. This argument holds for all spheres of all
possible radii, so it follows that A is singular along the entire negative z axis. This is known as
the Dirac string. It is clear that by a suitable choice of coordinates the string may be chosen to be
along any direction, and, in fact, need not be straight, but must be continuous.

The singularity in A gives rise to the so-called Dirac veto — that the wave function vanish
along the negative z axis. Its phase is therefore indeterminate there and referring to (10.40) there
is no necessity that as 8 — n, Aa — 0. We must have Aa = 22n, however, in order for y to be
single-valued. From (10.40) and (10.41) we then have



e
2rn = —4ng,
hc &

[ eg = snhc. (10.42)

This is the Dirac quantisation condition. It implies that the product of any electric with any
magnetic charge is given by the above. Then, in principle, if there exists a magnetic charge
anywhere in the universe all electric charges will be quantised:

hc

e=n—.

2g

This is a possible explanation for the observed ‘quantisation’ of electric charge (see the
footnote on p. 85), though nowadays this is more commonly ascribed to the existence of quarks
and non-Abelian symmetry groups. Note, however, that the quantisation condition has an explicit
gependence on Planck’s constant, and therefore on the quantum theory. In units A = ¢ = 1 (10.42)

ecomes

= eg = in. (10.43)
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Fig. 10.6.

Let us now derive an expression for the vector potential A,. As seen above, it is singular. This

much is clear from (10.38), for if B = curl A and A is regular divB = 0, and no magnetic charges
may exist. From the argument above, A is constructed by considering the pole as the end-point of
a string of magnetic dipoles whose other end is at infinity. This gives

X

= -y = =
Ai=g—2—, Aj=g———, A, =0 (10.44)
gr(r+z) Y gr(r+z) )
or
A =Ag=0, A,=S81=C0s6 (10.45)
r sinf
A is clearly singular along r = — z. If, on the other hand, the Dirac string were chosen to be along
r = z, we should have
A =Ay=0, A,=-81%cos® (10.46)



The rationale for writing the alternative expressions (10.45) and (10.46) is that the Dirac
string singularity is clearly unphysical, and in these expressions it is in different places. The only
physical singularity in A is at the origin, where, from (10.38), divB = div (curl A) is singular.
Since it is obviously desirable to get rid of unphysical singularities, this suggests the following
construction. Divide the space surrounding the monopole — the sphere, essentially — into two
overlapping regions R, and Ry, as shown in Fig. 10.7. R, excludes the negative z axis (5 pole) and

Ry, excludes the positive z axis (N pole). In each region A is defined differently:

A%= A%=0, A3=81-c0sO (10.47)
r sin@
Ab=Ab=0 Al= _ii_coig, (10.48)
r sin@
Ra
N
Rp

Fig. 10.7. R, and R, are overlapping domains on the sphere. R, excludes the S pole, R, the N pole.

Referring to (10.45) and (10.46), it is clear that A? and A® are both finite in their own domain. In
the region of overlap, however, they are not the same, but are related by a gauge transformation
(h=c=1):

a 2 P | -
Ab=45- B - 45— Lgv,5! (10.49)
rsin @ e
with
S = exp(2igeo) (10.50)

The covariant form of (10.49) is

Ab=Al- isa,‘s-'. (10.51)

The requirement that the gauge transform function S be single-valued as ¢ — ¢ + 2m is clearly
the Dirac quantisation condition (10.43). To check that (10.47) and (10.48) really do represent a
monopole, we calculate the total magnetic flux through a sphere surrounding the origin.



¢=jF,,,dx"V
=§curIA-dS
=[ curlA-dS+I curlA - dS.
R, Ry

Here we take R, and R, as not actually overlapping, but having a common boundary, which for
convenience is taken to be the equator § = 7/2. Since R, and R, have boundaries Stokes’ theorem
is applicable, and since the equator bounds R, in a positive orientation and R, in a negative one

we have
§ A"-dr'—§ Ab-dib
0=1/2 0=xr/2

i(d -
= —éb—(@UnS Hd
e§d¢(n )do¢

P

=4ng

from (10.50), and using (10.47) and (10.48). This agrees with (10.41).

This construction is due to Wu and Yang, and is, in essence, a fibre bundle formulation of the
magnetic monopole. The base space (3-dimensional space R3 minus the origin = R3 — (point) = S?
X R!) is parameterised in two independent ways, corresponding to two overlapping but not
identical regions. In each region the vector potential is given by a different expression. Readers
familiar with the Mobius strip will recognize a similarity here. There is no unique
parameterisation of the Mobius strip; locally it is the direct product of an interval (0,1) and a
circle, but globally the circle has to be divided into two distinct overlapping regions, with a
different parameterisation of the strip in each region.

There is thus a fibre-bundle formulation of the Dirac monopole. The base space is essentially
S? (the sphere surrounding the monopole) and the group space is S (since the gauge group is
U(1)). The fibre bundle is not S? x S! but S3, which is locally the same as S? x S! but is globally
distinct. For further details on the fibre-bundle formulation, the reader is referred to the literature.

10.4 The ’t Hooft—Polyakov monopole

In the context of Maxwell’s electrodynamics, with Abelian gauge group U(1), it is clear that
although magnetic charges may be ‘added’ to the theory, there is no necessity for doing this. A
theory with monopoles is more symmetric between electricity and magnetism than one without,
but this does not amount to a requirement that monopoles exist. They may or may not; the above
considerations do not allow us to decide. When the gauge symmetry is enlarged to a non-Abelian
group, however, and spontaneous symmetry breaking is introduced, the field equations yield a
solution which corresponds to a magnetic charge. If such theories are correct, then, magnetic
monopoles must exist, and should therefore be looked for. It is a matter of natural curiosity to
enquire where the magnetic charge in this model comes from, since the matter and gauge fields in
the theory carry electric charge only. It will not surprise the reader to hear that the origin of the
magnetic charge is topological. The theoretical possibility of monopoles of this type was
discovered in 1974 by t’ Hooft and Polyakov. .
F,

We consider a theory with an O(3) symmetry group, containing the gauge held is the

group index) and an isovector Higgs field @?. The Lagrangian is (cf. (8.42))

2
£ = —iFF"™ + (D) (D) - T4 — Mof ) (1052)



where

Fo, =03,A% - 3,A5 + ee”™ ApAS,

(10.53)
D,¢" =3,¢" + ee™ Adgr.

We are interested in static solutions in which the gauge potentials have the non-trivial form

b

A? = —eiabr_ (f — w),
er (10.54)
Ag=0
and the scalar field is
¢ =F (r-®) (10.55)
r

with F2 = —-m?/4\. These expressions have a remarkable form because of the mixing they employ
between space and isospace indices. For example, (10.55) describes a field which, in the x
direction in space, has only an isospin ‘1’ component, in the y direction, only a ‘2’ component,
and in the z direction, only a ‘3’ component. In a manner of speaking, it is ‘radial’ — Polyakov
calls it a ‘hedgehog’ solution. It can be shown (‘t Hooft 1974) that there exist regular solutions to
the field equations derived from (10.52), which have the asymptotic form (10.54), (10.55). For
example, the equation of motion of ¢ is

-(m® + 42¢°¢")¢" = D, (D"¢").

Equation (10.55) implies | @ | = F, so the left-hand side of the above equation vanishes at infinity.
It is easy to see that D, @1 also vanishes; for with i = x, y, z we have

a <
D¢ = Fa,-(’—) +ectc A FL
r r

( 6 rre

r r3

Fr™r¢

r

) - gabcsibm

Hence, at infinity, ¢ takes on its vacuum value and is covariantly constant, but has the non-
trivial boundary condition (10.55), rather than the more usual (‘Abelian’) condition ¢ % =0, @3
# 0. On the other hand, F"w is not zero at infinity. We shall see below that there is a radial
magnetic field. This solution is sketched in Fig. 10.8.

Now let us generalise the definition of the electromagnetic field F,, so that it reduces to the
usual one when the scalar field ¢ has only a third component. We put

Fuv=L¢aF:v- 1

|¢| '¢|3 eobc#(Du¢b)(Dv¢t)' (1056)
e|




Fig. 10.8. The asymptotic forms of the gauge and scalar fields constituting a ’t Hooft—Polyakov monopole.
Polyakov calls it a ‘hedgehog’ solution.

It is quite clear that when

020 o= Feo (10.57)
this gives the usual F,, so long as A3,, = A, the Maxwell vector potential. Now, defining
A,=-Lgrac (10.58)
¢l
a straightforward calculation gives
Fuy = 3,A, = 3,4, - e|;>|3 Earc (3, 8°)(3,9°). (10.59)

This is similar to, but more complicated than, the usual definition of the electromagnetic field, but
it reduces to it when ¢ becomes fixed in isospace. Inserting the asymptotic conditions (10.54)
and (10.55), it is easily seen that A, = 0, so all the electromagnetic field is contributed by the

Higgs field; and we find

Foa=0, Fj=-—eur*. (10.60)

(10.61)

The magnetic flux is, from (10.39),



¢=4_,
e

so by comparison with (10.41) the magnetic charge g is such that
eg = 1. (10.62)

From (10.43), this is twice the Dirac unit. We conclude that the configuration of gauge and scalar
fields with asymptotic form (10.54-10.55) carries a magnetic charge — i.e. when viewed from
infinity, there is a radial magnetic field. It has been shown by ’t Hooft that this configuration is
everywhere non-singular, and therefore has a finite energy. He estimates the monopole mass to be
of the order 137M,,, where M,, is a typical vector boson mass, so the monopoles are extremely
heavy. The mass is inversely proportional to e (cf. (10.9)).

What is the origin of this magnetic charge? How does it come about that a configuration of
fields carrying electric charge only can arrange itself in such a way as to simulate a magnetic
charge? To answer this, we write the magnetic current K, as

K" =3 ,F"
- %guvmav Fpo (10.63)

where F u s the dual of F,, — cf. equation (2.236) which holds when no magnetic sources are
present. From (10.59) we then have

KH = —zlsmﬂema,a"apabaa& (10.64)
e

where

~

iy
darad

We see that the magnetic current depends on the Higgs field only, as noticed above in (10.60).
Moreover, this current is identically conserved:

3,K* =0. (10.65)

This property is reminiscent of the current (10.10) for the sine-Gordon kink. The conservation of
both these currents does not follow from a symmetry of the Lagrangian, so they are not Noether
currents. It will be recalled that the sine—-Gordon charge (10.11) — the ‘kink number’ — depends
simply on the non-trivial boundary conditions. We anticipate the same phenomenon here. The
conserved magnetic charge is

M =L [Kod%

1 A Ap A
- -mfgei,kemwawak¢‘(dzs),~. (10.66)



Here the integral is taken over the sphere S? at infinity, which, of course, is the boundary of the
static field configuration ¢ . Since ¢ must be single-valued, as (dS)i covers the sphere once, the
vector ¢ will be covered an integral number of times, say d. It then follows (Arafune, Freund &
Goebel 1975) that the integral in (10.66) is Sird, hence

M=2, dinteger. (10.67)

e

Since @9 is an isovector, the unit vector @ describes a sphere S? in field space (isospace), so
the boundary describes a mapping of the sphere S? in coordinate space onto the ¢ manifold,
which is 2.

¢: S in field space — S? in coordinate space; (10.68)

d is called the Brouwer degree of this mapping. It is necessarily integral. So equation (10.67)
displays explicitly the topological nature of the ’t Hooft—Polyakov monopole.

In the model considered by ’t Hooft, the non-Abelian group is SO(3), electromagnetism being
represented by the Abelian subgroup U(1). An interesting question is: how does the existence of
magnetic charge in non-Abelian gauge theories depend on the gauge group? To answer this we
begin by reflecting on equation (10.68). It is obvious that in general terms what is important is the

@ manifold (so the gauge theory must be spontaneously broken). What is the space of the ¢
manifold in general? In Chapter 8 we learned that it is the vacaum manifold. If the symmetry
group of the theory is G (in this case SO(3)), and the unbroken subgroup is H (in this case u)),

then transformations belonging to H leave the vacuum manifold invariant. So the space of ?is
the set of transformations in G which are not related by a transformation belonging to H. This is
the definition of a coset space. In schematic terms the elements of the gauge G may be written

G=H+HM, + HMy + - - - (10.69)

where H denotes the elements of the subgroup H, and M; M,, . . . belong to G but not to H, and
are all different. The vacuum manifold is essentially the space of the elements M}, and that is the
coset space of G/H. Consulting (10.68) again, the existence of magnetic monopoles requires a
non-trivial mapping of G/H onto S?, the boundary in co-ordinate space. As we saw in Chapter 3
(equation (3.114)) these mappings form a group, in this case the second homotopy group of G/H,
m,(G/H). Magnetic monopoles will exist if this group is non-trivial. We now invoke a

mathematical theorem involving homotopy groups (Coleman in Zichichi 1977; Tyupkin, Fateev
& Shvarts 1975; Monastyrskii & Perelomov 1975).

Theorem. m(G/H) is isomorphic to the kernel of the
natural homomorphism of 7,( H) into m,(G). (10.70)

To explain the terms in this theorem: z;(H) and =;(G) are the first homotopy groups of H and

G. They are trivial if the groups are simply connected, isomorphic to Zz(Cz) if the groups are

doubly connected, etc. Since every closed path in H is also a closed path in G, there is a natural
mapping of z;(H) into 7,(G); this is called a homomorphism. The kernel of the homomorphism is

the set of elements of z;(H) which are mapped onto the identity of n;(G).
Let us watch this theorem in action by applying it to the ’t Hooft case, where G = SO(3), H =

U(1). Since 50(3) is doubly connected (see above), 7;(G) = Zz. On the other hand, U(1) is
infinitely connected (the group space is a circle, and a closed curve going n times round a circle

cannot be continuously deformed into one going m(# n) times round), so z;(H) = Z, the additive



group of integers. So the kernel of the mapping of z;(H) into 7;(G) is the additive group of even
integers, hence

m(SO(3)/U(1)) = additive group of even integers. (10.71)

This is consistent with what we found; the monopole charge was twice the Dirac quantum.

The trouble is that the true non-Abelian electroweak group is not SO(3), but SU(2) x U(1),
given by the Weinberg—Salam model. (The SO(3) model is the Georgi—-Glashow model (Georgi &
Glashow 1972). Its salient characteristic is that the only neutral current in it is the electromagnetic
current. It was therefore rendered obsolete by the discovery of weak neutral current events, such
as v, +p — v, + p + 7°.) Moreover, the electromagnetic subgroup, although given by U(1), is
irregularly embedded in SU(2) x U(1), and so is non-compact, with the consequence that
magnetic monopoles do not exist in the Weinberg—Salam model. To see this argument, note that
in this model there are two U(1) subgroups, so that a particle with a third component of weak

w
isospin 13 and weak hypercharge Y, will transform under these U(1) groups by

exp (ial3) exp (ifY™). (10.72)

Fig. 10.9. The group space of U(1) ® U(1) is a square with opposite edges identified, hence a torus. An
electromagnetic gauge transformation traces out the line Aaa’bb’cc’dd’ee’

The group space of U(1) is a circle, or, equivalently, a line with the points 0 and 27z identified.
Hence the group space of U(1) x U(1) may be represented, as in Fig. 10.9, by a square ABCD,
with the edges AC and AB identified with BD and CD respectively. This is a torus T?. (In general
the group space of the direct product of n groups U(1) is a toroid T".) The group element (10.72)

will correspond to a point (o, B) in the group space T? of Fig. 10.9. Electric charge Q in the
Weinberg—Salam model is given by

Q =sinOwlI3 + cos By Y™

where 0y, is the Weinberg angle (cf. equation (8.82)). Under an electromagnetic gauge
transformation through an angle v, the state vector for a particle with charge Q is multiplied by

exp (iyQ) = exp[i(ysin Ow I3 + ycos 6w Y™)],

and to this transformation corresponds a point in group space given by



a=ysinBy, B =ycosby

hence

a/B = tan By, = irrational. (10.73)

The above condition corresponds to a line in group space Aaabb‘cc’dd’ee’ (see Fig. 10.9), which,
since o/f is an irrational number, is a line of infinite length. It winds round the torus without ever
meeting itself again. Hence the electromagnetic gauge group in the Weinberg—Salam model has
infinite volume, and is non-compact. It follows that z;(H) does not exist (or is trivial) so 7,(G/H)
is also trival and no monopoles exist. If nature is ‘grand-unified’, however, and the electroweak
group SU(2) x U(l) is a subgroup of a grand-unified semisimple group, say SU(5), then this
argument no longer holds, and monopoles may exist. These questions have recently come to life
following a claim that a monopole has been discovered (Cabrera 1982; see also Cabrera et al.
1983).

Comparing the ’t Hooft-Polyakov monopole with the Dirac monopole of §10.3, it will seem
as if they have almost nothing in common; to be more precise, nothing at all except that they both
possess magnetic charge. This is not quite true, however, and it may be helpful to conclude this
section by showing how the two may be related. We start with a Dirac monopole with a string
singularity along the negative z axis. The vector potential is therefore given by (10.45). Now we
submerge this in an SU(2) theory, with the vector potential aligned in the third direction in isospin
= AL

space. Using the matrix potential A# then gives

Ap=A,=As=0, Ag= r;(—i)( (10.74)

l-cosﬂ)
S _—.

sin 6

In addition, we introduce a scalar field 0, with vacuum expectation value F, also aligned along the
third direction in isospin space:

¢ =1:F. (10.75)

Now we transform A, and ¢ by a space-dependent isospin gauge transformation. A general
SU(2) gauge transformation may be characterised by the Euler angles (a, B, y) and written

S = elifan o(i12)12 o(i/2)yrs

_ [ cospf2elatNZ sin Bf2ei-r+a2
~ \-sin B/2€ir"2  cos Bf2e N2

Now we put y = —-a = @, = -0, giving

_ [ cos6/2  —-e?sing/2’ .
B (e"’ sin 8/2 cos 6/2 ) (10.76a)
hence
_1_ [ cos6)2 e *sin 6/2'
7= (—ei" sinf/2  cos6/2 (10.766)



- a
The transformation law for A, is (as in (3.162), but with Au =A Mta and g — e)

2i

A,=SA,S'+ =853,57". (10.77)
e

From (10.76b) it follows that

3,571 =0, 3,5 = L( -sin 6/2 e ?cos 0/2)'

2y \—€®cos8/2  —sin6/2
5. 51 " 0 e ®sin 6/2
¢ rsin 6 \e'®sin 6/2 0 :

Substituting these into (10.77), using (10.74) and putting g = 1/e (from (10.62)) gives, after
straighforward manipulations,

Apj=A,=0,

Ag = l(rl sin ¢ — 1, co0s @),
er

—l—(r, cos Bcos @ + 1, c0s Osin @ — 135sin 6).
er

>
sw
I

The Cartesian components of A may then be found; for example,

A, =A;cospsinf + Aycos Bcosp — Agsing

= —l-[tz(-—z) + r3(l)]. (10.78)
er r r

This is the ‘hedgehog’ form (10.54). Under the same transformation (10.76) the Higgs field
(10.75) becomes

¢' = S¢s-l
_ [ cos@ e ?sin@
~ " \e®sin®  —cos 6
= F(sin 8 cos ¢t, + sin @sin ¢1; + cos 013), (10.79)

i.e.

¢ = FZ (10.80)

r

as in (10.55). As a result of this transformation, the string singularity of the Dirac potential



disappears, and the source of the monopole resides, as it were, in the Higgs field. From equation
(10.59) we may say that the gauge transformation transfers responsibility for the monopole from
the first (Dirac) term, to the second (topological, Higgs) one. Thus the Dirac and ’t Hooft—
Polyakov monopoles are not so unconnected as they at first appear.

10.5 Instantons

Our final example of soliton solutions is concerned with those which are localised in time as well
as in space, and which ’t Hooft has therefore christened ‘instantons’. (An alternative name,
suggested by Polyakov, is ‘pseudo particles’.) It is not surprising that such solutions exist, since
the gauge-field equations are fully relativistic, so allow a topological non-triviality in time as well
as in space. Moreover, the gauge group SU(2) plays a rather special role as may be seen from the
following consideration. To begin with, space—time is considered to be ‘Euclideanised’ so that it
becomes E¥. Its boundary is then S3, the 3-sphere. On the other hand, it was seen in (10.34) above
that the group space of SU(2) is also S3. Hence topologically non-trivial solutions to the SU(2)
gauge-field equations are possible if there exist non-trivial (non-homotopic) mappings of S* onto
S3, that is if m5(5°) is non-trivial (see (3.114)). And indeed it is:

(8% = Z. (10.81)

It follows that instantons are therefore possible in the pure gauge theory; spontaneous symmetry
breaking is unnecessary. This distinguishes instantons from monopoles. The plan in this section
will be to write down the instanton solution, exhibiting its topological nature, and then to mention
briefly the physical consequences that follow from the existence of instantons. There is a
considerable amount of literature on this topic, so our treatment will be very introductory and
readers are referred to the many excellent reviews to broaden their knowledge. In addition,
instantons have aroused the interest of a number of pure mathematicians, and many papers
explore their connections with topology and algebraic geometry. But these matters are beyond the
scope of this book, and readers are again referred elsewhere.

We begin with some mathematical preliminaries. Euclidean space has coordinates (x;, X, X3,

X,4) with (see (6.16))
Xg = —ixy (10.82)

(and Xy = ct). The Euclidean field tensor F*,, is defined (Vainshtein et al. 1982) in the same way
as the Minkowski tensor (see (3.169)):

Fi,=3,A% - 3,A0 + ge™ A} A (10.83)
with
A, =}0°Al, F, =10°F5, (10.84)
This takes the form (see (3.166))
F,=3,A,-3,A, —ig[A, A, (10.85)

Defining



Ay = 3,4, — 3,4, (10.86)
this becomes
Fp = 3,A, — iglA,, A,]. (10.87)
The dual of F,, denoted F,, is defined by
Fov = 3€upo Fpo (10.88)

(remembering that in Euclidean space there is no need to distinguish upper and lower indices).
With ;534 = 1 this yields

F.. = Fu. (10.89)
whereas in Minkowski space, since when €123 = 1, then g;;5; = -1, s0
F, = —F,, (in Minkowski space). (10.90)
Under gauge transformations
A, =SA,S"' - i(a,,S)s", (10.91)
F,, = SF,,S7'. (10.92)

Now we define

K, = ie,,v.A(A:axAz + gemA:A':Aa)

= €4 TT (%Ava,A - %A,A,A A). (10.93)
Then
3.K, = iTr F,F,, = iFi,F5, (10.94)

so that Tr FF is a total divergence.

Proof. Because of the cyclic property of the trace



3,Ku = £ Tr[33,4,)(3, A1) — i8(3,4,)A,A,)
On the other hand,
Tr FuFuy = 36,00 Tr (3,4 — ig[A,, A} {3 Ay — iglAL, AL))
= Zsavnl Tr (ayA v)(axAAl) - Zigeuvxl Tr ApA v(akAA)
= 2igEa Tr(3,4,)AA; — 2826, TT AL, A, A A,

Because of the cyclic trace property, the second two terms above are equal and the last one
vanishes. Hence (10.94) is proved.

Now consider a 4-dimensional volume V* in E4, with boundary éV* ~ S3. Suppose it is a pure
vacuum, A, =0, F,, = 0. Then K,=0. The field equations (in the absence of matter)

D,F,, =0 (10.95)

are clearly satisfied over the whole region V*, as is the Bianchi identity

~

D,F,=0 (10.96)
which, of course, must be satisfied. Applying Gauss’ theorem to (10.94) gives

TrF,F,d'x = 4 j 3,K,d*x
V‘

v‘

=4 K, dx. (10.97)
avse

This is trivially satisfied if V# is a pure vacuum.
Now we perform a (space—time-dependent) gauge transformation at the boundary S3

A,— —1(3,5)5 (on S, (10.98)
g

ie.
F,=0
so the boundary becomes a ‘pure gauge’ vacuum; and take

_X4+i!‘0

V2

) (10.99)

where



2= x4+ x2 (10.100)

Then after some straightforward (but lengthy) algebra we find

A= —x; — gi(o°x + ixy], (10.101)
gr
Ag = -Lo‘x,
gr
and
2
K,= 22 (10.102)
g

Equation (10.97) then yields

j TrF,,F,,d'x = 4§ K.d%
$3

= 8T d(area)

gttls
167

== (10.103)

4

using the fact that the area of the 3-sphere of radius 7 is 2n°t3. (The area of the unit sphere S" is

n¥22""1(n/2)!/(n!).) We see immediately that F,, cannot be zero over the whole volume V*,

although it does vanish on the boundary. It will be appreciated that this is a consequence of the
fact that K, is not gauge invariant.

The above situation is sketched in Fig. 10.10. The field strength F,, is non-zero inside the
volume V#, but vanishes on the boundary S3, where A, becomes a pure gauge. It is clear that
(10.98) is not a solution to the gauge-field equations over the whole space, but is simply the
asymptotic form as 1> — . How are we to understand this? We first show that the integral

(10.103) above defines a topological index. 1t is called the Pontryagin index (or Pontryagin class),
and denoted q:

2
- & T [F F. d'. 10.104)
1672 I" ¥ (



A;; = pure pauge ~ (6‘,.5')5"

Fuy =0

Fig. 10.10. The instanton. Inside the volume V¥ the field strength F 4w is non-vanishing, but F, vanishes on the
boundary S3.

Then in the case we are considering we have
g 3,K,d*x =1 (10.10s)
q =" f x=1. .
4 utu

We shall show that q is the degree of the mapping of the group space, S3, of SU(2) onto the co-
ordinate space boundary S3. Putting (10.98) into (10.93) gives

Ko = Lty Tr(S713,5)(S18,8)(S0,5),
6g

hence

7= =54 il Tr(S713,S)S13,S)(S10:5) &0
24n% s

= _l_ Q(;g)d:;o
247?)5°3(0)
1 &

==, (10.106)

where d3g is the invariant element of volume in group space. Hence q gives the (Brouwer) degree
of the mapping S* — S3.

This solution, then, is like the soliton solution, except that E* has one time and three space
dimensions. The similarity is that as one of these co-ordinates passes from -co to +oo the field
configuration changes, so that the boundary conditions at -co and +co are different, rather as in
Figs. 10.1 and 10.3 for the sine—-Gordon kink. In that case, of course, the relevant co-ordinate is a
spatial one. An obvious way to interpret the present solution is as an evolution in time, rather than
space. This suggests redrawing the boundary S® as in Fig. 10.11. I and II are the hypersurfaces x,
— o0 and x, — -oo hypercylindrical surface joining them. Then



1

= — d30€4,','k TI'(Z,'K"ZQ) +I dX4I dzoieivaTr(‘zvzxZA)]
2472 1-n —® 1

(10.107)

where A, = 571(3,S) = igA,,
Now, as remarked above, A, is not a pure gauge over the whole volume. The required
expression for A, is

,r2

,= m(Lgi-)(a,,S)s" (10.108)

where ) is a constant (Belavin ef al. 1975). As x4 — oo this tends to the pure gauge form (10.98),
but in the ‘interior’ of the 4-volume V* is such that F,, # 0 as required. This expression for A, is a
solution of the field equations, and is the one which should be used in the expression for q above.

However, q is gauge invariant so it is convenient to choose a gauge in which A’ = 0 so that the
integral over the ‘cylinder’ III in (10.107) vanishes (since the condition for a non-vanishing
integral is that one of the indices v, k, A should be 4). Such a gauge transformation is?

A,=UAU'-iRUU™ (10.109)

when

U = exp [Lg]

(7 + 2V » (10.110)
6 = tan™! [L - l]
@+ 2
I | x, time
e
ke
1 p— .

Fig. 10.11. The instanton boundary. I is x; — 0°, Il is x4 -

and A, is equal to t(t? + A?)"! times the expression (10.98) (with (10.99)). It is seen that

A;=0



so that g reduces to the difference between two integrals, on the surfaces x, — o and x, — 0. A’
is a complicated expression which in the cases x,— +oo reduces to

’ A: i n -1 ai n’s
X4— @ , 'f(g) (_lg) (10.111)
Xy —> —®, Ai_"(gn-l) (aign-l)’
with
. X0
= (g1)". = —ig— X' 10.112
8= (8)" & exp[ m(,z+,12)vz] ( )

gn is clearly an element of the group 5(7(2), but g, and g, (n # m) are nctf homotopic. In
particular g, and g, = 1 are not homotopic; that is, it is not possible to find a function g(g;, a) with
a a continuous variable between 0 and 1 such that g(g;, 1) = gi and g(g;,0) = 1 (see §3.4). The
instanton therefore describes a solution of the gauge-field equations in which, as x, evolves from
— o to +w, a vacuum (belonging to homotopy class n — 1) evolves into another vacuum
(belonging to homotopy class n) and the Pontryagin index is

q=n-(n-1)=1.

In between these vacua is a region when the field tensor F,, is non-vanishing, and therefore there

is positive field energy. The Yang—Mills vacuum is therefore infinitely degenerate, consisting of
an infinite number of homotopically non-equivalent vacua. The instanton solution represents a
transition from one vacuum class to another. Physics enters the scene when we ask what is the
amplitude for this transition. Classically, of course, it is zero, since there is an energy hump in
between two vacua. But because of quantum mechanics there is a barrier penetration factor. We
now consider this.

Quantum tunnelling, 6-vacua and symmetry breaking

What we shall argue is that the barrier penetration amplitude is
e %, Sg = Euclidean action. (10.113)

To see this consider the problem of the motion of a single particle through a 1-dimensional
potential well, in the quasi-classical (WKB) approximation. If V > E the process is classically (h
= 0) forbidden, but the actual tunnelling amplitude is

exp{— %r{Zm(V - E))\2 dx} = exp (—%SE) (10.114)

where Sy, is defined by the integral above. We shall proceed to show that S is, in fact, the action

for imaginary times. For consider the case where E > V, and the transition is classically allowed.
In this case the wave function oscillates, and the number of oscillations is given by

b b )
-dex = %f [2m(E — V)| dx. (10.115)

On the other hand,



fpdx = fpxd: = J’(H + L)dt = f(s + L)dr.
If the total energy is normalised to zero, then

dex=JLd:=S

which is the total action for the motion from a to b. Now the only difference between (10.114)
and (10.115) is that the sign of E — V is reversed. However, the sign of V in the equation of
motion

ox

is reversed if we replace t by it. Hence 5, defined in (10.114), is the action for imaginary times.

In the case of field theory, this becomes the action in Euclidean space. The tunnelling amplitude,
then, is given by (10.113).
What is the action for our instanton? It is easily calculated from the inequality

Tr(F,, — F,,)2 =0. (10.116)
Noting that
EuvpoEuvar = z(épx(sal - opléox)
it follows immediately that
FF, = FuFu

so that (10.116) yields

Tr F,,F,y = Tr F,,F,,. (10.117)
The solution (10.108), however, possesses the property of self-duality (see (10.89)):

F,=F,. (10.118)

(This is a crucial property of instantons, and many treatments use it as a starting point. In view of
the Bianchi identity (10.96) self-duality guarantees that the field equations (10.95) are satisfied.)
It follows that (10.117) becomes an equality for instantons. Noting that the action (in Euclidean
space) is

1( pa pa
§=-; j FaFo,d'x

—% [T FunFdts, (10.119)



the equality (10.117) together with (10.104) yields

S = -—q = —— (10.120)

since ¢ = 1. Hence the tunnelling amplitude between the pure vacuum and the gauge rotated
vacuum is of the order

e 87/8", (10.121)

Now that we have established that in a Yang-Mills quantum theory the vacuum is infinitely
degenerate, with non-zero transition amplitudes between the gauge rotated vacua belonging to
different homotopy classes, it follows that the true ground state of Hilbert space may be written

lvac)y = 3 e"®lvac), (10.122)

n=—-%

where n is an integer labelling the homotopy class. It is characterised by a particular value of 0,
and the coefficients e’ ensure the in variance (up to a phase) of |vac) under gauge
transformations g, (see (10.112)). They have the effect

[vac), £ [vac)ns (10.123)
and hence
lvac) g 5 e"1|vac),. (10.129)

Gauge transformations of the type g; (or g,), which change the homotopy class, are sometimes
called ‘large’ gauge transformations. ‘Small’ gauge transformations are those continuously
dleformable to the identity (for example, infinitesimal ones), which do not change the homotopy
class.

Vacua of the type (10.117) are known as 6-vacua, and they have several important
consequences in particle physics. If 8 # 0 the vacuum state is complex, and time reversal
invariance is violated. From the CPT theorem, it then follows that CP invariance is violated.
Further, since under parity g; — (g;)™" unless 6 = 0, P is also violated. The observed scale of T
violation in physics requires 6 < 107 (Wilczek 1978). A satisfactory explanation of why 8 is so
small yet not zero is yet to be found.

Finally, ’t Hooft has drawn attention to a remarkable consequence of the existence of
instantons when fermions are also present. Consider a theory with N massless quarks, where N is
a “flavour’ index. It has a chiral symmetry SU(N);, ® SU(N)z ® U(1). The axial current J°,,
however, has an anomaly (cf. equation (9.265))

Ng

3ty =
16

FiFp,.

Comparing with (10.104), however, gives



j d*x3,J5 = 2Ng

so that in the field of an instanton with g = 1 there is a violation of axial charge Q°by
AQ® =2N.
This results in decays such as
p+n—et+v, or ut+¥,

which violate baryon and lepton number (which are not gauge symmetries). The probability of
these decays is, however,

—16a/g? - 167%/esin 26w

€ =€
= e~ 4x1¥7xsin’bw
= e—602.6 = 10—262

if sin? Oy, = 0.35. This gives a deuteron lifetime of the order of 10%%%s = 10?!8 yr. Such an

enormously large number is typical of the results of instanton calculations. It would be interesting
if some of the large numbers in physics owed their origin to considerations of this type.

The methods of the present chapter are in essence non-perturbative; firstly, because a
perturbation around a pure vacuum will never produce an excitation above a vacuum belonging to
a different homotopy class; and secondly, because the semi-classical approximation is also non-
perturbative. This has given a large measure of impetus and excitement to topological methods in
the last few years, because of the knowledge that areas of physics are being explored which are
completely inaccessible to perturbation theory. Some hope is held out, for example, that quark
confinement may be explained by these methods. In any case, a new spectre has opened on the
world, and non-Abelian gauge theories like electroweak theory, QCD and grand unification (and
gravity?) are now seen to have a much richer structure than had hitherto been dreamed of.

Summary

IThe kink solution to the sine-Gordon equation is exhibited. The stability of the kink is due to the
topology of the boundary conditions. %It is shown that in two (or more) space dimensions finite
energy solitons may only exist if there is also a gauge field. The corresponding solution in 2-
dimensional space (or 3-dimensional space with cylindrical symmetry) is a line carrying magnetic
flux, identified with the Abrikosov flux line in superconductivity. Such vortex lines exist when
the gauge group is U(]), but not when it is SU(2). In the case of O(3), there is only one value for
the charge per unit length of the vortex. 3The magnetic monopole is introduced, and Dirac’s
quantisation condition derived. Wu and Yang’s fibre bundle formulation of the Dirac monopole is
briefly outlined. “Certain spontaneously broken non-Abelian gauge theories possess solutions
with magnetic charge, the so-called ’t Hooft—Polyakov monopoles. If the gauge group is G, and
the unbroken subgroup is H, the condition that monopoles exist is that z,(G/H) is non-trivial.
Hence ’t Hooft—Polyakov monopoles do not exist in the Weinberg—Salam model. It is shown how
a gauge transformation relates the Dirac and ’t Hooft-Polyakov monopoles. >The instanton is a
topologically non-trivial solution to the pure (not spontaneously broken) gauge-field equations. It
describes a configuration with energy localised in time as well as in space. Its topological nature
is described. The vacuum is infinitely degenerate, and some physical consequences of this,
depending on quantum tunnelling, are outlined.

Guide to further reading

For comprehensive reviews of solitons in non-linear theories (excluding gauge theories), see



Scott, Chu & McLaughlin (1973), Whitham (1974). For short reviews, see Coleman in Zichichi
(1977), Wick in Zichichi (1978). Early examples of kinks in physics are discussed in Finkelstein
& Misner (1959), Finkelstein (1966). For an example of possible application to elementary
particles, see Faddeev (1976). Quantisation of solitons is discussed by Coleman in Zichichi
(1977) and in Neveu (1977). Vortex lines were first shown to exist in gauge theories by Nielsen
& Olesen (1973). For an application to the Weinberg—Salam model see Nambu (1977). For a
review, see Jaffe & Taubes (1980). Dirac’s paper on magnetic monopoles is Dirac (1931); see
also Wentzel (1966). The Wu-Yang formulation of Dirac’s theory is found in Wu & Yang
(1975). For further developments of the fibre bundle formulation of the Dirac monopole, see
Trautman (1977), Minami (1979), Ryder (1980). Reviews of the Dirac monopole are to be found
in Felsager (1981, ch. 9), Coleman in Zichichi (1983), Goddard & Olive (1978), Craigie, Goddard
& Nahm (1982). The original papers on the ’t Hooft and Polyakov monopoles are: ’t Hooft
(1974), Polyakov (1974, 1976). The topological origin of these monopoles was pointed out by
Arafune, Freund & Goebel (1975), Tyupkin, Fateev & Shvarts (1975), Monastyrskii &
Perelomov (1975). For reviews, see refs. Nambu (1979), Rajaraman (1982), S. Coleman in
Zichichi (1977), Jaffe & Taubes (1980), Coleman (1983), Goddard & Olive (1978), Craigie et al
(1982), Huang (1982). Instantons were discovered by Belavin et al. (1975). Important
developments were made by ’t Hooft (1976, 1978), Jackiw & Rebbi (1976), Callan, Dashen &
Gross (1976). Mathematical aspects of instantons are explored in Jackiw & Rebbi (1977); Atiyah,
et al (1978), Drinfeld & Manin (1978), Atiyah, Hitchin & Singer (1978). General topological
aspects of instantons and monopoles are outlined in Nowakowski & Trautman (1978), Trautman
(1979). Reviews of instantons are to be found in Coleman in Zichichi (1979), Vainshtein et al.
(1982), Crewther & Schroer in Urban (1978). See also Felsager (1981, ch. 5), Rajaraman (1982),
and Huang (1992). A review of the mathematical aspects of instantons is to be found in Drinfeld
& Manin (1980). A very readable introductory account of the differential geometry of gauge
fields, including the topology of monopoles and instantons, is Eguchi, Gilkey & Hanson (1980).

1 It is this property that is crucial in what follows, and so a corresponding analysis could be made for other
field theories with degenerate vacua, for example the @* model with m? < 0 considered in Chapter 8.

2 This is taken from A. Chakrabarti, talks given at Rencontre de Rabat, May 1978 (unpublished). See also
Jackiw & Rebbi (1977).



11
Supersymmetry

This morning I visited the place where the street-cleaners dump the rubbish.
My God, it was beautiful.

Van Gogh, (Letter)

11.1 Introduction

Much of the progress made in understanding the physics of elementary particles has been
achieved through a study of the symmetries they exhibit. As the reader hardly needs
reminding, the very existence of conserved quantities and therefore of valid labels for
particles depends on a Lagrangian possessing a symmetry. The study of Lorentz invariance
and of Abelian and non-Abelian gauge symmetries has been examined in more or less detail
in previous chapters of this book. Flavour symmetries, related to the existence of different
types of quark, have also played a highly important role in the classification of elementary
particles, most famously in Gell-Mann’s ‘Eightfold Way’ postulated in 1961. Flavour
symmetries, however, unlike space—time or gauge symmetries, are only approximate. They
are broken, but the breaking is not ‘spontaneous’ as it is in electroweak theory (see Chapter
5).

A symmetry different from all of these was brought to the attention of the particle
physics community in 1974 by Wess and Zumino, and goes by the name of supersymmetry.
What is remarkable about sypersymmetry is that it ‘mixes’ fermions and bosons. If
supersymmetry were exact there would exist in the world fermions and bosons of the same
mass. We know that in nature this is simply not the case; there is no particle with the same
mass as an electron, but with spin 0 (a ‘selectron’) and there is no particle with mass zero,

1

like the photon but with spin 2 (a ‘photino’). So why bother about supersymmetry? There
are several reasons. First, experience with electroweak theory, for example, has taught us
that there are symmetries in the world which are difficult to discover because they are
spontaneously broken. In the very high energy regime these symmetries become more
manifest. It may possibly be the case that supersymmetry is spontaneously broken —
although there seems at present no great confidence that this is the case. A more potent
reason, perhaps, is the mathematical appeal of supersymmetry. Despite its exasperating
complexity it has an undoubted mathematical fascination and some physicists incline to the
view that God must surely have made use of such an interesting theory. For whatever
reason, the study of supersymmetry (as a global symmetry) and of its local generalisation to
supergravity became a growth industry in the late 1970s and the 1980s, despite the
complete absence of experimental evidence that it was correct. In recent years, however,
some small amount of evidence has presented itself in the form of a grand unification
(GUT) point. Without supersymmetry, the running coupling constants of the strong,
electromagnetic and weak interactions do not meet at a single point, though they become
very similar at around 10'* GeV. If supersymmetry with its attendant radiative corrections
is included, however, the coupling constants actually meet at one point, at an energy of
around 10'® GeV. If this truly is the grand unification energy, the proton lifetime will be
larger than 103 years (its current predicted value based on 10! GeV unification point in a
simple SU(5) model), and no longer in conflict with experiment, which indicates a lifetime
of greater than 103 years.



In this chapter we shall follow the philosophy of the rest of the book, and develop the
theory of supersymmetry in as simple a way as possible, but without further reference to
elementary particle physics. The chapter has a kind of cyclic logic. We begin by studying a
Lagrangian for particles of spins 0 and % and show that this is invariant under
supersymmetry. We then develop some elegant notions of superspace and superfields,
eventually returning to show that our Lagrangian (the Wess—Zumino Lagrangian) may be
obtained rather ‘simply’ (a misnomer — nothing in this subject is simple!) from the chiral
superfield. To begin, however, we must warm up by refreshing our knowledge of Lorentz
transformations, Dirac and Majorana spinors (with four components) and dotted and
undotted Weyl spinors (with two components); for it turns out to be more convenient, in
studying supersymmetry, to cast it in terms of 2-spinors, rather than 4-spinors.

11.2 Lorentz transformations; Dirac, Weyl and Majorana spinors

It will be recalled from Chapter 2 that the Dirac spinor forms a basis state for a
representation of the (homogeneous) Lorentz group. The six generators of the group, Jpy,
obey the commutation relations (2.184). With the Dirac spinor as a basis state the matrix
representation of J,, is obtained from the Dirac y* matrices by defining

=1 rl (1.1

(This is, apart from a factor of 2, the same as equation (2.170).) It is straightforward to
verify that the 4 x 4 matrices (11.1) obey the commutation relations (2.184), and they are
therefore matrix representatives of the Lie algebra of the Lorentz group. The corresponding
group element is

S(A) = exp [%A,,.,Z’”]
= exp {—#hulr". 7'} (11.2)

where A, = — A, are the six parameters of a general Lorentz transformation (three
rotations and three boosts). S(A) act on the basis space ¥{(x) of Dirac 4-spinors

wi(x)
W(x) = u“:g; (11.3)
Ya(x)
so that under Lorentz transformations
P(x) - ¥'(x') = S(A)¥(x). (11.4)

Given that ¥(x) transforms this way, we now work out how ff’(x) transforms under Lorentz
transformations. In the standard representation (2.157) we have (f = Hermitian conjugate)



=90 Y=y, ¥ =i’y =y, (11.5)

hence

-[¥. ¥') (11.6a)
[¥°, ¥]. (11.6b)

Y. ¥1'
[¥° T

From (11.2), separating the indices p, v into timelike and spacelike parts, we have
S = exp {~§(Aly'. v] + 24l ¥}
hence, using (11.6),
$*Y = exp (=x(=A[¥', Y] + 2haly, Y)Y
= Yexp {_ili(—lij[}’i~ Y] = 220", YD)}
= Y05~ (11.7)

Hence recalling the definition (2.113) of ¥ we have, with (11.4) and (11.7),
P =y = (S = WSy = whyisTl = BgT!
or

QP =ys-. (11.8)

@ (ransforms in a different way from ¥ under Lorentz transformations. We may, however,
find a spinor related to ¥ which transforms in the same way as ¥. It is given by

W= CPT (11.9)

where T stands for transpose, so that YT is a column spinor, like ¥ in (11.3); Y is of
course a row spinor. C is a matrix obeying

CYTICc'=-y4 CT=-C. (11.10)

C is called the charge conjugation matrix, and is related to the operator C which converts
particles into antiparticles and which features in the famous CPT theorem.! In view of
(11.10) we have



[ vT' = =T yT] = -C' [y, vIC (11.11)

hence

CS™'T = Clexpirlv", v'1)T
= Cexp {sAulr*, v'17)
= Cexp {—3hC'[¥*. ¥1C}
= exp {—ghal¥*, Y'1}C

= SC (11.12)

and so
P = (CPT) = CPT=C(Ps) =csTPT
=SCPT = §Pe,

v (x) = S¥(x) (11.13)

justifying our claim that ¢ transforms in the same way as . It should be at least intuitively
clear to the reader that, if ¥ describes a particle, ¥ describes the antiparticle. (This
becomes clearer on reading the relevant section on W* in particle physics textbooks.) If a
spin ¥ particle is genuinely neutral, in the sense that it is its own antiparticle (like the
photon is), then we have the condition

W= pr, (11.14)

Spinors obeying this condition are called Majorana spinors. (In recent years there has been
some speculation that neutrinos are Majorana particles; if they were they would carry no
lepton number, since it is lepton number precisely which distinguishes a neutrino (L = 1)
from its antiparticle (L =-1).)

It is useful to consider a particular representation for the Dirac matrices y*. In the Weyl
(or chiral) representation

0 -1 . 0 d 1 0
YO=(—1 0)’ Yl:(-o" 0)’ Ys=(0 -1) (L)

(This differs by an unimportant overall sign from (2.92).) It should be clear that each
‘element’ in (11.15) is actually a 2 x 2 matrix, 1 is the unit matrix, O the null matrix and ¢'
the Pauli matrices (2.50). Putting



o o
P = (_“ 0 ) (11.16)
gives

o* = (d° o) = (-1, d)

. . (11.17)
é* = (8°, &%) = (—1, —a).
We also define
a"6" — o"o" 0
[7“’ Yv] = ( 0 ato¥ - ovau)
_fo* 0
= ( 0 a‘")‘ (11.18)
Equation (11.1) then gives
v_ .o 0
W = .( 0 au")' (11.19)

The interesting property of the Weyl representation is, in view of (11.19), that the
transformation matrix S(A), given by (11.2), assumes a block diagonal form

e~ 1/2mo* 0
S(A) = (e . o2, ",) (11.20)

This means that the two upper and two lower components of W transform independently
and in a different manner under Lorentz transformation. This was seen already in Chapter 2,
but here we shall need to develop the treatment of the two-component Weyl spinors in a
slightly different manner. Before doing this, however, it may be useful to spell out the
equivalence of equations (11.20) and (2.78). Putting

2ephij = Axs
(11.21)
=M
A()l 4 ’

we have



~3h0** = 20 (4 + im),
2 (11.22)

—a,,6" = éa-(l — im),

. 0, _ v . . - LA _0"

which follow from (11.18), which gives (0%,0%) = (—[0', 0’], 20'), (6", 6 ) =
' ]

(-lo', 0'}), —20"). Hence, writing

“
]

exp {%a- (A + im)} (11.23)
and therefore

s =exp {—%a- A+ im)}

s =exp {%m(l - im)}, (11.24)

it follows that equation (11.20) may be written

. s 0
S(A) = (O s_"). (11.25)
In addition
sT'T =exp {éaT (A - im)}. (11.26)
Together with the relation
o*d'Va? = -¢' (11.27)
(11.26) yields
o*s~'Ta? = exp {%a A+ im)} =3 (11.28)

which gives, on taking the complex conjugate,



s™V" = o%s*a?. (11.29)

We see that s™ and s7!" are equivalent representations of the Lorentz group, but s and s are
not. The above relations are simply a repetition of those leading to (2.79), but are included
here to make this chapter more self-contained.

We see, then, that in this Weyl representation we may write the 4-spinor y as two 2-
spinors

Y= (") (11.30)

so that under Lorentz transformations (see (11.25))
x— sy, f—s" 1y (11.31)

(For the present the bar in 7 has no particular meaning, but below we shall see that it stands
for complex conjugate.) From (11.28) and (11.31) we see that under Lorentz
transformations

(i0%x) — io%y’
= io’sy
= s T(io?y),

hence
(i020)T — (io%x)"s ™! (11.32)
which together with (11.31) implies that

(io*x)Tx is Lorentz invariant. (11.33)

Now let us give explicit indices to the spinor y We put

P4
=X = . 11.34
=% (Xz) ( )

Motivated by (11.33) we further put

(§)=x"=(i02x)=(_? 3) (2) (_if) (11.35)

\f



Equation (11.33) can then be re-expressed as

x*x. is Lorentz invariant (11.36)
and (11.35) can clearly by written
X =y (11.37)
with £ playing the role of a ‘metric tensor’, with the values
B 612 =1, l=-1, l=¢2=0. (11.38)
Alternatively, since (11.35) gives y; = -x?, x, = ¥* we may define &, by the equation

Xo = EapxP (11.39)
and it has the values

Eap. €12 = -1, &y = 1, &G =€ = 0. (1140)

The tensors &, and £*B are the inverses of each other
EqptP? = O, (11.41)

as may easily be checked.

This curious ‘discovery’, that the metric tensor in spinor space is antisymmetric has,
particularly for people who are used to doing calculations in general relativity, some
slightly surprising consequences, which call for care when dealing with spinor relations.
For example, the Lorentz invariant expression (11.36) may be written

X% = X0+ P = X0 — nx
= —xx — ux'
= —=XaX® (11.42)

(contrasting with the corresponding relation for vectors A¥A, = A A¥, which holds by virtue
of the symmetry of the space-time metric tensor g,,). The quantity () may be defined by

(0 = X% = €apx®X* = —x'0 + X' = -2'Y
=200 = =200 = €% (11.43)



where the Grassmann nature of the spinor has been taken into account — see, for example,
equation (6.119). In a similar way, if y and n are two different spinors, they obey

M= XN =2 =02 = nx. (11.44)

These are the relations that hold for the 2-spinor y in (11.30). The remaining 2-spinor J
transforms (see (11.31)) differently under the Lorentz group, so it has a different type of
index. We write

. I‘.
h= = (Z,) (11.45)
Analogously to (11.32) we have

(—ia*7)" i is Lorentz invariant (11.46)

SO we put
o0 -1 r‘r‘i)_(’-ﬁi;(fu' .
( I(Tzﬁ)—-(l 0)(’-’2 - - .)_ﬂd' (1147)
and with the relations
Bt = e*Pig, Mo = eapi? (11.48)

we have

€2 = I, el = ~1, ¢l = 2 =0,
(11.49)
g3 =1, &i=1, Ei=¢€5=0

a ap
(so that numerically € P=¢ ﬁ'.) In matrix form

epogbo | 0 1) 02, (11.50)
-1 0
Eap = Eaf = (? '(1)) = —io%. (11.51)

We have, therefore, four types of Weyl spinor: Xa» X% X& and X° 1t is common to refer
to these types as dotted and undotted spinors, which appellation should be self-explanatory.



The relationship between them is not hard to deduce. First of all, from (11.31) we have the
following transformation property of y, under a Lorentz transformation

Xa = Xa = SaP1p. (11.52)
It follows that

¥ - % = 8«;{%
= Eaﬁsﬂyx'/
= sl e 0x

[(i6?)s(—i09))" sx°

= (0*s0%)%sx° (11.53)

and hence, using (11.28),
X = (""", (11.54)

It is then clear (particularly from (11.53)) that y, and »* are the bases of equivalent
representations. Equation (11.31) also gives

o= ("Mt (11.55)
and hence
Xa—Xa= Eaii(s-”)ﬁyffbib
= (0% ""0%),%%5
= s1%% (11.56)

where (11.29) has been used. In addition, comparing (11.52) and (11.56), and (11.54) and
(11.55), we are justified in identifying dotted spinors with the

complex conjugate ofundotted ones:
=) 2= (11.57)

This fulfils the promise made below equation (11.31). It is useful to state the Majorana
condition (11.14) in a form involving 2-spinors, and it is convenient to work with a specific
representation of the matrix C defined in (11.9) and (11.10). In the Weyl representation
(11.15) y° and y? are symmetric while y! and y® are antisymmetric so a matrix satisfying



(11.10) is clearly

C=nyy= nc(_gz ;’2)

-0? 0‘)

(11.58)
C_l = ’7:( 0 02

ki

in which 7 is an arbitrary phase. Putting in spinor indices we have from (11.30)

T _ n°
= (Z*) (11.59)

Hence using (11.58)

cyT = ’c(—ozn ).

+0%%,

from which, choosing n. =i and noting (11.50) and (11.51), we have

C — = ‘iazﬂa — [Ma
lI"-CWT-( io,zd)—(?,,). (11.60)

(In the interest of simplicity there is a slightly loose use of indices in the above; the top two
components should more properly read —ic*n® = &p,M* = ng; though even this is not entirely

satisfactory.) Then the Majorana condition y = yf gives, from (11.59) and (11.60)
x=n (11.61)

hence
W= = (’_‘“). (11.62)
x
In general we may put

W= (’_‘:) (11.63)



giving
P = (’)‘?) (11.64)

and the Majorana condition is then y — y..

Some further relations

It is useful to record some formulae which will be needed later. First, the Lorentz
covariance of the Dirac equation (2.96)

iy3,W(x) = m¥(x) (11.65)
implies
iy, W'(x’) = m¥’'(x'), (11.66)
where
x'"= Ak x", (11.67)

AH, being the matrix of Lorentz transformation coefficients. Together with (11.4) we then
have

X" 5 S(A)YW(x) = mS(A)¥(x) (11.68)

iy*
ox'¥
w = (3x*/3x'")3

where the rule 3 v for covariant vectors has been used. Now (11.67)

implies
(AP x® = (A7 Y A XY = &y x" = xP (11.69)
hence
3xF _avy, (11.70)
Sx'*#

which, inserted into (11.68), gives

iY"(A71)", (A, W(x) = mS(A)W(x) (11.71)



or, on relabelling
iSTIA)Y(AY,S(A)R, W (x) = mP(x). (11.72)
On comparison with (11.65) this gives
Y = (A"H4S7H(A)y"S(A)
which, on being multiplied on the left by A?,, gives
APy = STH(A)YS(A)
or
7° = AP, S(A)Y*STI(A). (11.73)
Note also that the fact that x*x,, is an invariant implies that
AP = (AT, (11.74)

Together with (11.16) and (11.25), equation (11.73) gives

0 a")_Ap s 0 ) 0 o*\(s! 0
(.aﬂ o)~ %o s)ler o (0 st
0 sat's’
= Ap“(s'"bs" 0 )~

i.e.

o = A? sots’,
o 1 } (11.75)

oFf = A",,s'”&“‘s' .

These equations have significance for the indices on the Pauli matrices. Since (see
equations (11.52)—(11.56)) the indices on s and s~! are undotted, while those on s’ and s
are dotted, the indices on o* and * are

o' = ahg, & = o7 (11.76)

In addition we have



gude = g2Petbolyy (11.77)
Equation (11.75) then reads, for example
085 = APusa.Yohi(s"); (11.78)

These equations exhibit the fact that ¢ ‘naturally’ has lower indices and 0* upper ones;
they are related by (11.77). The relation between c* and G* both with lower indices is
obtained by defining

Od,ﬂ = E‘@afﬂp(—"wﬂ

= Ed,oa‘uapfzﬁ

= [(~i0})3"(i0%))sp

= (0%6"0%)4p (11.79)

where (11.50) and (11.51) have been used. It is clear, however, that (see (11.17) and (2.50)
and put ¢* = 6, 6% = 0y, 6> = G,)

0?3°? =3°= 0= 0"
0%20'0? = —0%0'0? = ¢! = o'T
#25%0 = —~d0*o? = —a* =
PP = ~0*a%c* = o = o7
and hence
0%0*0? = o7, (11.80)
Equations (11.79) and (11.80) together give

0% = (0"M)ap = 0%s (11.81)

This is the first relation we were aiming for. This section ends with the derivation of two
completeness relations. The first of them follows by observing that equations (2.99) (with
g" — n*, appropriate to Minkowski space) and (11.16) together give

a’a" + g"d" = 30" + 8’0" = 21 (11.82)

where 1 is the 2 x 2 unit matrix. Taking the trace of this equation gives



Tr(o*3" + 0'a%) = 4", (11.83)

On the other hand, in view of (11.80),

Tr(0"8*) = Tr(0"0*c*d?)
= Tr(d*0"0*o*)
= Tr(3"0%)
= Tr(o*").

hence (11.83) gives
Tr(0"5") = 0%30™P = 2. (11.84)

This is the first completeness relation. The second one follows from the fact that for any
2x2 matrix A the relation

A = XTrA)l + 3Tr(d'A)d’ (11.85)

holds; here 1 refers to the 2x2 unit matrix and summation over i is implied. It is a simple
matter to verify (11.85), which we shall now express in different form. First note that from
equations (11.17) and using our metric convention

Ny = diag (1, -1, -1, 1) we have

renmcfy O omnecfy O

- (11.86)

02=—02=(: —(;), 62=—62=—(9 _i)

10y - 1 0
03=-O3= 0 _l), 0'3=—03=—(0 _1)v

It follows that



%P A, 60i'A1i + 6“22A22

= =(A + An)
=-TrA
and therefore that
(Tr A)1 = 0g3%P A g, (11.87)
On the other hand
Tr(o'A) = —6’”"‘40,,; (11.88)
(for example, = 1 gives

—G%IA,, = —(= Ay — Ap) = Az. + Az = Tr(o'A)

, SO

o' Tr(0'A) = —0'3"*°A,,
0,6'°A,, (11.89)

Using equations (11.87) and (11.89), (11.85) may then be written

AP" = %0’0‘,06'0&544‘;« + %OmaaidﬂAM
= 10,,50"P A 4 (11.90)

from which it follows, since A is an arbitrary matrix, that
0,000™ P = 26054 (11.91)
This is the second completeness relation we wanted.

11.3. Simple Lagrangian model
Having completed the mathematical preliminaries we are now in a position to consider the
topic of supersymmetry proper. As has already been mentioned, supersymmetry is a

symmetry between bosons and fermions and the obvious way to display the symmetry is to
write a Lagrangian containing Fermi and Bose fields. Such a Lagrangian is

£ = 33,A) + ¥3,B)? + Wiy ¥, W. (11.92)

where A and B are scalar fields and W is a Major ana spinor field. This is the (simplified)



Wess—Zumino model. The aim of this section is to show that, with some important
reservations and qualifications, L is effectively invariant under transformations which mix
Et_ls scalar and spinor fields. In distinction with the notation in equation (4.41) the symbol

9 above is (for convenience) defined to be
[ -t -
3=3-a. (11.93)

By defining the complex scalar field ¢ by

p=A—1B (11.94)

V2

equation (11.92) may equivalently be written

€ = (3,0)(3"¢") + %Wy“syq’. (11.95)

The supersymmetry transformations, mixing A, B and y by means of a parameter e which is
a Major ana spinor, are

0A =&V,

5B =iz’ W,

W = —iy"e(d,A) + Y"¥’£(3,B).
8 = iey"(3,A) - &Y' y*(3,B).

' (11.96)

What we shall find is that L is not actually invariant under (11.96), but changes by a total
divergence. Hence the action derived from £ is invariant.

First we need some general formulae. Using the definition (11.93) we have, for some
fields a and b

&adb) = da(3b) + ad(3b) — &(3a)b — (3a)db (11.97)

where we have used the fact that §(da) = Q'6a) since x* is unaffected by the changes J in
(11.96) — we are dealing with global supersymmetry. In addition we have

3[adb — (8a)b] = (3a)db + ad(db) — &3a)b — (6a)db.  (11.98)
Subtracting (11.98) from (11.97) gives

8(adb) — 3[adb — (6a)b] = 2[8a(3b) — 3a(db)]



hence

&adb) = 2[8a(3b) — 3a(8b)) + total divergence.

(11.99)

Next, if & and ) are Majorana spinors (=& n° = 1) then using (11.9) and (11.14)

Ey'n = Er'nf = EyCi
= Ef(yo}"‘Cym),-,-q}‘
= E'qp(Y" v CY),;
=& M;;.

Now, since & and 1 are Grassmann quantities,
gl = —-nt&t.

On the other hand, the matrix M appearing in (11.100) is symmetric

MT = (Y CYT)T = Y CT#Ty T
- —pCrry
=y CcyT = M.

Equation (11.100) then gives
E‘/"ﬂ = 5.“'771".,' = "I,’éfMu
= -'-TYME’
ie.
Ey*n = —py*& (Majorana spinors).

Now under (11.96)

83(3,A4) + ¥3,B)*) = (3,A)43*A) + (3,B)X3"B)
= 2[(3,A) + i(3,B)Y’]B*¥.

On the other hand, using (11.99) and (11.103), we see that

(11.100)

(11.101)

(11.102)

(11.103)

(11.104)



HiPy*3, W) = 2i[6Py*(3,¥) - (3, F)y*6W) + total div
= 4i6Py4(3, W) + total div. (11.105)

Hence, using (11.96)

o(iwy#é':) = i6Py*3, W + total div

= ifiy’3,A — Y’¥°3,B]y*3, ¥ + total div
= {- 77" (3,4)(3,¥) — ir’ ¥’r*(3,B)(3,¥)] + total div.
(11.106)

Now the matrix y”/" in the above may be replaced by »**, since (in the first term, for
example), although the fields A and y differ, we have

(BpA)B, W) = 3,3,(AW) — (3,3,A)W — 3,(Ad,¥)
= —(3,3,A)¥ + total div

which of course is symmetric in the indices p and p. Hence »*»* may be replaced by

#y%, v} =

Equation (11.106) then gives
15(% Pyr3, w) = §—(3"A) — iY’(3"B))3, ¥ + total div.  (11.107)
Combined with (11.104) this gives
1 2 1 2 i = é" _ .
5 E(a,,A) + 5(a,,liz) + ;lI’y“ L ¥| = total div (11.108)
which implies that the action
S = f&d‘x.

derived from (11.92) is invariant under the supersymmetry transformations (11.96),
although the Lagrangian itself is not invariant.

It will be useful, for later purposes, to have the Lagrangian (11.92) displayed in terms of
2-spinors rather than the 4-spinor y. Putting (recall that y is a Majorana spinor)



W= ('i".*) (11.109)

then (using (11.15))
V= (gay®), V=-w = (yy,) (11.110)

SO

— _ - 0 o‘c‘rﬁ 3,4'#/3
Yy, W = (Y y,) (5,mﬁ 0 ) (8,,17/’
= (VoL@ + 90", up). (11.111)

On relabelling indices and noting that d“4F = oA this gives (using the
anticommuting property of the spinors)

Py, W = ol (v 3,9* — (3,9")V). (11.112)
Similarly
@, P)WY = oslBuv )V — ¥ 3,9 (11.113)

SO

PR - GP)PY] = Soklva, i ~ G
- ‘io:a[‘jﬁa,,w" - G M)¥]. (11.114)
Hence the Lagrangian (11.95) can be written as
£ = (0,0)39") + otV By (11.115)

The first task has been accomplished: to write down a Lagrangian containing scalar and
spinor fields whose action is invariant under transformations which convert the one type of
field into the other (bosons «» fermion).

Let us now stand back and ask a deeper question. Consider the case of Lorentz
invariance — or, even more simply, rotation invariance. All Lagrangians should of course be
Lorentz invariant (and therefore automatically rotation invariant). The Lorentz
transformation (together with rotations) form a group and the Lagrangian (and the action)



should therefore be an invariant -a scalar — under this group. This means that the various
fields participating -scalar, spinor, vector, and so on — should transform as representations
(usually irreducible representations) of the group. This means that, for example, if a

1 1 1

Lagrangian contained the spin up (J, = 2) but not the spin down (J, — 2) field for a spin 2

particle, rotation invariance would be broken, since a rotation (about the x or y axes) can
1 1

transform a state with J, = 2 into one with J, = —2. In other words, rotation — or more

generally, Lorentz — invariance demands that all the relevant fields required by Lorentz

invariance are present in the Lagrangian.

Now a similar question must be addressed for supersymmetry. Supersym-metric
transformations are additional to Lorentz transformations and we expect that in some
general sense they form a group; that is to say, that they form a closed set of operations
under the relevant combination. We must find the structure of this group and must check to
see whether the fields represented in the Lagrangian above do actually represent a ‘basis
state’ for the representation of the supersymmetry. In fact it turns out that they do not: two
scalar fields (‘auxiliary fields’) have to be added. And to put this whole investigation on a
proper footing we must find the generators of the supersymmetry transformations and write
down the algebra of these generators, as a generalisation of the algebra of the generators of
the Poincare group, shown in equations (2.184), (2.186), (2.187) above. These questions
will occupy us until §11.5. At this point, however, it is convenient to digress and derive the
so-called Fierz rearrangement formulae, which will be needed subsequently.

Digression: Fierz rearrangement formula

The Fierz rearrangement formula is based on a theorem involving Dirac matrices. There are
16 4 x 4 matrices forming a so-called Clifford algebra, which we denote ¥

yh = {1, Py 3= iy, if}. (11.116)

by |
(The factor of i is aresent to make YY" ¥ Hermitian.) The inverses of these matrices are
denoted YA* (f)?’ Ya= ’, o)

Ya = {L Yu =¥u¥ s Zpn —ir' ). (11.117)

There is a ‘fundamental theorem’ according to which if y* and y* both obey {y¥, y*} =
27, then there exists a non-singular matrix S such that y# = Sy¥*S™!. At one stage in the
proof of this theorem (see, for example, Good 1955) it is shown that if y, and y/, are any

two sets of Dirac matrices, then y/,S = Sy, with

16
S= ysFy®? (11.118)
B=1

where F is any 4 x 4 matrix. If we specialise to the case y, = ¥/, then S is a multiple of the
unit matrix S = k1 and



SysFy® = kL. (11.119)
B

Since F is any 4 x 4 matrix we can consider the 16 separate cases in which F has a 1 in one
entry and zeros elsewhere, so put Fj; = 3,6y, Equation (11.119) is

EB:(YB)A)‘F;%(YB)M = kéy

which then becomes

E(YB)ij(sjm‘skn(YB)kl = koby
B
or

Z(Yﬂ)im(yu)n! = kmnéil (1l~120)
B

where, in the last line, k has been denoted k,,,. Now put i = 1 and sum over i:
B -
2(7 YB)nm - 4kmn
B

160, = 4Ky = K = 48pmn
so equation (11.120) becomes

16
S VaimY e = 40,04 (11.121)
A=1

This is the key identity on which the Fierz rearrangement formulae are based. The formulae
we need are obtained by multiplying (11.121) by y,w; where y and y are two 4-spinors

which in addition are Grassmann quantities:

S ¥ aim(Xn Y 21¥1) = 88,0 0 X W1
A

= 4Xn| Y.
The quantity in brackets is a number which we denote (xTyy),

SETA¥)Vaim

A

_4wiXm

= —4(¥x")im



where (yy7) is an ‘outer product’ (a 4 x 4 matrix). Hence this product is given by

T = - > Wra (11.122)
A

Now put y = &5, x' = £ perform the sum over A using (11.116) and (11.117), giving

&) = —3[E e, + §Y'ey, — 5'1)""7;52)’;‘7; + 28, 3,5, + BV EY)
(11.123)

- L S2y = sy
where the coefficient 2 occurs because of double counting in this term 12 = 21
ect. This equation is the Fierz rearrangement formula. In the applications below, ¢; and &,

are Majorana spinors, so it is also useful to summarise here the ‘Majorana flip’ properties of
the various bilinear expressions involving Majorana spinors. They are generalisations of
equation (11.103) and are derived in exactly the same way, so it is sufficient to quote the
results:

M=y"rCPT =M" ' = —fivs,
M=yCYy"T = -MT ke = bs,,
M=y2"Cy¥T = MT 53" = -2, ! (11.124)
M=YPCYT=-MT 878 =878,

M =Yy CY = -MT: ar'v’e = aiv'v'e; |

(£y, £, Majorana spinors).

11.4 Simple Lagrangian model (cont.): closure of commutation relations
We must now check, as explained at the end of the previous section, that the
supersymmetry (SS) transformations (11.96) close among themselves, and therefore form a
‘group’. (We shall find, in fact, that they don’t; and ‘group’ is put in inverted commas
because some of the relations between the generators will involve anticommutators, instead
of commutators. This will become clear below.) Under (11.96), denoting by J; the relevant
field variation corresponding to the Majorana spinor g,

61A = El'}’,
6] B = iélys'l’, (11.125)
S W = —iye,(3,A) + Y'Y’ £,(3,B).

Hence, performing two variations it follows that



6 0A = (W) = &6,
= &[~ir’a(3,A) + ¥*Y’£1(3,B)); (11.126)

hence

(01, 82]A = =i(&:7°€, = E17°€2)3,A + (82V°Y '€, — E1Y°YV €2)3,B
= —2iE,yE3,A (11.127)

where (11.124) has been used. Similarly
816,B = &(it,Y° W)
= B[r’r"&(3,4) — iY"s1(3,B)]

and
[81, 83) B = —2i&,y7€,3, B. (11.128)

Equations (11.127) and (11.128) are translations in space (whose generator is of course
op): the commutator of two SS transformations operating on the fields A and B is a
translation. We must now see whether this is also true of the y field. We have

5,86 = 8i(—iy*e;8,A + Y'Y £,3,B)

= —iv’ 6,0, (B W) + Y'Y 63,(iE1 v’ W)
—i7°6,83,¥ + i’V 026, Y°3,¥. (11.129)

(Note again that & and &, are constant spinors; SS is a global symmetry.) Hence

(81, )W = —iv(628) — €,8:)3,¥ + iV (628 — £182)Y°3, ¥
= —iy? {68 — 88 - V(828 — 68)7°)3, Y. (11.130)
Now from (11.123) and (11.124)
628 — 18 = —;fl}’pfz)'p - 5283,
hence

Y628, — €18)y = ;.5'1)‘"52}’;: - 5262,



and
gt — a& — v (ad - a8y’ = —Hy'ay, (11.131)
so that (11.130) becomes
(61, &)W = iv'e vPery,9, ¥

= iél YPEZY”Ypau v
= —i&y,67'7°3, ¥ (11.132)

where (11.124) has been used, together with the fact that (&Y€) number, which
therefore commutes with . Now we have, from (2.99),

YYP =20 = ¥y
which, when substituted into (11.132), gives

[61, 81W = =2ig, 16,0, W + ity 17,73, . (11.133)

Comparing this with equations (11.127) and (11.128) we see that the first term on the right-
hand side is the expected one, representing a translation, but the second term is undesirable;
it vanishes only if the classical equation of motion, ¥4,y = 0, holds, which, of course, in

general does not happen. (In the context of the path integral formalism, for example, the
fields over all paths contribute to the action, but only those on the classical (A — 0) path
obey the equation of motion.) To eliminate the last term in (11.133), we enlarge the
definition of Sy (equation (11.91)) to

W = —iy’e(3,A) + Y'Y e(3,B) — ¢F — iv’eG (11.134)
where F and G are new fields. Together with the additional relations

OF = izy*d, ¥,

(11.135)
8G = —ey’ 3, W,

we claim that [§;, 6,]A and [8;, 8,]1B are unchanged and that [6;, 8]y loses the undesirable
second term in (11.133). Let us first justify these claims. From (11.125) and (11.134)

86,A = 8,(5;, W) = (11.126) + &[—& F — iy’ e,G)

hence



(61, 2]A4 = (11.127) — (&6, — &16)F — i(827°€) — &V’ €2)G
= (11.127) (unchanged) (11.136)

where (11.124) has been used. Similarly
[8,, 8] B = (11.128) (unchanged). (11.137)

Finally, from equations (11.134) and (11.135),
6,6,¥ = (11.129) — £,6,F — iY’,6,G
= (11.129) — i, Y3, ¥ + iv’ 6,6, 8, ¥
s0
[61, 5,]¥ = (11.133) - i[e28) — 618, — V(628 — 1&)Y° |73, ¥
= (11.133) - i(—& Y"&27,)773, ¥
(on using (11.131))
= (11.133) — i& 761y, Y*3,¥

(on using (11.124))
= —2i&, 63, W, (11.138)

which is a pure translation, as claimed. This result has, however, been achieved at the price
of introducing two new fields, F and G, into the theory. We must now check that [d;, J,]F

and [J;, 8,]G have the same desired form of being translations only. We have, from
(11.135)
62F = lé‘gy"aplﬂ
so, from (11.134),
818, F = i&yy°3,[-iv'e1(3,A) + Y'Y’ £,(3,B) — &1F - iv’¢,G])
= LY 6 (8,9,4) + B Y'Y E1(3,3,B)
- i57°61(8,F) + £,Y°7°£1(3,G)
= éz&']DA + iE’-_»y5£|CIB - if:'z‘)‘pl:'l(ap’:) + ézy"rsel(apG).

Hence, from (11.124)



(81, &]F = =2i&,y°6,3,F (11.139)

which is exactly of the desired form. In a similar way we find
6,6,G = iézy"’ell:lA - &60B + tzysy"s,(apF) - il‘z)’pﬁ(apc)

and hence
[61. 6216 = -2i£‘2y”818,,0, (11140)

which is, again, of the desired form.
Because of the extra term in dy, however (equation (11.134)), the Lagrangian (11.92)
will not now be invariant up to divergence terms, since extra terms will come from

3(wy"o,y). We shall find, however, that these terms are exactly cancelled by adding to X4
terms in F? and G? (which are in any case required). Let us write (11.134) as

Oexrs W = 6, W = —¢F — nﬁec} |
(11.141)

0P = —&F — izy°G.

Then, from (11.106),

ae,(}‘ Py+3, w) = i(8ex P) Y43, ¥) + total div

—igy*(3,W)F + ey°*y*(3,W)G + total div. (11.142)
Further, from (11.135)
(3F? + 3G?) = FOF + GOG = iey"(3,¥)F - ey’ v*(3,¥)G (11.143)
which cancels (11.142) (apart from the total divergence). It follows finally that the action
S = j (33,A) + §(3,B)? + iTy*5,w + 1F? + 167 d%
= [-‘fod“x (11.144)

is invariant under the supersymmetry transformations



OB =izy° W
OF =iey’3,¥
= — pad

6G = —&y’yP3,¥

9 — . - 5

W = —iyPe(3,A) + Y'v e(3,B) — ¢F — iy’eG

oW =igy?(3,A) — &y y*(3,B) — éF - i&y°G (11.145)
and that this set of fields A, B, F, G, y is closed under repeated supersymmetry
transformations — in some sense (to be made clearer below) it forms the basis for an
irreducible representation of the supersymmetry. In this connection it is interesting to note
that the number of boson degrees of freedom (4) is equal to the number of fermionic
degrees of freedom (the four real components of a Majorana spinor). This is characteristic
of SS theories. It will be useful for later purposes to see the action (11.144) written in

slightly different notation. Defining the complex field @ by equation (11.94), the complex
field H by

=F+iG

V2

and transcribing the 4-spinor term as a 2-spinor term, as in equation (11.114), gives

H

S = f [(a,,¢)(aﬂ¢*) + %agd(@déjw) + H‘H]d“x. (11.146)

From the action (11.144) we may read off the dimensions of the various fields:

Al=(B) = L
(¥ = L
(A=(G)= L7

The fields A, B and y have canonical dimensions, but F and G do not. Moreover F and G
have no kinetic energy terms and are uncoupled to the other fields. They are ‘auxiliary’
fields — but are nevertheless necessary for the full realisation of supersymmetry. More will
be said about them below.

Mass term

All the fields in (11.144) are massless, but a mass term may be added to L,, which preserves
supersymmetry. It is

% =GPY + AF + BG)m. (11.147)



Under (11.145)

1
m

0L

= HOPYW + ;P (8W) + (OA)F + A(6F) + (6B)G + B(6G)
= HieyPW(3,A) + eyy’W(3,B) — ¢WF — izy’WG
(1) 2 (3 4)
- iPye(3,A) + Py'y’e(3,B) — WeF — iPy’eG)
(%) (6) @) (8)
+ EWF + igy*(3,W)A + ey’ WG + &y*y*(3,W)B.
9) (10) (11) (12)

Terms (3), (7) and (9) cancel, by virtue of (11.124), as do terms (4), (8) and (11). Terms (1)
and (5) add together, as do terms (2) and (6) and the result is

1o, = 3,(ity" WA + &’y WB)
m

= total divergence (11.148)

so the action is invariant.
The auxiliary fields F and G may be eliminated from the total Lagrangian

L = Ly(11.144) + £,,(11.147) (11.149)

by using the Euler-Lagrange equations of motion for them. We have

hence

Similarly

giving

O p g
33, F)

=—-mA. (11.150)

G=-mB (11.151)



2 2
¢ = §3,A4) - -"2’—/42 - ¥3,B)* - "'732

+ i'T’y“é: W+ %lﬁw
= (3,)(3"¢*) — m*¢p*¢

+i'f’y“é_;!lf+ %trnp. (11.152)

This describes two scalar fields (or equivalently one complex scalar field) and a spinor
field, each with mass m. It should perhaps be repeated that because we have used the
equation of motion the supersymmetry is not fully realised on this set of fields: to state this
in language which will be explained in the next section, the supersymmetry algebra does
not close on this set of fields. It therefore follows that we have only an on mass-shell
realisation of supersymmetry.

It is nevertheless highly interesting, from the physical point of view, that it is possible to
construct a theory which is symmetric betweeen bosons and fermions. It seems a pity that
nature does not seem to have taken advantage of this — it is manifestly clear that the
observed bosons and fermions in the world do not come in degenerate families. The fact
that, among the community of mathematical physicists, supersymmetry has had such a high
profile for such a long time is due partly to the belief that nature might, after all, in a rather
subtle way, have made use of this symmetry; and partly because a rather elegant (or at least,
rather more elegant than the above) mathematical version of supersymmetry has been
devised, in the shape of superspace and superfields. We shall treat these in §§ 11.6 and
11.7. In the next section we shall turn to the completion of a task hinted at in this section;
the revelation of a group-like structure responsible for supersymmetry.

11.5 Towards a super-Poincaré algebra

The transformations (11.145) above form a ‘generalised group’; that is to say, they are
expressible in terms of generators which form a closed algebra — a generalised Lie algebra.
We shall in this section investigate this generalised algebra.

We begin by stating some basic facts about the rotation group and its role in physics.
(Some of the following formulae will be found in Chapter 2 above.) A field y with a
definite spin s forms the basis states for a (2s + 1) dimensional representation of SU(2).
Under a rotation described by the three angles 6, 6, and 6, = (6, 6,, 6;) the field

components mix according to

v — ey (11.153)

(summation over n implied) where the three matrices J, are (2s + 1) x (2s + 1) matrices

which obey the Lie algebra of SU(2) given by equation (2.178). The J,, could be one half of

the Pauli matrices (see (2.62)), in which case v is a 2-dimensional representation of SU(2),
1

corresponding to a spin 2 state. A spin 1 state has three components and in this case J, are 3
x 3 matrices obeying the same commutation relations. The infinitesimal form of (11.153) is



y—(1+ iOanW'
oy =1i6,J,y. (11.154)

The quantities g, are the parameters of the transformation (in this case, angles) and the J,
are (matrix representations of) generators of the group. The commutation relations

[is J}) = ieudi (11.155)

which they obey are called the Lie algebra of the group.
Performing two infinitesimal rotations yields

Sy =100y, Sy =105,y

and hence
[81, 82)W = —i€nmpOnOmIp ¥ (11.156)
where (11.155) has been used.We may write this in the form
(81, 8] (field) = (=i€pmp On0%)], (field) (11.157)
or, as an operator equation
[81, 82] = (—i€mpOnOo)J,. (11.158)

On the right-hand side the quantity in brackets is a quadratic expression in the parameters
(angles) of the transformations, and J, is a generator. It is instructive to compare this with

equations (11.127), (11.128), (11.138), (11.139), (11.140) above, which are all of the form

(81, &] (field) = —2iz,y¢,3,(field)
28,75, P(field) (11.159)

where P, = -0, is the generator of translations, or, as an operator equation
(61, 62] = (2&2¢"€)) P,. (11.160)

This is of the same form as (11.158): the commutator of two supersymmetry
transformations is a quadratic expression in the parameters — in this case, Majorana spinors

e — multiplied by a generator — in this case P, However, P, is a generator of translations,

which is one of the generators of the Poincare group. The Lie algebra of the Poincare group
is given by equations (2.184), (2.186) and (2.187). This is interesting and naturally gives
rise to some questions. First, although the parameters of supersymmetry transformations



are the Majorana spinors e, we have not so far talked about the generators of these
transformations: that must be remedied. Secondly, whatever these generators are, the
(generalised) Lie algebra which they obey will be expected to involve, in view of equation
(11.160), the generators Pu of the Poincare group. In other words, supersymmetry
transformations by themselves do not form a group, but form an extension of the Poincare
group. It is this extension which we want to discover.

The generators of supersymmetry transformations, denoted Q, are easily introduced by
writing, in analogy with (11.154), an infinitesimal transformation

&field) = i(e4Q,)(field). (11.161)

Here & are the parameters of the transformation and Q, the generators. They are both
Grassmann quantities (Majorana spinors). We put

A n® - Q“!
£ (ﬁﬂ)’ Qa (Qﬂ), (11.162)

a . :
where " » Qas ﬂﬂ and oﬁ are Weyl 2-spinors. Then equation (11.161), as an operator
equation, is

& =i Qa4 + Mmp0P) = i(nQ + 7Q) (11.163)

and hence



[61, 8] = ~[15Q4 + 30", N5Q. + 1p0”
= —[nfQa18Qs + Ms0Pn3 Qe
1 (2
+ 15 QasQ? + 0, O 0
3) 4)
- nfQpnQu — 15 Qa;0*
) (6)
- fhﬁéﬂqua - ffzﬂéﬂfhyoyl
) 8)
= 30,0 — 180pQunt + ;0 0Pig
M (5) 4)
— M30PQ My + Mp0P Q.3 — 15 0. 0%
(8) (2) (6)
+ 0§ Qa0PMp — Mmp0PQunt
3) )]

== ng[QaQﬂ + QﬁQa]'ﬁ - ﬁzﬂ[Q’Qﬂ + Qﬁayl'-’lr
(1,9 4.8)

~ n3(0°Q. + 0.0%1p + 1T[Q.0% + 0PQ.1p  (11.164)
(2,6) 3,7

The labelling of terms in the above was done solely to enable the reader to see where they
come from. Also, in the manipulations above the equations

{n, @} =0, n"Qy = —naQ° (11.165)

have been used.
The commutator (11.164) is to be compared with (11.160), but in order to make the
comparison we have to express the 4-spinors ¢ and £ in terms of 2-spinors. We have

{ @

“(ga)' E =@ n). E=(n #)  (11.166)

A

£

SO



0 0P\ inf
By°e = (M 1) (c‘rﬁ,; 0 Hf?xlﬁ)

= 1ha0? iy + N30550°
-n?oﬂ‘*ﬁm + 7P oh* s (11.167)

where (11.81) and (11.165) have been used. Substituting (11.167) into (11.160) gives
(812 &] = =030 P,)p + 1205 Py)ip (11.168)

which on comparison with (11.164) gives the following relations for the generators Q of
supersymmetry

{Qav Qﬂ} =0, {Qd’ Qﬂ} = 0»

- (11.169a,b,c)
{Qoa. Qﬂ} = 20";[;}’”.

(In the last relation the index S has been lowered.) The important point to note is that
(because of the Grassmann nature of these generators) these relations involve
anticommutators rather than commutators. The occurrence of anticommutators means that
the generalisation of the Poincare algebra (which we shall arrive at below) involves
anticommutators as well as commutators.

Before deriving this algebra, let us express the relation (11.169) in different notation.
First, let us raise the indices on (11.169c). (It should be obvious that the other relations
remain the same with raised and lowered indices.) We have

(0°, Q) = e*PeP4{ 0y, Q)
= 28°ﬁt’Ba0‘"3¢P‘,
=20"#p,
{Q, 0%} =20"p,, (11.170)

Now let us write these relations in 4-spinor notation. Defining the Majorana spinor Q, as in
(11.162) we have (cf. (11.166))

Qa

Q4= (Qa)v QA = (0 Ga)~ (11.171)

Then



oo (83 8

ﬁ _.
Qa0p + 0504 = (Eg:: g"i Eg:: gg;)

O a”.
=2(c-,,mp Sﬂ)‘”ﬂ

or

{Qa, 05} = 2vhsP, (11.172)
when (11.169), (11.170) and (11.16) have been used. From (11.172) it follows that

{Qa: @) = —2(r*C)as Py (11.173)

To prove this, note that since Q is a Majorana spinor
T
Qs = (CQ)p = CpsQ4-
Multiplying by Cpp
=(C? T _ T
CpsQs = (C*)paQa = n0p
where ) = +1, since C2 = +1. Hence

Q5 = nCspQp.

Substituting this in (11.172) gives

NQaCspQp + Csp0QpQ4) = 2Y4sP,
1{Qa, @p}Csp = 2Y'4sP, (11.174)

since Cpgp is just a number. C, however, is antisymmetric (see (11.10)) so (11.174) is

7{Qa, Op}Cps = —2Y4sP,

which on multiplying by Cgr becomes
m{Qa» Qo}(C?)pr = —2v4sCarP,

which, since C? = nand n? = 1 gives



{Qa, QF) = =2(¥*C) as P,

which is equation (11.173).

To complete the super-Poincaré algebra we need to know the commutation relations of
the Q% and J,, and P,. These are not hard to find. To begin with J,,, note that since an
angular momentum operator in field theory is given by an expression of the form

J= [y (sux)
then by using the anticommutation relations (4.51) it follows that

[J, w(x)] = —sy(x).

For the spinor representation of the homogeneous Lorentz group we have (cf. (11.19))

_s {0 0
J"V zpv l( 0 6uv)

and so for the Weyl spinor y
["uv- V"a] = -i(auv)aﬁwﬂ

with (see (11.18))

(0m)e® = ¥(0,0* 0,6° — 0va® 5,4°) (11.175)

It follows that
[Jyv' Qa] = —i(auv)dﬂQﬂ (11176)
[Vvr O] = =i(Our)s” Op- (11.177)

There remains only the commutation relation of Q, with P, which is
[Py Qo] = 0. (11.178)
To see this, suppose that
[Qas P.) = €(0,)50* (11.179)

(which is all it reasonably could be), where e is some number. Taking the complex

+
conjugate and noting that Oy =0y gives



[Das Pu] = €*(03)4pQ"
€*(0,)54 Q7. (11.180)

Now use the Jacobi identity

The second term vanishes, in view of (2.186). Then substituting (11.179) and (11.180)
gives

Since (11.182) is an identity, the only solution is e = 0; hence (11.178) follows. The super-
Poincaré algebra now follows from equations (2.184), (2.186), (2.187), (11.169), (11.170),
(11.176), (11.177) and (11.178):

A structure like the above is called a graded Lie algebra, since it contains anticommutators
as well as commutators.

It is instructive to check the consistency of the relations (11.183) by confirming that the
Jacobi identity (for a graded algebra)

is satisfied.From (11.183) (v), (ii) the left-hand side (L.h.s.) is

From (11.183) (viii), (ix), (v) we have

where (11.81) and (11.18) have been used. On the other hand, using (11.81),

so we have

Now the matrices o, and Image, obey

as is most easily seen by checking individual cases. Substituting (11.187) into (11.186)
gives



which is the same as the left-hand side, equation (11.185). The Jacobi identity (11.184) is
therefore verified.

This is a suitable place to mention that an interesting generalisation of supersymmetry
exists in which an additional index appears on the generators Q,, so they become Q,* with

A=1,2,...,N.Equation (11.183 (v)) then becomes

The algebra with N = 1 is called the supersymmetry algebra, while those with N > 1 are
called extended supersymmetry algebras. These extended supersymmetries have been
investigated in detail in the literature, but no more will be said about them here.

Now that a satisfactory formulation of the supersymmetry algebra has been obtained,

with generators J,,,, P, Q, and , the following question might, to a suitably attuned
mind, suggest itself. Since the momentum operator P, is the generator of translations in co-
ordinate space P, = —id/0x¥, is it possible to define ‘coordinates’ ¢* and ¢ such that

Since Q, and are Grassmannian quantities, 6* and 6mage Will also have to be

Grassmannian co-ordinates. This leads to the notion of ‘superspace’ which will be
developed in the next section. The formulation of the idea of superspace and the closely
related notion of superfields allows for a surprisingly ‘neat’ recasting of the whole theory of
supersymmetry. This will be our task for the remainder of this chapter.

11.6 Superspace

Let us ‘enlarge’ space—time by adding to the co-ordinates x* the Grassmannian quantities 6*
and , so that ‘superspace’ has co-ordinates

that is, eight co-ordinates, with four bosonic and four fermionic. Then, just as a general
Poincare transformation can be expressed as a product of a homogeneous Lorentz
transformation L (the set of which form a subgroup of the Poincare group) and a translation
(the set of which forms a coset manifold with respect to L),

(corresponding to translation through a distance a, and a Lorentz transformation with the
six parameters ®,,,), so in the case of super-Poincaré transformations, we may decompose
any element into the product (subscript L = left)

where the finite supertranslation is



Then, just as Py, are the generators of ordinary translations, Q, and are the generators
of supertranslations. For ordinary translations we have the composition law (x - P = x*P,)

since [P, P,] = 0; a translation through a distance x* followed by a translation through y* is

the same as one translation through (x + y)*. Let us investigate the effect of combining a
supertranslation

with the super-Poincaré group element

Using the Baker-Campbell-Hausdorff formula

and the super-Poincaré algebra (11.183), we have

(Higher order terms will not occur, as a moment’s thought will verify.) Bearing in mind the
crucial relation (11.144) we have

Similarly

The right-hand side of (11.197) is then

so, writing (see (11.195))

we have

These are the effects of translations in superspace; the interesting thing is that translations



in the fermionic co-ordinates necessarily entail translation in the usual space-time co-
ordinates.

The idea of superspace was motivated by posing the question that since P, = -ig,, is the
operator for translations in ‘ordinary’ space, might it not be possible to write Q, = —9/06°,
where @ is some Grassmann-like co-ordinate. So far we have been able to introduce
superspace in a relatively trouble-free manner, but inspection of equation (11.204) will tell
us that Q, is not simply -id,; for, if it were, translations in ordinary space would be
unaffected by those in superspace. It is easiest to see this by giving the correct formula for

Q, and then showing that it gives rise to (11.204). The formulae for Q, and are
where are left derivatives.

If fis a function of superspace variables, f(z) = f(x*, 6, ), translations in superspace
gives

or, in infinitesimal form,

We must now check that (11.207) yields (11.204), with Q, and defined as in
(11.205). First put f = 6. Then (11.207) gives

as desired. Similarly, with f= ,

again as desired. Finally, with f= x¥*,

which agrees with (11.204).
We should check finally that the expressions (11.205) are compatible with (11.183(V)).
Note that lowering the index on Q in (11.205) gives

The minus sign in the first term is characteristic when lowering (or raising) the index on a
spinor derivative: i.e.

see equation (11 A. 10) in the appendix. Then



Now

Terms (2) and (4) above give, acting on (say) 6",

where the minus sign in the second line occurs because J, is a left derivative (see (6.121a)).
This is to say that we have the identity

for the left derivative. Similarly, terms (1) and (5) give

where an identity analogous to (11.216) has been used. Terms (11.215) and (11.217) are the
same. Finally terms (3) and (6) give

Pulling all this together gives

which agrees with (11.183(v)).

Now that we have introduced superspace, we introduce fields defined on this space,
unsurprisingly called superfields. This will be the final leg of our journey. The aim will be
to exhibit a superfield which has just the same components as those in the simple
Lagrangian model above — the so-called Wess—Zumino Lagrangian. In principle the way
ahead is easy, but, as is always the case in supersymmetry, the calculations are not so
straightforward (as the reader will by now be realising) and require a lot of care.

11.7 Superfields
Consider a scalar function &(x, 0, ) of x*, & and . Taylor expansion in the
variables 6 and terminates at O(6?, 2) since 6” and are anticommuting

parameters. Denoting, for simplicity

and, putting & instead of () where there is no ambiguity, we have



we see that the fields C(x), y,(x), - . . form a supermultiplet. They are, in toto,

i.e. eight bosonic and eight fermionic degrees of freedom. This is larger than (in fact, just
twice as large as) the Wess—Zumino model considered in §§ 11.3 and 11.4 above (see the
remarks below equation (11.145)). Note also that here, just as there, there are the same
number of bosonic and fermionic degrees of freedom. The remainder of this chapter will be
devoted to finding a superfield which is equivalent to the Wess—Zumino model. It is the so-
called chiral superfield. We proceed as follows.

Since @(z) is a scalar field it is invariant under supersymmetry transformations:

ie.

The ‘active’ change in @ is therefore

To find this, write (11.225) as

Changing (y, 1, 7)) back into (x, 6, Image) we have for (11.226)

where (11.205) has been used. This is the transformation law for a scalar superfield. Now if
@ is a superfield, g, @ is also one, since

so 0,® transforms in the same way that @ does. Now consider J,®. We have

Now

and so



On the other hand

SO

hence J,® is nof a superfield. We need to find a generalisation of &, — a covariant
derivative D, — such that D, @ is a superfield. It must needs obey (cf. (11.230))

Such a covariant derivative is given by

The proof is seen by performing the calculation:

Hence

which proves (11.234). Similarly it may be shown that the covariant generalisation of
pis

Exercise. Show that

In summary, the covariant spinor derivatives are

They obey the properties

Exercise. Prove equations (11.240), (11.241).

Chiral superfield



The chiral superfield is a superfield @ which obeys the constraint equation

This is not an equation of motion, but a constraint equation, as will be shown. We introduce
the operator

This produces a translation in x* when acting on a superfield:

defining x,. U can be written by expanding the exponential

again noting that there are no higher terms, because of the Grassmann nature of 6 and
Image, The final term in (11.245) can be written

where equation (11A.14) has been used. Hence

Its inverse is

To prove this, simply note that

of which the final term is

where, once again, (11.220), (11.221), (11.77) and (11.84) have been used.

Equation (11.247) follows. We now prove the following identity

Proof

is defined in equation (11.239). From (11.247),



where the penultimate term follows by observing that , as shown in equation
(11A.13). Now

(no further terms contributing because they would contain three 0s). Then, from (11.250)
and (11.251),

Hence

Terms (2) and (4) above cancel. We have, from equation (11.246),

and in virtue of this terms (3), (5) and (8) cancel. To show that terms (6) and (7) cancel,
observe that

where equations (11.220), (11.81) and (11.82) have been used. It follows that terms (6) and
(7) cancel. All that remains is term (1), so

proving (11.249). We rewrite this as

We are considering a constrained superfield — call it T(x, §, Image) — which obeys the
constraint equation (11.242)

From (11.255) this gives

Now put



then (11.257) is

i.e. T is a function of x and 6% only

This means we can write

T consists of two scalars and one spinor. The chiral superfield T is then, from (11.258)

Now note that

so the fifth term in (11.262) is

and the chiral superfield is

The components of this chiral superfield are a complex scalar @(x), a Weyl spinor y,(x)
and a complex auxiliary field F(x).

To make the connection with the model in §§11.3 and 11.4 above we must now
calculate the action of the superfield, and compare with the action in equation (11.144). The
action is

in which integration is performed over the spinor parameters 6 and 8 as well as over space—
time.

11.8 Recovery of the Wess—Zumino model

To calculate an expression like (11.265) we have to integrate over several Grassmann
variables. We begin this section by outlining how this is done. We then evaluate the action
(11.265) and shall find that we recover the model of §§ 11.3 and 11.4 above.

Much of the work on integration over Grassmann variables was done in Chapter 6.
Using the variables appropriate to the present situation, equation (6.124) becomes



We also have (cf. equation (11 A. 1))

We want to define the measure d26 so that

This means defining

with a similar equation for d? ; for then, using (11.267) and (11.40)

in agreement with (11.268). Now consider the integration of a quadratic form

From equations (11.266) and (11.268) we have

with a similar equation for . It follows that the only non-zero terms in (11.265) are
those in T"(x, 0, )T(x, O, ) proportional to (0)%( )2. All the other terms
vanish upon integration over d*6d? . From (11.264) we have

and hence, taking the Hermitian conjugate (and noting that id, is Hermitian)

From the product TT* we extract terms in §’Image2, These are:

using (11A.2), (11A.4), (11.37), (11.48) and the fact that y and are also Grassmann
quantities:

where equation (11A.14) has been used. The action S, given by (11.265), for the chiral
superfield is therefore obtained by adding the contributions (11.275) to (11.277) to give



This is the same as the Wess—Zumino action (11.146) obtained in our original simple
model. We have come full circle. We began this chapter by writing a simple Lagrangian for
scalar and spinor fields which possessed (up to divergence terms) invariance under
supersymmetry transformations. By making the idea of supersymmetry more formal, and in
particular by relating it to the Poincaré group, we eventually introduced the notion of
superspace and super-fields. The chiral superfield, defined as a superfield subject to a
constraint, now turns out to yield the original Wess—Zumino Lagrangian. It is a remarkable
journey and one which, as I am sure the reader will appreciate, is capable of considerable
generalisation and amplification.

The first obvious generalisation is to consider the superfield without a constraint. Next, a
supersymmetric Lagrangian may be written down which generalises the Lagrangian of
electrodynamics, possessing gauge symmetry. Further, mass terms, in particular mass terms
corresponding to spontaneously broken symmetry, may be introduced. Finally, perhaps the
most interesting generalisation of all is to make supersymmetry transformations space—time
dependent, so that the symmetry becomes a Iocal one, rather than simply a global one. The
particularly attractive feature of this generalisation is that gravity, in the shape of a massless
spin 2 field, is naturally brought in (and supersymmetry becomes ‘supergravity’). The
perhaps less attractive (or even more attractive, depending on what experiment yields)
1

feature is that massless ‘photino’ and ‘gravitino’ fields, with spins 2 and , are also
brought in. All this is a long way beyond the scope of this chapter, but I hope that the reader
who wishes to pursue further the subjects of supersymmetry and supergravity will have
found in this chapter an adequate introduction. The all-important question, whether Nature
makes any use at all of supersymmetry or supergravity, is, much to the chagrin of many
high energy physicists, still unanswered.

Appendix: some 2-spinor conventions

(6)> may be written & when there is no danger of ambiguity; as in the following.

The left differential operators are

Theorem 1

Proof



Similarly
Theorem 2

Proof of (11A.12)
An identity

Proof

Summary

ISupersymmetry is a symmetry between fermions and bosons. 2After a review of
representations of the Lorentz group, a 3simple Lagrangian model is written down whose

1

action is invariant under an appropriate mixing of massless spin 0 and spin 2 fields. In order
for the relevant commutation relation to close it *proves necessary to introduce some more
‘auxiliary’ fields. The model obtained may be extended to particles with a mass. A
generalisation of the Poincare algebra is obtained. Introducing the notion of ®superspace
allows superfields, defined on this space, to be defined. The chiral superfield is 3shown to
bel equivalent to the original Lagrangian model. An appendix summarises some spinor
relations.

Guide to further reading

Supersymmetry was originally introduced into physics in the context of string theory but its
first appearance in the context of particle physics was the seminal paper by Wess & Zumino
(1974). Within a few years many hundreds of papers were published. The following books
act as authoritative surveys of the field: Wess & Bagger (1983), West (1986), Srivastava
(1986), Freund (1986). A collection of reviews on supersymmetry and supergravity can be
found in Jacob (1986), and a collection of original papers can be found in Ferrara (1987).
The following book contains useful explicit details of many calculations: Miiller-Kirsten &
Wiedemann (1987).

! For more details about the C matrix, see for example Bjorken & Drell (1964, § 5.2).
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